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ABSTRACT

This thesis addresses the dynamics of dispersive shallow water wave that is governed
by the Rosenau-KdV equation with power law nonlinearity. The singular 1-soliton
solution is derived by the ansatz method. Subsequently, the soliton perturbation
theory is applied to obtain the adiabatic parameter dynamics of the water waves.
Finally, the integration of the perturbed Rosenau-KdV equation is obtained by the

ansatz method as well as the semi-inverse variational principle.
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Chapter 1

INTRODUCTION

The theory of shallow water waves is one of the very important areas of research
in ocean dynamics. In this discipline, the study of solitary waves receives a lot of
attention[1-20]. Therefore, it is important to focus on solitary waves in a detailed
manner from a mathematical point of view. There are several models that describe
the dynamics of shallow water waves such as the Korteweg-de Vries (KdV) equation,
Boussinesq equation, Benjamin-Bona-Mahoney equation, Kawahara equation, Pere-
grine equation or the regularized long wave equation and many others [1-20]. Besides
these, there are the coupled vector KdV equation, coupled vector Boussinesq equa-
tion, Gear-Grimshaw model or the Bona-Chen equation that all model two-layered
shallow water waves (2, 3]. These kind of scenarios occur, for example, in an oil spill

along an ocean shore like the Exxon Valdez spill at Prince William Sound in Alaska.

This thesis is however going to focus on the dispersive shallow water waves. Again,
there are several models that describe these waves. A few of them are the Rosenau-
Kawahara equation, sixth order Boussinesq equation, Rosenau-KdV (R-KdV) equa-
tion. This paper is going to shine some light on the R-KdV equation with power law
nonlinearity in the presence of several perturbation terms that arise due to numerous
natural phenomena along ocean shores and beaches. The integrability aspect of this
equation will be addressed along with the conservation laws and soliton perturbation
theory. The integration phenomena will lead to several constraint conditions that will

naturally fall out during the course of derivation of the soliton solution.



Chapter 2
GOVERNING EQUATION

The dimensionless form of the R-KdV equation that is going to be studied in this

paper is given by [7]
q +aqz + b(hzz + CQrzzzt + k (qn)z =0 (21)

Here in (2.1), the dependent variable g(x, t) represents the shallow water wave profile
while the independent variables x and t represent the spacial and temporal variables,
respectively. The coefficient of a represents the drifting term, the coefficient of b is
the third order dispersion and the coefficient of ¢ represents the higher order disper-
sion term. Finally, the last term £ is the nonlinear term where n is the power law
nonlinearity parameter and it represents the strength of nonlinearity. However, the

restriction is that
n#0,1 (2.2)

There are actually two types of solitary wave solutions that will be considered in
this paper. The first one was already derived earlier in 2011 [7]. Subsequently, the

singular solitary wave solution will be derived using the ansatz method. These two

are detailed in the next two subsections.



2.1 Solitary Wave Solution

The solitary wave solution or 1-soliton solution of the R-KdV equation is given by (7,

19]

q(z,t) = A sechw=1 [B(z — vt)] (2.3)
where
n>1 (2.4)

The relation between the soliton amplitude (A) and the inverse width (B) is given by

[2(" +1)(n+3)(3n + 1)bB2] e

S RO T (25)
and the velocity (v) of the soliton is
R T 20
or
) b(n —1)? (2.7)

~ 4cB? (n? +2n+5)

Upon equating the two expressions of the velocity of the soliton leads to the constraint

condition

b(n — 1)* = 4¢B* {16(n + 1)?bB? + a(n — 1)? (n® + 2n + 5) } (2.8)



and

bk > 0 (2.9)

for odd values of n. Now, from (2.8), the soliton width (B) can be expressed as

n—1 [—(LC (n® +2n +5) + \/(1,202 (n2 4 2n + 5)% + 16b%c(n + 1)2] :
T 32bc J (2.10)

Substituting the value of B from (2.10) into (2.5) leads to

1

=1
A = l:—ac (n® +2n + 5) + \/&2(;2 (n2 + 20+ 5)° + 1602¢(n + 1)2] X

{ (n+3)(3n+1) }—

16ck(n + 1) (n2 4+ 2n + 5) (2.11)

which is the amplitude of the soliton. It is easily observed from (2.10) and (2.11) that

the soliton amplitude and the width are guaranteed to exist provided
c>0 (2.12)

It needs to be noted that these exact values of the soliton amplitude and width, as
given by (2.11) and (2.10), respectively, were not reported by Esfahani in 2011 and

is thus being reported for the first time in this paper [7).

