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ABSTRACT

In this work, we conduct a review of electromagnetics and the traditional FDTD
method for isotropic media. We analyze the pitfalls and shortcomings of this method
when it comes to the approximation of electromagnetic wave propagation through
more exotic media, such as anisotropic media and magnetoelectric media with time
and space varying permittivity, permeability and coupling coefficients. For the latter
medium we present an extension to FDTD that utilizes a dual grid structure to
overcome the late-time instability associated with conventional extrapolation based
extensions to FDTD. We apply both of these methods to the simulation of the space-

time cloak and analyze the stability of both.
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Chapter 1
INTRODUCTION

In recent years, Transformation Optics (TO) has become one of more interest-
ing topics in science. Utilizing transformation optics and meta-materials, spétial
invisibility cloaks [5, 9] have been developed. Designs such as these have been phys-
ically realized at microwave frequencies [11] and optical frequencies [15]. A spatial
cloak functions by manipulating the spatial path of electromagnetic waves within the
cloaked region in such a way that waves are bent around the object being cloaked.
Transformation optics allows for a description of the medium (ie: material parame-
ters) needed for the construction of such devices. For this particular type of cloak, the
implementation requires the use of inhomogeneous media where the inhomogeneity is
due to the use of spatially dependent anisotropic permeability and permittivity.

Within the past several years, a new type of cloak has been developed [4, 8],
the space-time cloak. Contrary to the spatial cloak, a space-time cloak functions by
altering the speed of the electromagnetic wave as it propagates through the cloaked
region. Initially, the speed of the front of the wave is increased while the speed of
the back of the wave is decreased. This allows for a gap to occur in which an event,
or subset of the space-time plane, can be carried out undetected. To close the gap,
the back of the wave is sped up and the front is slowed down allowing the wave to

continue on at its original speed. This effect has been experimental demonstrated in

the work in (3].
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The design of such a cloak can be achjeved by transformation optics, and it results

In a magneto-electric medium with time and space varying permittivity, permeability,

and coupling coefficient [8].

Due to the interesting nature of these devices, simulation is desirable. In this
work, we are interested in simulating space and time dependent magneto-electric
materials and their direct application to the space-time cloak. In [4], the FDTD
method has been applied to simulate the space-time cloak but the authors point out
that there are some difficulties near the closing process of the space-time cloak. Our
numerical simulations demonstrate that there are instabilities for conventional FDTD
simulation due to the temporal extrapolation of the time dependent magneto-electric
constitutive equations.

We begin the body of this work by discussing some of the foundations of Electro-
magnetics, the FDTD method (Chapter 2) and Transformation Optics (Chapter 3).
Also in Chapter 3, we look at an extrapolation based method and present a mod-
ified FDTD method based on time overlapped grids for handling magneto-electric
media. Our method utilizes two Yee grids that are offset in time by a halfstep so that
collocated fields are provided to the time-dependent magneto-electric constitutive
equations. This method avoids time extrapolation and the it’s associated instabili-
ties. In Chapter 4, we provide a simulation of the space-time cloak as a numerical

example. Lastly, in Chapter 5, we give some concluding remarks and discuss some

possible future work.



Chapter 2
ELECTROMAGNETICS AND FDTD

2.1 Maxwell’s Equations

Electromagnetic waves propagate through the generation and oscillation of elec-
tric and magnetic fields. When considering the propagation of electromagnetic waves
in a linear medium, the governing equations are a set of partial differential equations
known as Maxwell’s Equations. The first two laws describe the interaction between

time-changing electric and magnetic fields

0B

2 = “VXE (2.1)
oD
E=V><H—J, (2.2)

while the last two laws describe the impact of electrical and magnetic charges on

electrical and magnetic fields.

