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PREFACE

Warse the preparation of a textbook on Geometry presents
much the same prohlem whenever undertaken, the areangement
of its details and the balancing of its parts must be expected
to change as new educational ideals become established, and as

new conditions of society arise.

It is no longer possible, for example, to expect favor for the
typical lengthy text of a generation ago. Although such texts
proceed in good Jogical fashion to deduce the traditional theo-
rems one after another, yet they make little or no appeal to the
world of common experience ; and they present far more mate-

rial than the student can absorb in the course as it is now
usually tanght. Neither is the ideal book something so far

removed from this traditional type that its chief feature is a
large varviety of illuminating diagrains drawn from the Arts.
Between these two extremes lies the only proper course
to-day, and this the authors have tried diligently to find. The
traditional manner of presentation in a logical system is pre-
served, but logical development is not made the sole purpose
of the book. Thus, problems drawn from the affairs of prac-
tical life are inserted in considerable number. The function of
such problems is not to train the student in the technigue of
any of the Arts; rather it is to illuminate the geometric facts,
and to make clear their importance and their significance.
Geometry is and is likely to remain primarily a cultural,
rather than an informational subject. But the intimate con-

‘nection of Geometry with human activities is evideut upon

every hand, and constitutes fully as much an integral part of

the subject as does its older logical and scholastic aspect.

v
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vi PREFACE

Teachers of Geometry throughout the country recognize this
and appreciate strongly the value of the study, not only as
subject-matter in which practice in logical processes is ideally
simple and beautiful, but also as an mstrument for meeting
real human npeeds. It is certainly most desirable from the
standpoint of effective instruction that the students also come
to realize all of these merits, thus answering for themselves
the persistent question as to why the subject is studied. The
necessary attention and concentration of mind on the students’
part will then beeome from the very outset easy and natural.

Attention is called to the Imtroductory chapter. In it the
student is acquainted with the use of the ruler and compasses
in the more simple econstruction problems, and is thus brought
early face to face with mauny of the fundamental notions of
Geometry. Great care has been exercised at this point that
the student may approach the more rigid demands of the de-
ductive side of the subject gradually, rather than plunge into
them at the outset., Even in Chapter I, in which strictly
deductive work commences, no abrupt change of style oceurs,
but an easy fransition is made into the parts that so often
appear foreign and unintelligible to the beginner. Indeed,
throughont the book, an effort has been made to soffen the
anstere and unnatural style that has frequently proved a
bar to ready comprehension, and to aveoid an excess of sym-
bolie eharacters and technical phrases that do not add to the
reasoning.

The book is distinguished by its acceptance of the principle
of emphasis of 1mportant theorems laid down by the Commitiec
of Fifteen of the National Education Association in their Re-
port.* Thus, theorems of the greatest value and importance
are printed in bold-faced type, and those whose lportance is
considerable are printed in large italies.

* Printed as a separate pamphlet with the Proceedings for 1912, Reprinted
also In School Scivnee, 1011, and in The Mathematics Teacher, December, 1912

PREFACE vii

The Report just mentioned has been of great asgis‘m‘me, a‘ml
its principles have been aceepted in general, not in a S]:l‘\*lsll
sense but in the broad manner recommended by the Committee
itself. A perusal of the Report will give, more fully aful
accurately than conld be done in this brief preface, the r:mnsnl
erations which led to the adoption of these principles, in par-
ticular, the principle of emphasis npon impol‘t:'mt. theorems,
poth by the Committee and by the authors of this book.

The authors are indebted also to many another book and to
many recent reports and papers for ideas and problems. In
the Introduction, the effect of the excellent little bookl of
Godfrey and Siddons * is sufficient to deserve ex plicit mention.

Detailed description of the principles followed in the Solid
Goometry may be omitted, since they are in spirit the same as
those of the Plane Geometry. The great excellence of the
fignres, particnlarly that of the very unusual and effective
¢phantom * halftone engravings in the Solid Geometry, .clr.--
serves mention, These figures shonld go far toward reliev-
ing the unreality which often attaches to the construetions of
Solid Geometry in the minds of students.