2.1.1 Conservation Laws

The two conserved quantities that (2.1) possess are given by (7]

o AT (3)T (5)
e [ gar=A 20 (2.13)
/.ooq BT (3+:5)



and

E - / (¢* + cq?,) dx

A {(n = 1)%(n +7)(3n + 5) + 256(n + 2)cB*} T (3) T (%)
B(n —1)2(n+7)(3n + 5) I'(3+-%)

(2.14)

which represents the momentum and energy of the shallow water wave respectively.
The conserved quantities are computed by using the 1-soliton solution that is given

by (2.3).

2.2 Singular Soliton

The singular solitary wave solution of the R-KdV equation will now be derived in this
section using the ansatz method [18]. It is the same method that was employed to
derive the solitary wave solution earlier in 2011 [7]. The starting point is the ansatz

that is given by

q(x,t) = A csch? 7 (2.15)
where
T = B(x — ut) (2.16)
and
p>0 (2.17)

for solitons to exist. Here, in (2.15) and (2.16), A and B are free parameters, while
v is the velocity of the wave. The unknown exponent p will be determined in terms

of n during the process of the derivation of the soliton solution to (2.1). Substituting



(2.15) into (2.1), leads to

(v—a—bp?B%+ cvp®B*) cschPr
+ B*(p+1)(p+ 2) {2cvB? (p* + 2p + 2) — b} csch?*?r
+ B (p+1)(p+2)(p+ 3) (p + 4) csch?**r — kA™ ! csch™T = 0.

(2.18)

Now, from (2.18), by the aid of balancing principle, equating the exponents pn and
p + 4 implies

pn=p-+4 (2.19)

so that

(2.20)

which shows that (2.4) must hold in order for solitons to exist.

Again from (2.18) the linearly independent functions are csch?*? 7 for j = 0,2, 4.
Hence, setting their respective coefficients to zero gives the same value of the soliton
velocity as in (2.6) and (2.7). The relation between the soliton parameters A and B
is the same as in (2.8). Then the free parameters are the same as given by (2.10) and
(2.11) with their respective constraint conditions. Thus, finally, the singular 1-soliton

solution for (2.1) is given by

g(z,t) = A cscha-T [B(xz — vt)] (2.21)



Chapter 3
SOLITON PERTURBATION THEORY

3.1 Modified Conservation Laws

In presence of perturbation terms, the R-KdV equation is given by [1, 7]

4t + aqy + b(h:’:z + Cldrzzzt + k (qn)z = ER (31)

where ¢ represents the perturbation parameter and R represents the perturbation
terms. When these perturbation terms are turned on, the modified conservation laws

are given by

dM o0
T 6/—00 Rdzx (3.2)
Z—f = 2¢ /_oo qRdx (3.3)

which respectively represent the adiabatic variation of the soliton momentum and the

soliton energy. The slow change in the soliton velocity is given by

2 _
, _ on = 1)t + 160B%(n — 1)7 / rRdz (3.4)
i1y +256cB° | M
or
b(n —1)* / tRdx (3.5)
7):4032(24—271—!-5) M



3.2 Adiabatic Parameter Dynamics

In this e )
1 this paper. the specific perturbation terms that will be taken into consideration

are given by (1, 9]

R = aq+ Bq:m: + Y4zQzz + 5qqu: + )\qqm::c + vq429zz
+ 0'(]2 + £02Yzz0z + N9z29zzz + PYzzzz + Vzzzezr + KQ9zzzzx

(3.6)
So, the perturbed R-KdV equation that is going to be considered in this paper is

qt + aqy + szzm + CQzzxxt + k (qn)z
= €(aq + BYzz + Y4292z + 04" ¢z + MGzzz + VG2 Gun

(3.7)

Amongst these perturbation, o represents the shoaling coefficient [4] and f is coef-
ficient of dispersion [4]. The coefficient of ¢ is the higher order nonlinear dispersion
with 1 < m < 4 [1, 9] while the coefficient of v represents the fifth order spatial
dispersion [1, 9]. The coefficient of p is due to higher order stabilizing term [1, 4,
9]. The remaining coefficients appear in the context of Whitham hierarchy of shallow

water wave equation [1, 9].