V-D =p, (2.3)
V-B=0. (2.4)

In the above E and H are the electric and magnetic fields while D and B are the
electric and magnetic flux densities associated with material’s electrical and mag-
netic response. J and p are the current and charge densities respectively. These
equations are named, Faraday’s Law of Induction, Ampere-Maxwell’s Law, Gauss’s

Law of Electric Fields and Gauss’s Law of Magnetism respectively. Faraday’s Law,

3
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equation (2.1), states that an electrical field is generated by a changing magnetic

field. Ampere’s Maxwell’s Law, equation (2.2), states that a magnetic field can be
generated from either a changing electric field or a current source. Gauss’s Law of
Electrical Fields, equation (2.3), states that Electric field lines extend outward from
positive charges while Gauss’s Law of Magnetism, equation (2.4), states there are no

magnetic charges (ie: there are no magnetic monopoles)

2.1.1 Material Response

When an electromagnetic wave propagates through a medium (whether it be
a vacuum or dielectric) an electromagnetic response is exhibited based on that ma-
terial’s electrical and magnetic properties. For linear isotropic materials, materi-
als whose response is independent of electromagnetic wave’s angle of incidence, this
response is dictated by the material’s electrical permittivity (¢) and magnetic per-
meability (u). In essence, these parameters describe how easily a electric field or
magnetic field is setup inside of a given materials. In a vacuum these parameters are
€0 = 8.854187 x 10~ 12F - m~! and po = 1.256637 x 107%H - m~1. In most cases, the
parameters for other materials are given relative to these values using the relation

€ =€, -6 and g = p, - po. Some typical permittivities and permeabilities are given

in Table 2.1 [6].

Material Permitivity Permeability
Vacuum 1 1

Air 1.00053 1.000006
Silicon Rubber 3.12 1

Water at 20C  80.100 1

Iron 25000

Table 2.1: Permittivity and Permeability for some materials



These physical parameters bring about the relationship between the field quan-
tities D and E as well as B and H. This relationship is given by the so called

constitutive relations. For linear isotropic materials we have
D = ¢E, (2.5)

B = pH. (2.6)

For materials, called anisotropic, whose response is dependent upon the orientation

of the electric field, the material properties take on the tensor form

é L = €y € (2.7)
€= 1€y €yy Eyz |° H €yr €yy Cyz
EZI EZy €ZZ 621‘ ezy 622

In materials of this type waves interact with the medium differently depending on

their angle of incidence.

Lastly, in more exotic media, magneto-electric materials, these constitutive rela-
astly,

tions may become coupled and yield the matrix (or block matrix) equation

D) _ (¢ ¢} (" (2.8)

B £ p) \HJ,

i n whether the material is isotropic
lar or tensor depending o
where €, u and § are s¢a

. . f I I b

m ‘e 1 i i i ivi .eS
g *
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permeabilities, or coupling coefficients that vary spatially throughout the material.
Homogeneous materials, have parameters which remain constant with respect to the
spatial variables.

When considering numerical schemes it is useful to have Maxwell’s Equations in

component form. We consider the 2-D and 1-D cases as they are most relevant to

this work.

2.1.2 Maxwell’s Equation in 2D

Considering the case where there is no variation in the 2-direction and expanding

the curl equations (Ampere-Maxwell’s and Faraday’s law), we obtain

3Dy OH,
ot oy
oDy | — oH 2.9
Y = Y%z .
i i (2.9)
0D, OHy _ oHy
ot or Oy
and
OBx _OE,
ot dy
B, | — | om (2.10)
ot or
0B, OEx __ a_EZ
ot oy or

This yields two distinct systems of partial differential equation. The first is known as

the Transverse Electric (TE;) Mode

8Dy O0Hg

ot Sy

Dy | = 0H, (2.11)
Bt 61‘

8B, OEx _ 9By

ot Ay oz



while the second is known as the Transverse Magnetic (TM,) Mode

9By __OE,
ot Ay
oB
==y = OE,
ot oz ( 2.1 2)
8D, OHy _ 6Hx
ot oz oy

2.1.3 Maxwell’s Equation in 1D

Lastly, if we consider Maxwell’s equations in 1-D, both field quantities are trans-
verse to the direction of propagation. In this case we are left with two sets of two
equations, depending on how we wish to orient the electric field. For the z-polarized

equations (electric field pointing in the z-direction) we have

9Dy GTHx

o | _ | o (2.13)
0By OE,

ot oz

and for the y-polarization we have

8Dy __8H,

ot | — oz (2.14)
5B )