W. B. FORD.
CHARLES AMMERMAN.
E. R. HEDRICK, EmTon.

* Godfrev and Slddons, Plane Geometry, Cambridge University Press.
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QREV 5t
PLA\TD“H‘EO\[ETRY

INTRODUCTION
PART I. DRAWING SIMPLE FIGURES

1. Geometry is the branch of mathematies that deals with
space, In it we consider points, lines, triangles, cireles, spheres,
and =o forth. Such guestions as the following are considered :
When do two triangles of different shapes have the same avea?
How does the length aronnd a civcle compare with the diameter?
How can the volwmne of a sphere be calenlated ?  Geometry
uot only answers many questions of this kind, but it also pre-
sents o systematie study of the general principles involved, -
and the reasons for all statements arve given with carve.

2. Ruler and Compasses. In studying geometry it is desir-
able 1o draw acenrate figures. The student will need a euler,
with which to draw (or extend) straight lines: and a pair of
compasses, with which fo draw circles and to trausfer lengths
from one position to another.

Fia. 1

For distinetness, the curve that forms the cirele is often
called the circumference of the circle. The position of the
fixed point of the compasses is culled the center of the
circle.  Any portion of the cirenmference is called an arc of
the eircle. The distance from the center to the cireumference,
which is the same all the way around the cirele, is called the
radius.

/



2 INTRODUCTION [§3

3. Problem 1. Draw with a ruler and compasses a trivngle
each of whose sides is one inch long.

[A triangle is s figure bounded by three straight sides.]

Solution. With a ruler and pencil draw a line and mark
two points . and B on it one inch apart.

Around each of these points as a center, with a radius one
inch long, draw an are of a cirele above the line AB so that
the two arcs cut each other in a third point, which we will call C.

el
Vd

Fig, 3

Connect A with € by a straight line, and conneet B and €

by another straight line,
“Phe triangle ABC s the vequired fignre; state why each
side is one inch long.
EXERCISES

1. Show how to draw a triangle each of whose sides is a

given length AB. [Ihivr., Seg Problem 1.]

2. Copy the adjoining figure.

Draw all the trinngles that have F G
equal sides which yoncan by draw- /
ing straight lines connecting pairs B
of points marked in the figure.

E H

8. Draw in separate positions
on heavy paper or on eardboard
two triangles, each of whose sides is three inches long. Cut
out one of these., Will it fit precisely upon the other one ?
Will it fit one drawn by another student?

§4] DRAWING BIMPLE FIGURES 3

4 Problem 2. Draw with a ruler and compasses « triangle
whaose three sides are equal, respectively, to three given lengths.

Solution. Let a, b, ¢ be the three given lengths. (Fig. 3.)

(2]

T A
FiG. 3

B

Draw a line. Mark two points 4 and B on it so that the
distance AB is equal to one of the given lengths, say e. This
is done with the compasses.

Around 4 as eenter draw an arce of a circle with a radius
eqnal to another of the given lengths, say b,

Around B as center draw another are with a radius equal to
the remaining given length ¢, and in such a position that the two
ares ent each other.

Let the point where the two ares cut each other be called €
Draw CAdand CB. Then the triangle ABC is the one required.

EXERCISES

1. Draw, with ruler and compasses, a triangle whose three
sides are, respectively, two inches, three inches, and four inches
in length.

2. Is there any difference between this triangle and one
whose sides are, respectively, four inches, two inches, and three
inches in length? Draw both triangles separately on card-
board, ent one out, and see if it will exactly fit on the other
one. Was it necessary to turn it over ?

8. What can you say about any two triangles if the three

sides of one are equal, respectively, to the three sides of the

other ¢
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‘5. Problem 3. Draw, by means of vuler and compasses, a
perpendicular® to a given straight line at a point in that line.

»

Fra. 4

Sobution. Let AR be the given line ond ¢! the given point
mn it.

With € as center, and with any convenient radins, draw
ares of the same cirele eutting AB at two points which we will
call Pand Q. .

With a somewhat longer radins than before, draw two ares
of circles above AB with centers at £ and Q, heing careful
that these ares have the same radius, These two ares will enb
each other at a point that we will call D.

Draw the straight line joining €' and 2. Thisis the required
perpendicular to .18 at ('; and there is no other.