In presence of these perturbation terms, the adiabatic change of the momentum is



given by [1, 7]
dM AT ()T (=2
— n—1
t =ecaM 3.8
BT (% + ni_l) (3.8)
which shows that
M(t) = Myeeet (3.9)

where Mj is the initial momentum of the soliton. Hence, in the limiting case

lim M(t) =0 (3.10)

t—oo

for « < 0. This shows that the momentum adiabatically dissipates with time, in
presence of shoaling since this is a dissipative perturbation term. The adiabatic

change of the energy is given by [1, 9]

dE , [ 1658 256pB3 (n + 2)
dt 2eA {B (n—1)(n+T7) (n—l)z(n+7)(3n+5)}

(1) 3.11)

This means that when dFE/dt = 0, the solitons will travel with constant energy for a

stable fixed value of the width given by

B(n — 1)(3n+5)i(n—1)\/(3n+5jr % (3.12)
- 32p (n+ 2)

where the discriminant D is given by

D = B%(3n+5) —dap(n+2) (n+7) (3.13)



whenever
B%(3n+5) > dap(n+2) (n+7)
and by
D = 4ap(n+2) (n+7) — B(3n+5)
for

B%(3n+5) < dap(n +2) (n+7)

If, however, D = 0, namely

B%(3n +5) = dap(n+2) (n+7)

the fixed value of the soliton width is given by

N

_ [B(n—1)(3n+5)]
B_L 32p (n+ 2) ]

in which case the constraint condition

Bp>0

10

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



11

is valid. Also, the corresponding fixed value of the amplitude, in this case by virtue
of (2.5), is

P (n+1)(n + 3)(3n + 1)b{6(3n +5)+ m} .
16kp (n2? + 2n + 5)(n — )(n + 2) (3.20)

where the same analysis as in (3.13)-(3.16) holds. If however, the discriminant van-

ishes by virtue of (3.17), the fixed value of the amplitude is then given by

i [(n+1)(n+3)(3n+ 1)(3n + 5)b8] =1 391)
16kp (n% +2n + 5) (n — 1)(n + 2) (3.
in which case the constraint condition reduces to
bkpB > 0 (3.22)

for odd values of n.

For these specific perturbation terms, given by (3.6), the slow change in the velocity

of the soliton is

a(n — 1) 4 160B%(n — 1)
(n — 1)* + 256¢B*
oAm D (B)  16A4°B2 {u(n - 12+0(n+17)} T ()
- B m+ 1T (2242 4 3) 3(n —1)(n+5)(n+11) (% +1)

n—1

8AB? {(n— 1)(3n+5)(7 —3\) — 16(n +2)(3¢ —n —5¢) 5%} T (%)
(n— 1)2(n + 7)(3n +5) (4 +1)

U (2 +

) (3.23)

% n-1 <2

TE)

N |—
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or

_ b(n — 1)2
VT 4 (n?2 4+ 2n + 5)
B sA™ T (Zma2) 16A2B% {y(n — 12 +o(n+17)} T =)
m+ 1T (2 4 1) 3(n—D(n+5)(n+11) T(:5+3)
. 8AB>{(n—1)(3n+5)(y=3)) - 16(n +2)(3¢ —n —5x) 5%} T =
(n—1)2(n+7)(3n + 5) T (4 +3)
L PGEEts) (3.24)
T (%)

by virtue of (3.4) and (3.5).
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Chapter 4
EXACT SOLUTION (ANSATZ METHOD)

The exact 1-soliton solution to the perturbed R-KdV equation for strong perturbation

terms will be now obtained by the aid of the ansatz method. The perturbed R-KdV
equation that is going to be studied in this section is given by [1, 9]

qt + agr + mea::c + Chzaxxt + k (qn)

T

= VoYoz + MNGzez + VYGeer + 0¢°

where certain perturbation terms due to shoaling, stabilization and second order
dispersion are removed. These removed terms are dissipative, as seen earlier, and do
not permit integrability of the perturbed R-KdV equation. Equation (4.1) will now

be split into the following two subsections for solitary waves and singular solitons.