It oz

2.2 FDTD
The FDTD method [12, 13, 19] is a very successful method for simulating elec-

tromagnetic wave propagation. It has been applied to the study of various types of

materials [13, 14], including dielectrics, linear dispersive materials, nonlinear Raman

and Kerr materials, nonlinear dispersive materials [7], bi-isotrop ic media 1, 10}, etc.
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FDTD is a numerical scheme that utilizes a staggered grid and central differ-
ences to approximate the time and spatial derivative operators present in Maxwell’s

equations. This numerical scheme achieves second order accuracy in space and time.

2.2.1 FDTD Algorithm

We consider the algorithm in 2-D applied to the TE, mode equations, equation
2.11, as presented in [13] with the only exception being that isotropic constitutive
relations are not substituted into the formulation. First, we truncate the propagation
region to a finite region of interest which is known as the computational domain.
In the 2-D case this region is a rectangular subset of the cartesian plane. Next
this domain is discretized both in the z and y directions into cells of size Az and
Ay respectively. Similarly, the time variable is also discretized into At units. As a
matter of notation we utilize 7,7 and n as indexing variables for z,y and ¢. For a
computational domain with left corner at the origin, we have for any field component

variable, @,

1., = Qu(iAz, jAy,nAt).

z;i,j

For computational domains not placed at the origin, similar notation is obtained by
applying the appropriate shift. We now choose the location of the field components

spatially according to Yee’s Algorithm [19]. This yields field components which are

staggered spatially as shown in Fig. 2.1.

Additionally, these field components are staggered in time. That is E and D are

computed at time index n + % while B and H are computed at time index n. This

staggered lattice yields two significant advantages. First, for each of the curl equations

the derivatives are approximated at the same point in space and time. Additionally,



(i-1,j+1) (i+1)  Dajer  (i41j41)
° 1 ° |
Haji1/2,0172 ? Dviin2 Hyapie 9§ Dyinjerg2

f § Dyir1/2:
(i,j) o +1/2,] (i+1)

(I-l,j)

°
Hzis1725172

(i-1,j-1) (i,j-1) (i+1,j-1)
Figure 2.1: Cell location at index (i,j)
the use of such a grid is divergence free, meaning the scheme automatically satisfies

Gauss’ Laws of Electric (for charge free media where p = 0) and Magnetic Fields.

Using central difference approximations based on this staggered grid we have

1

n+3 n—3 H™ — H™
— . . c,1 51 Gl s 1
Dm;z‘+%,j zitgd _ _ &itadts FitedTe (2.15)
At Ay
1 _1
n+3 n—s H™ _n )
- N | sl syl "_l’ +l
y,l,]+% y;l,]+§ _ Z,2+2,]+2 SR L) (2.16)

At B Az :
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and

n+1 n n+% n+%

1 1
D SIS G B™. . _ n+3 n+s
Zﬂ*i’]"‘i Z;l+%,]+% . _'1:,1'.5_%’]_*_1 E .

— 1‘12+%s] y;l+1,j+% y;i,j+%

At Ay Azx

(2.17)

Rearranging equations (2.15), (2.16) and (2.17) yields the update equations for the
flux density fields D and B

1 1
"I = D2 L P U R (2.18)
Tiit35.7 Tii+ 3,7 Ay zii+3,j+3 zit5.0—35 |
n+l n—l At
D 2 =D 2 —|H*. ... —H" .. 2.19
yiig+3 yiij+3 + Az L mi+3d+3 zi—3.J+3 ( )
and
1 1
B, =B" R o A i) ]
zi+i g+ zi+3.J+3 Ay L mitz.5+1 Tyt 5,
1 1
At n+§ _ n+2 ] (2 20)
b o . l ) _1. . .
Ax yvl+17]+2 y,z,]+2