EXERCISES

1. Draw with ruler and compasses a perpendicnlar to a line
four inches long at a point one inch from the right-hand end.

2. Draw a triangle with two sides perpendicular to each
other, making the perpendicular sides three inches long and
four inches long, respectively. Measure the third side.

[The third side should be five inches long.  In making the drawing,
any lines may be extended as desired. ]

* The perpendicular €0 ean be drawn, of course, with a carpenter’s square
or a drawing triangle ; but the problem is to draw it with ruler and compasses
only.

The drawing may be tested by folding it in a erease along the line Dy
then one end CF of AR shonld fall on the other end A of AR, If it doss,
€1y is auid to be perpendicular fo A8 at €.

§ 6] DRAWING SIMPLE FIGURES 5

6. Problem 4. Draw with ruler and compasses « perpen-
dicalur to a given straight tiie from a given point not on that line.

P
A 'R_‘ L5 8
|
Fii. o

Solution.  Let AB be the given line and let 2 be the given
point not on that line.

With 22 as center and with any radius long enough to
reach past the line AB. draw two ares of the same cirvele
80 a8 to cut the line A8 in two points, which we shall call
A and S,

Around the points /2 and & as centers, with the same rading
for both, draw two ares of civeles below AR, sl let ¢ be the
point where they eut each other,

The straight line joining P and (! is the desired perpendicu-
lar,  Show this by folding the figure on the line PC and con-
vineing yourself that TSP falls along T8 1.

EXERCISES

1. Draw a triangle whose three sides are in the ratios 2:3: 3.
L4 .
Then draw with ruler and compasses a perpendicular from each
corner to the opposite side.

[The accuracy of the drawing ean be tested by the fact that these three
perpendicnlars shoold meet in one point.

2. In every drawing of one side of a house, a line is drawn
representing the horizontal (or base) line.  Show how to draw
with ruler and compasses, through any point in the figure, a
vertical line, that is, a perpendicular to the base line,

+
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6 INTRODUCTION [§7

7. Problem 5. Draw with ruler and compasses an angle equal
to a given angle.

[An angle is formed by two portions of straight lines that end at the
same point, |

L

)

A B M
Fia, 6

Solution. Given the angle at A, the problem is to draw an
angle equal to A from a point P on another line MV

With .1 as center, draw an are of a ¢irele cutting the lines
that form the angle . in the two points B and C.

With P as a center, draw an ave @ with the same radius as
that just used, eutting MV at @ and extending npwards quite
a distance.

With @ as center, and with a radins equal to the distance
from B to ¢, draw an are y entting the are 2 at a point O.

Then the angle at 2 formed by the portions of straight lines
PQN and PO is equal to the given angle at A, for the two
figures will fit each other exactly if one is placed upon the
other with 4 at 2 and AB along PON.

EXERCISES

1. Draw two angles that are exactly equal to each other,

[Hisr. Draw any angle and then draw another equal to it. ]

2. Draw a triangle with one angle equal to the angle in
Fig. 6 and with the two sides that form that angle two inches
long and three inches long, respectively. Cut out your fri-
angle and compare it with those made by other students. Will
it fit exactly on theirs 7

3. What can you say of any two triangles if an angle and
the two sides that include it in one triangle are equal to the
corresponding parts of the other triangle? Why ? '

§ 8] DRAWING SIMPLE FIGURES 7

8. Problem 6. Divide a portion of a straight line into two
equal parts.

w

Solution. Let A and B be two points on a straight line.
Draw around . and B as centers, with the same radins, two
circles, These cireles will cut each other in just two points P
and @ if the radius is large enough. Only small arcs of the
eireles are shown in the figure.

The straight line joining Pand @ cuts the line AB at a point
0. This point O divides 4B into fwo equal parts A0 and OB,
for the whole figure may be folded on the line P@ so that O
remains at 0, and B falls on A.

EXERCISES

1. Show how to divide a line into four equal parts.

2. How can yon divide accurately the ruled page of a note-
book into two columns of equal width ?

3. Show that the line P@ in Fig 7 is also a perpendicn-
lar to the line AB by noting the effect of folding the figure
along PQ.

4. Draw any triangle; then find by ruler and compasses
the middle point of each of the sides. Connect each corner
of the triangle to the middle point of the epposite side by a
straight line.