4.1 Solitary Waves

For solitary wave solution to (4.1), the starting hypothesis is given by
q(z,t) = Asech? [B(xr — vt)] (4.2)

where p is the unknown exponent that will be determined by the aid of the balancing

principle. Then, by the ansatz method, the amplitude (A4), width (B) and velocity
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(v) will be determined. Substituting (4.2) into (4.1) leads to

(v—a-bp*B? 4+ cop?B* + ¥p® B*) sech?r
+ (p+1)(p+2) [b —-2(p*+2p+ 2) (cv+ 1/))32] B? sechP*%+
+ +Dp+2)(p+ 3)(p + 4)(cv + ) B* sech® 7 — knA™ ! sech™r
+ (Y A+ &’ B® + p?B? + kp? BY) p? AB? sechr
— (P+1AB? [yp+ (p+ 2)A + 2p%(p + 1) B?
+ 2(°+2p+2) {&p+(p+ 2)r} B?] sech®*?r
+ (p+ 1P +2)AB {p(p +3)& + p(p + 1)n + (p + 3)(p + 4)r} sech™*7

+ p*A’B? (0 + v) sech®r — pA2 B2 {po + (p+ 1)v} sech®*2r =0 (4.3)

Then, from (4.3) equating the exponents np and p+4, by the aid of balancing principle,
leads to the same situation as in (2.19) and (2.20). Again, as before, from the linearly
independent functions, the amplitude-width relation is still given by (2.5) while the

velocity of the soliton is given by

a(n —1)* + 16bB%*(n — 1)2 — 256y B*

v= 4.4
v (n —1)4 + 256¢B* (4.4)
or
b(n — 1)2 — 4% (n? + 2n + 5) B2 @5
v = 4(332 (772+277+5)
Then equating these two expression for velocity leads to the relation

b(n — 1)* = 432 [(712 +2n+5) {(n— 1)?(ac + ) + 16bcB*} — 64chz] (4.6)
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and solving this bi-quadratic equation for the width B leads to

(S0

B 1 | —(ac+ ) (n? +2n + 5) +\/(ac+ )2 (n2 + 2n + 5)2 + 16b2¢(n + 1)2
n+1 32bc )

Substituting (4.7) into (2.5) leads to

1
n—1

A = [—(ac + ) (n? + 2n + 5) + \/(ac + )2 (n2 4 2n + 5)% + 16b2c(n + 1)2] x

[ (n+3)Bn+1) |7
16ck(n + 1) (n2 + 2n + 5) |

(4.8)

It needs to be noted that, when ¥ = 0, the relations (4.6)-(4.8) collapse to (2.8),

(2.10) and (2.11) respectively.

The additional linearly independent functions from (4.3) leads to a set of constraint

relations given by

c+v=>0 (4.9)

40+ (n+ 3w =0 (4.10)

This linear system of equations given by (4.9) and (4.10) implies the unique solution

(4.11)



since the determinant of 16
- of the coeffici
ent matrix is gj
given by

D = n—1
(4.12)

and consequently D 2 0 since n 7 1 as indicated in (2.2)

Furthermore. t 1S
, there is another set of constraint relations that must remain valid for

the integrability of (4.1) by the ansaty method. These are given by

(n = 1)* {2y + (n + 1))

+ 2[8(n+3)n+ (n®+ 20 + 5) {(n+3)¢ +2(n+ 1)k} B2 =0

(4.13)
Br+1)E+n+3)n+nBn+1)k=0 (4.14)
(n—1*(v+ N +16(E+n+x)B*2=0 (4.15)