If we consider an isotropic medium and apply the inverse constitutive relations (ie:

E = aD and H = 7B)

1 n+i n+i
En+2 .= X 21 D R 21 .y (2.21)
:r;i+%,g zyit3.d  Tiitgd
n+i n+3
E L1 =Q 2 1 2 13 (2.22)
Ytz yij+z YibJt3g
1
H'n,+l _ n'ﬂ'll ) an+ 1.,1- (2.23)
zit+3.d+3 zitg.dty  #Hityits

These update equations form the foundation of the FDTD method. The overall

algorithm is as follows
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Algorithm 1 2D FDTD Algorithm for Isotropic materials
Initialize D,E,B and H fields
for each time step do
for each spatial step in the x direction do
for each spatial step in the y direction do
Update D fields using equations (2.18) and (2.19)

Update E fields using equations (2.21) and (2.22)
end for

end for
Increment time step by 1/2
for each spatial step in the x direction do
for each spatial step in the y direction do
Update B field using equation (2.20)
Update H field using equation (2.23)
end for
end for
end for

We note that while the algorithm is presented using “for loops”, the spatial loops

are both parallaelizable and vectorizable.

2.2.2 FDTD for Anistropic media

While the FDTD algorithm was originally designed for the numerical simulation
of electromagnetic waves in isotropic medium, the FDTD algorithm has since been
extended to stably simulate anisotropic media [16, 17)].

If we consider the relevant constitutive relations for 2-D anisotropic in component
form, we have
E, = €z Dz + é-zyDy’ (2'24)

Ey = ényy -+ EmyDz (225)
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and

H, =B.. (2.26)

Creating update equations from these we obtain

1 1
Pl =g L ptth et g 2.27
Tty Vamiitg.g T witdg Tysit 5 yitd.g’ (2.27)
1
n+5 — E"*‘% n+3i n+3 n+31
?/;ilj-l-l Sraii,j4 L g4 L +£ s 1 I (228)
2 Jty Tg+ 3 Tyng+5 0 Yiigt+s

However, since the 2 and y components of the field are not collocated on the Yee
grid, they must be approximated. The method presented in [16] utilizes a symmetric
average scheme which results in stable simulation of anisotropic materials. This

scheme is depicted in Fig. 2.2.

Dy;i,ifl/Z y 1 Dy;ifl,j+1/2
Dx;i-l/Z,jd §nyX:I:j<-l DX;ifl/Z,i#l
Ev DVI 1/2:; < T o
) |

Eﬂ’YDr' i - -ExyDy;nl:j [

X E,D

‘r E»yx x,0;j41/2
Bl 2 ? Dyiivajar2

D172, Dy Dyiv1/2,
___————_____-_-_-_ nb

Figure 2.2: St able averaging scheme for anisotropic media
1 . . |
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First, the known D values from two adjacent cells are averaged towards corners

of the cell intersection as shown in blue. Next £D is computed at these points and
averaged to arrive at the desired grid location. This method provides some insight
into the extendability of the Yee algorithm as well as provides a starting point for

extensions to 2-D anisotropic magneto-electric materials as will be discussed as a

possible future work in Chapter 5.



Chapter 3

TRAN SFORMATION OPTICS AND
MAGNETO-ELECTRIC MEDIA

With recent research in the area of meta-materials, man-made materials con-
structed from sub-wavelength building blocks, new and exciting ways to alter elec-
tromagnetic waves have been uncovered. Transformation Optics is a technique for
designing complicated optical devices that can make use of the versatility of meta-
materials [15]. Using this technique, cylindrical spatial cloaks (9], optical waveguides
[18] and space-time cloaks [8] have been designed.

The design paradigm behind Transformation Optics is as follows. First, the
behavior of an electromagnetic device is considered. This behavior is viewed as a
transformation of free-space with regard to how it alters electromagnetic field lines or
wave trajectories. This transformation is determined mathematically usually through
geometric means and then applied to Maxwell’s equations. From this application and
the form invariance of Maxwell’s equations, the material parameters necessary to

construct a device with the behavior modeled by the transformation are revealed.

We briefly review the theory behind Transformation optics.

3.1 Transformations of Maxwell’s Equations

considering the effect of applying a transform

Maxwell’s equations in the covariant form. To

ation to Maxwell’s
We start by

Equations. For convenience we write

i ivative operator
facilitate this we define the space-time derivative op

14
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and
(0 B, B, B, )

. -B. 0 —E, E,
_By EZ 0 _Ez'
\—Bz —Ey E:z 0 ) .

Using these matrices and the space-time derivative operator we can express
Maxwell’s equation in the covariant form. Utilizing V and M yields the covariant

formulation of Gauss’s Law of Electric fields and Ampere-Maxwell’s Law,
VM =0, (3.4)

while using V and N yields the formulation for Gauss’s Law of Magnetic fields and

Faraday’s Law,

S (3.5)
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The fundamental idea of Transformation optics is grounded in the fact that

ati i : )
these equations are invariant under transformations, That is when a transformation

T : (t, Z,Yy, Z) — (Tv fa m, C) giVen by

T =1(tz,y,2), (3.6)
§=¢£(t z,y,2), (3.7)
n=n(tz,y,2), (3.8)
¢=<((¢t 2y, 2) (3.9)

with Jacobian A,
(¢, te ty tg\

Tr Tg Ty ¢

=
Il

(3.10)
Y= Ye¢ Yn Y

KZT Ze  Zn Zc)

is applied to Maxwell’s Equations, the resulting system has the same form. Hence in

the new coordinate system, Maxwell’s equation is given by

v'M =0, (3.11)
V'N' =0 (3.12)

where
., 0 0 9 9, (3.13)



17

( 0 D, D, D, \

np— | 7P 0 He -,
b, -H, o g (3.14)
\—DC H, -H 0 )
and
( 0 Be B, BC\
K -Be 0 -E. E,
B, & — (3.15)
\-B¢ -E, E 0 ]
with the relationship between the coordinate systems being given by
M' = |AJA-'MA-T, (3.16)
N’ = |[A|JA=1MAT. (3.17)

3.1.1 Transformed material parameters for spatial transformations

If we consider a purely spatial transformation with Jacobian

0
! (3.18)
0 A

A=
then from [15], then a relationship between the material parameters and field quan-
ystems can be established by

tities in both coordinate s

¢ = IAIAAGA’T, (3.19)
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W= AN AT, (3.20)
E E,
E,| =A" | E, (3.21)
E E,
and
H; H,
H,| =A"|H, (3.22)
H H,

Equations (3.19) and (3.20) form the basis of Transformation Optics. When a elec-
tromagnetic device’s behavior is viewed as a transformation, these equations allow us

to determine the exact material parameters needed to replicate that behavior.

3.1.2 Material parameters for a 1D space-time transformation (1+1D)

If we consider the 1-D case, further work, [8], shows that for a 141D transfor-

mation (t, I,Y, Z) — (T’ €7 1, C)

r = 7(t,), (3:28)
(- cita) (3.24)
o (3.25)
- (3.26)
with Jacobian A O (3.27)

0 Iax2
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the medium c i
corresponding to the transformation is magneto-electric. The fundamen-

tal relathnshlp between the transformation and materia] parameters is given by the

matrix equations

E FE 1
n ¢ _ a1z _—%IL; 'D"I DC 3 28)
HC —]7[17 _. 811 ai1za21—ajjaxn H H ( '
a2 a2 ¢ T g

where a;; are the coefficients of matrix A which is determined by the Jacobian, A, of

the transformation 7". In particular, we have

A= AT 0 € A
= . (3.29)

1/u O

This particular medium is of interest as it directly applies to the space-time

cloak. Unfortunately, implementing this medium using FDTD is not straightforward.