This set of linear equations, given by (4.13)-(4.15) gives the solution

[- 7 ’- (n—l)z(n2—4n—9) T [ _ (n—l)2(n2+8n+§L
E T 8B2(3n3+17Tn%2+29n-1) 8B2(3n3+17n2+29n—1)
(n—])(3n+1)(n3+4n2+9n—6) _(n—l)(n+2)(3n+1)(n2+1)
n ~ T 6BZEnP+17n2129n-1) TB2(3n+ 1772 +29n=1)
(n—1)(n®+9n2+11n+11) n (n-l)(¢J+9n2+27n_Q A\
Kk - 16B2(3n3+17n2+29n—1) v 16B2(3n3+17n2+29n—1)
0
¥ 1
1
A 0 | i |
) ) (4.16)
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(4.13)-(4.15) fo

. r the pert i .

lead to the conclusion that the five perturbat; berturbation coefficients
on co

Thus, the system of linear equations

) efficients,
SOlVed in ternlS Of two ljne ) 6’ n, K, Y and A can be

is because the matrix coefficient of the system of [i
near e

(4.13)-(4.15) h

quations as indicated by

as rank 2. , . .
Hence, their solution matrix given by (4.16) has dimension

2. Therefore, i inci :
eretore, in principle, equation (4.1) can be solved by the ansatz method provided

the perturbation cocfficients satisfy relations (4.11) and (4 16)

4.2 Singular Solitons

For singular solitons of the perturbed R-KdV equation given by (4.1), the starting

hypothesis is still taken to be (2.15). Then substituting (2.15) into (4.1) gives

(v —a—bp?B? + cop’ B* + yp' BY) cschPr
- (p+DpP+2) [b—2(p*+2p+2) (cv + ) B B csch?*?r
+ (p+1)(p+2)(p+3)(p+4)(cv+)B*csch?t*r — knA™~! csch™7
+ (v+A+ Ep° B + np?B* + /{pQBQ) p? AB? csch®
+ W+ DAB [+ (p+2)A+20° (0 + 1)nB?
+ 2(p*+2p+2){&p+ (p+2)k} B?] csch®*?r

+ (p+1)(p+2)AB {plp+3)E+p(p+ 0+ (p+3)(p+ 4)x} csch?*7

p2A2B2 (0 + v) csch™PT + pA?B? {po + (p+ 1)v} csch®*?r =0 (4.17)

e same procedure as in the previous sub-section for solitary waves,

Thus, following th
ame results as given by (4.9)-(4.16). The free

this analysis leads to exactly the s

ively.
parameters A and 3 are still given by (4.8) and (4.7) respectively



18

Chapter 5
SEMI-INVERSE VARIATIONAL PRINCIPLE

The previous section carried out the integration of the perturbed R-KdV equation

by the ansatz method. In this section, there is another analytical approach that

will be adopted to integrate the perturbed R-KdV equation. This is the semi-inverse

variational principle (SVP) [8, 10, 12]. This technique, however, does not give an exact
solution, unlike the ansatz method as discussed in the previous section, although this
is a purely analytical approach to solve the equation. Therefore, there are fewer
perturbation terms that can be incorporated in order to be able to apply the SVP.

Thus, the perturbed R-KdV equation that will be considered in this section is given

by [8, 10, 12]
Qe+ aqz + bQzzz + CQrzzrt + k (qn)x = 5qqu + Vzzzzz (51)

As seen from (5.1). it is only the nonlinear dispersion and the fifth order dispersion

terms that permit integrability of the perturbed R-KdV equation. The first step is

to consider the traveling wave hypothesis that is taken to be

g(z,t) = glz —vt) = 9(s)

where

(5.3)

s =T — vl
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Substituting this traveling wave assumption into (5.1) and integrating once while

taking the integration constant to be zero gives

(v =a)g = by" + (co+ )" — kg™ + O i1 _ 0

m+ i - (5.4)

where the notations g” = dg/ds® and g = d*g/ds* are adopted. Now, multiplying

both sides of (5.4) by ¢" = dg/ds and integrating leads to

(v = a)g® = b(g)" + (v +v) {200" - (¢")}

ol gll+1 05 gm+2 . .
—_ . O — { .
n+1 + (m+ 1)(m + 2) (5.5)

where K is the integration constant. The stationary integral is then defined as

J:/K(ls

[ - =067 + ot 0 {200 -6}

n+1 m+2
Y 3 J ] ds (5.6)
0

2kn+ 1 +2 (m + 1)(m + 2)