3.2 The conventional FDTD method for time dependent magneto-electric

medium

Consider the following 1+1 D Maxwell’s equations for TE, mode

oD, _ OHy (3.30)
ot oz’
8B, OF: (3.31)

ot oz’
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where the constitutive equations are given by

E, = aD,+fB,, (3.32)

H, = BD,+B, (3.33)

where a, 3, and vy are space and time dependent.

We note that the primary issue with simulating magneto-electric media arises
from the more complicated constitutive relations given in equations (3.32) and (3.33).
Using the conventional FDTD method, the discretized Maxwell’s equations (the D

first scheme) are

n+l n— At

Di+é = D; il Az ( vy — HL ) (3.34)
n+1 n At "+% "+%

B Bi+%+E(E,-+1 - B, (3.35)

and the constitutive relations (assuming that the coupled constitutive relations re-

spond locally in space and time) become

1 n 1 n+= n+5 n+s
EME = oMtiprte  grtipnts (3.36)
7:-+11 — ﬁ'n+an+l n+lB;n:ll (337)

Parameters «, 3, and 7 are computed analytically from equation (3.28) and are thus

available at any point (t,z) in the computational domain. However, the quantities
1

B! "2 in equation (3.36) and D" 1 in equation (3.37) are not computed in the dis-

cretized Maxwell’s equations, equation (3.34) and (3.35).
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.As a result, the conventiona) Yee approach cannot be directly used in the sim-
ulation of magneto-electric media, One method for resolving these issues is to use
time extrapolation and space interpolation. To compute BM*: in equation (3.36), we
have with time extrapolation z o

nt+y 3Bln — Bi"_l
B~ I S— (3.38)
Applying spatial interpolation yields
3 n n n— n—
gt o 2 BLy Bl - (B + B
; ~ 5 (3.39)
3B],y +3B, — Bl - BT}

~ 2 24 2 2 (3.40)

which is valid after the first timestep. For the initial timestep, we use By as an

l .
approximation for Bz-" *2  Gimilarly, we compute D:‘: %1 in equation (3.37) as follows

ap™ti 4 3p™t: _ D7 - D]
Dl i+1 i 1 i+l L (3.41)

i1
i+3

Numerical simulation of the space-time cloak shows that the conventional FDTD

method presented in this section is unstable. This is primarily due to the use of time

extrapolation. To avoid such extrapolation, we propose an overlapping Yee algorithm

electric media as described in the next section.

for time dependent magneto-
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pendent magneto-electric

Rather than s

both. While computationally more expensive, this produces D and B values at every

half time step and spatial stc ithi - com : :
p spatial step within our computational domain. As g result, we are

able to perform the required magneto-electric Maxwell constitutive relation updates

without extrapolation.

r
T L
1
|
| czla ' = n W, pp@
ae | gl Rl ac | E, = aDV+4B]
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Xp— 7 X P ( > 5
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Figure 3.1: Computation of E. using (a) the time extrapolation under a conven-
tional FDTD method and (b) the overlapping Yee algorithm without

extrapolation.

: . iour depicts that, due
FDTD approach and the overlapping grid approach. Figure 3.1(a) depi

at any given step, E, has a dependence on

to the coupled constitutive relations, o
g to this value indicate that B, must be

the quantity B_y The dotted arrows leadin

sace from values known on the conventional
n spac

extrapolated in time and interpolated i

FDTD grid.
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On the oth - .
other hand, Fig. 3.1(b) illustrates that by utilizing a dual overlapping

grid approach, the dependence on time extrapolation and spatial interpolation can be
eliminated. A new superscript notation is used to indicate the usage of two overlap-
ping grids and to specify which grid each value of By, and E, comes from. All values
needed to compute E, at a particular instance in time exists on one of the two grids.

In presenting an algorithm for the adjusted scheme we utilize the convention
that n represents the time coordinate of the grid point and ¢ represents the spatial
coordinate. Indices of n + % and ¢ + % are use to represent locations that are a half
time step or spatial step from the gridpoint. With this established, we present an
algorithm for an overlapping Yee FDTD method.

The algorithm in 1D case can be summarized by the following steps:

1

1. Update D;H% on the first Yee grid and B;H_z on the second Yee grid:
nal nol At n n
Dy *=D; *+ Azr [Hi+% h Hz'—%:l ’
1 At [ n n

n+% .

2. Update E, " and H,
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3. Update B"
[ Ty oon the first Yee grid and D"Jrl1 on the second Yee grid:

B = By + 8 (-]

Az i+1 i
n+1 At 1 1
Dty =Dy + [Hzrflz —Hf+2].

4. Update E"+1l and H'H':
2
En+1 — an+1Dn+1 + Bn+1Bn
+2 i+

H‘n-f-l _ nn+1 nn+1 n+1 pn+l
i+ it Dz + ’YH-I Bz+2

We note that the extension to 2-D and 3-D should be feasible by utilizing a time
collocated grid (where B and E' are computed at the same instance in time, but not

necessarily in space). Doing so eliminates time extrapolation in 2-D and 3-D but still

uses interpolation in space.



Chapter 4
SIMULATION OF THE SPACETIME CLOAK

The simulation of magneto-electric media has direct applications to the spacetime
cloak presented in [8]. In this chapter we create g similar diamond shaped space-time
cloak using the transformation depicted in Fig. 4.1 and simulate using both the time

extrapolation method and overlapping grid method.

4.1 Transformation Optics and space-time cloak

We consider a spacetime cloak design similar to the spacetime cloaks proposed
in [4, 8]. Figure 4.1 shows a diamond shaped spacetime cloak in the (¢,z) domain
and the transformed (7, &) free space. The original and the transformed regions are

the same parallelograms centered at (to,Zo) so we have & = xo, To = to, T, = tp, and

7, = to. In the parallelogram we apply the following coordinate transformation to

create such a spacetime cloak:

T (4.1)
o(z — Ts) s
= +Zg,
$ 7 oot ts)/(to—ts)
where the values of zg and ts depend on the region where (t,) lies in:
tp, if (t,z) lies in region I or IL, ws)
e ¢+ if (¢, x) lies in region IIT or IV,
q- )

25
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[

Wil
i

(a) (b)

Figure 4.1: (a) A spacetime cloak in the (t,2) domain. (b) Free space after the
transformation to the (7.€) domain.

and
To+ (t —to)c+ o, if (¢, x) lies in region I or IV,

LTs =
o + (t —tg)c — o, if (¢t,x) lies in region II or III

4.2 Simulation of the space-time cloak
In simulating the above cloak, we utilize a 10 pum by 15 fs long computational
traveling in the positive z direction.

domain with a plane wave (with A = 600 nm)

Our spacetime cloak is 1200 nm wide and lasts 6 fs. With regards to Fig. 4.1(a) we

— 12 fs, o = 600 nm and 6 = 180 nm.

have zo = 1.5 um, to = 9 fs, tg = 6 fs, tp

PML) absorbin
The computational domain is terminated by perfectly matched layer ( ) a g

Due to the fast and slow phas
where Umag 1S the largest wave speed

e velocities in the spacetime

boundary conditions [13]

cloak [8], At is chosen by At < AZ/Umazx



method with time extrapolation and the proposed overlapping Yee FDTD method
for various spatial resolutions. The result shows the bending of the electric field
(and consequently the electromagnetic wave) in space and time around the cloaked
event. The shown simulation results verify that an extrapolation approach is unstable
(near the closing process of the cloaked event) and the proposed overlapping FDTD
approach provides stable results.