Il

Now, choosing

g(s) = Asech 1(Bs) (5.7)
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» Where A and B are still the amplitude and inverse
width of the soliton, the stationary integral J reduces to

as a solution hypothesis for (5.1)

26A2m+2 F (2m+4)
(m+1)(m+2)B T (2mid

n—1

I |'7(1,7 - (J,)AQ 16bA2B 768 (n + 2) ((:?) + ’(/))AQBQ’
. B (n=1n+7) (-12n+7)Bn+5)

32(n + 3) K An+1 D (L) T (3)
(n+ 1)(n+7)(3n+5)B] N Eae (5.8)

-1 2

Then, the SVP states that the amplitude (A) and the width (B) of the perturbed
R-KdV equation (5.1) is given by the solution of the coupled system of equations (8,
10, 12]

oJ

= = 5.9

A 0 (5.9)
and

0B

From (5.8), equations (5.9) and (5.10) are respectively given by

160 B2 768(n + 2)(cv + ) B*
v-aT T 7)) (- 1)2(n + 7)(3n +5)
n—-1
sam T (2T (55 + L) 16k +3)AT

oM =
2m 44 _4 n+ 7 (3”+ 5)
T EIT (2 )T (E) (n+1) (5.11)
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and

16032 2304(n + 2)(cv + ¥)B*
(n—1n+7)  (n—-1)2(n+7)(3n+5)
25 A™ DT (LG +3)  32%(n+3)A!

v—a+

n—1 n—1

(m+1)(m+2)T (2 4+ DT (L) (n+1)(n+7)(3n+5)

(5.12)

after simplification. Subtracting (5.11) from (5.12) leads to the bi-quadratic equation

for the width of the soliton as

256N B* + 32(n — 1)(n+ 7)bB? — M(n — 1)*(n+7)>=0 (5.13)

where

[ ()T (-4 + 1) 16k(n— 1)(n + 3)A™!

moA™ — —3 B :
M= (m + 1)(m +2) T (22 + DU () OF 1)(n+7)(3n+5)
(5.14)
and
W (5.15)

N = 3n+5

The solution of (5.13) 13 then

1 [(n =D+ n{=b+ mﬁ}r - (616)
B = 1 [ N

for
(5.17)

MN >0
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and

N (=b+ VIZ+NM) >0 (5.18)

Finally, the amplitude can be obtained from the polynomial equation (5.11) or (5.12).
Also, the velocity of the soliton can also be obtained directly from either (5.11) or
(5.12). Once these parameters are obtained, the soliton solution of the perturbed

R-KdV equation can be written as (5.7), which is the analytical soliton solution of

the perturbed R-KdV equation (5.1).
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This paper addresses the dynamics of dispersive solitary waves that is modeled by t}
y the

R-KdV equation with power law nonlinearity in presence of perturbation terms. The

l-soliton solution is obtained by the ansatz method for solitary waves and singular

solitons. Then, the soliton perturbation theory is implemented in order to describe
the adiabatic dynamics of the perturbed soliton. It was observed that the momentum
dissipates in presence of shoaling. while the solitons travel with a fixed value of the
energy when the amplitude and the width of the soliton get locked to a definitive
value. Finally, the integration of the perturbed R-KdV equation is carried out by the
aid of two integration tools. They are the ansatz method as well as the SVP. These

results lead to a set of constraint conditions that must hold in order for the soliton

dynamics to hold.

In this context, the future of this research holds pretty strong. These results will

be extended further. The soliton solutions will be obtained with stochastic perturba-

: - i is will lead to
tion terms after integrating the corresponding Langevin equation. This w

T ; , such perturbation terms.
a mean free value of the soliton parameters 1n presence of such p

: id of multiple-scale
The quasi-stationary soliton solution will also be obtained by the aid o p

quasi-particle theory of soliton-soliton interaction
[uasi-

perturbation theory. and finally the

: iceberg.
will be developed. These just form the tip of the 1ceberg
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