We now examine the behavior of the electric field as the wave propagates through
the diamond shaped space-time region under the same simulation parameters. As the
wave enters the cloak it begins to split as the front portion of the wave speeds up
and the back portion of the wave slows down. This effect is made possible due to the
space-time dependence of the media within the cloaking region. As this separation
occurs, it is mirrored in the electric field producing a gap in the electric field. The
early development of this gap is shown in Fig. 4.3(a) near z = 1000 nm. As the

wave progresses through the media, the cloak widens in the z direction allowing for

the size of this gap to increase as time progresses. The gap in the electric field, as
shown in Fig. 4.3(b), is at a maximum at the center of the cloaking region. As the
own | . 4.3(b),

i e
wave propagates past this point, the cloak begins to clos |
k. the front of the wave begins to slow down while

(shrink in the z direction).

Due to the closing of the cloa
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Figure 4.2: Contour plots of the electric field intensity for spacetime cloak simu-
lations. Left column: results using a conventional time extrapolation
based FDTD method with grid sizes a) N = 1600, (¢) N = 2000, and
(e) N = 2400, respectively. Right column: the corresponding results
using the overlapping Yee FDTD method.
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Figure 4.3: Evolution of the Electric field as the wave propagates through the space-
time cloak.

the cloak. The field behavior moments before the wave exits the cloak is shown in
Fig. 4.3(c). At this point a small gap near x = 2200 nm still exists. Once the wave
has propagated through the cloak region, it is fully rejoined and the propagation

behavior and resulting field behavior returns to that of propagation in an isotropic

media, as shown in Fig. 4.3(d).

4.3 Stability Analysis

To conduct a stability analysis, we compare the distribution of eigenvalues of the

conventional FDTD method to that of our overlapping grid approach with respect



30

Figure 4.4: Distribution of the eigenvalues in the complex plane for (a) the over-
lapping Yee FDTD method and (b) the conventional FDTD method.

to the unit circle. For both tests we utilize similar simulation parameters as in
the previous section, but with a smaller mesh size of N = 200. We compute the
eigenvalues of the numerical update equations at a time instant when ¢ € (t4,t,) and
plot them in the complex plane. The results when ¢t = 8.34 fs are shown in Fig. 4.4.

As indicated in the Fig. 4.4(a) all the eigenvalues of the overlapping approach lie
within or on the unit circle with the ones lying on unit circle being simple eigenvalues.
On the other hand, Fig. 4.4(b) shows that some of eigenvalues (near the upper and

lower right corners) of the conventional FDTD approach lie outside the unit circle. In

particular the modulus of the largest eigenvalue is 1 for the overlapping method and

1.046 for the conventional FDTD method. This indicates that the overlapping Yee

) anolati
FDTD method is stable while the conventional FDTD approach (with extrapola ion)

would experience instability.
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In summary, we have proposed a stable FDTD method for the simulation of
space and time dependent magneto-electric medium based on the use of two sets of
overlapping Yee grids that are offset in time by a half time step. Additionally, we have
shown the direct application of this method to the simulation of the spacetime cloak.
The proposed method is useful in exploration of other new physical possibilities offered

by metamaterials and transformation optics. These results have been published in

2]



Chapter 5
CONCLUSION AND FUTURE WORK

5.1 Conclusion

In this work, we presented an overview of Electromagnetics, FDTD and trans-
formation optics. New work was done in area of magnetoelectric materials. In pér—
ticular, we presented a stable FDTD based algorithm for the simulation of these
1-D Magneto-electric materials. As a numerical example, the 1-D space-time cloak
was derived using Transformation Optics and simulated using the proposed FDTD

algorithm.

5.2 Future Work

In the future we consider possible extensions to this algorithm. The most im-

mediate is the extension to 2-D + 1. In this case we introduce the possibility of the

material not only being magnetoelectric, but also anisotropic. This is a medium that

has constitutive relations given by

D= €xxr CExy E+ 5H (501)
€Eyz  €yy
and
B = uH + BE. (5.2)

32
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As described in Chapter 2 and Chapter 3, the anisotropic and magnetoelectric
properties of this material introduces the issue of requiring field values not included
on the FDTD grid. One approach we wish to try is by combining the overlapping

grid method with the method for anistropic materials proposed in [16].
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