[Do these three new lines meet in one point? The accuracy of the
drawing may be tested in this manner. ]
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9. Problem 7. Diviide a given angle futo two equal parts.

Fia, 8

Solutian.  Let the given angle be the angle at B between the
pertions of straight lines BC and B.1.

With B as eenter and with any radius draw a cirele that eats
B at L and B.l at M.

With L and W as centers, draw two ares of cireles with the
same radins (of any convenient size) so that these two ares cuf,
each other at a point (7.

Then the straight line joining B and ¢ divides the given
angle into two equal parts.  Convines yourself of this by think-
ing of folding the figure on the line BG.

EXERCISES
1. Show how to divide a given angleinto four equal parts.

2. Draw any triangle and divide each of its angles into two
equal parts, - State anything that yon notice about the way
in which the three new lines meet each other. Try to see
whether the same thing happens on another triangle of a ditfer-
ent shape.  State all your conelusions in one sentence,

8. Draw two perpendicular lines; then divide the angle be-
tween them into two eqnal parts.  State the connection between
this problem and the processes that oeeur, for example, in
making the corner of a picture frame, or in mortising a joint.
Can you mention any other manufacturing processes in which
the same problem arises ?

§9] DRAWING SIMPLE FIGURES 9

MISCELLANEOUS EXERCISES FOR PART I

1. A shelf is to be fitted into a corner
near a window, and is to be triangnlar.
The distance from the corner to the win-
dow casing is 9 inches, the shelf is to be
12 inches long on the other wall of the
corner, and the edge of the shelf is to be
15 inches long.  Are these measurements
enough to fix the shape of the shelf?
Why ? If a earpenter cuts ont of a piece
of board a triangle that has exactly these lengths of sides, why
is it that it will fit in the place? See Problem 2, p. 3, and
Ex. 3, p. 3. 'Will the shelf fit either side np?

2. Draw a triangle with each side just one third the length
of the corresponding side of the triangle mentioned in Ex. 1,

3. A square is bounded by four lines of equal
length, two of which are perpendicnlar to each \‘.\0, &
other af each corner, Draw a square whose R
sides are each two inches long. ) S R
o

[The drawing may be tested by the fact that the
two straight lives joining the two pairs of opposite corners should be equal
in length.]

4. If the North and South line is shown on any map of a city,
ghow how to draw the East and West line through any point.

5. Show how to draw a triangle with any given angle and
with the sides that form that angle of any given lengths. Will
two triangles fit each other exactly if made with the same given
angle and the same given lencths of the two sides? Must one
of the triangles be turned over before they will fit?

6. If two triangles are drawn with two angles of one equal
to two angles of the other, respectively, will one necessarily fit
the other exactly ? What more is needed to insure that the
trinngles shall it each other exactly ¥
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PART II. THE PRINCIPAL IDEAS USED IN
GEOMETRY

10. Solids, Surfaces, Curves, Points. A limited portion of
gpace, such as that bounded by a sphere or a eube, is called a
geometric solid,

In geometry we have nothing to do with the material of the
solid. Thus we would speak of the space occupied by this
book as a solid, without thinking that it is made nf* cloth
and paper. Even very soft objects, such as a eloud or a
drop of water, would be thought of in geometry only with
respect to the form of the portion of space tlu.‘\'.uccu};y and
this portion of space would be ealled a ge‘rmm.-t;'iu solid,xe\'eu
though the actual object is not solid in the sense of being hard
to bend or warp. We often think of the actual object as taken
away, and we consider the portion of space that it did or would
oCeupY.

For every solid there is an ideal boundary that separates the
solid from the rest of space; this ideal boundary is called a
supface. g

Surfaces are either curved, as is the surface of a sphere: or
else they ave flat in every divection, that is, plane, A plane
surface is simply called a plane. Thus, each of the faces of a
cube is a piece of a plane.

When two surfiuces cut each other, their eommon points form
a curre,

Thus, when a plane cuts a sphere, the curve formed by
their common points is a circle. Again, when two planes
cut each other, the curve formed is the simplest possible
curve —a straight line. As here, we shall often use the
word curve, in general, to include straight lines as special
curves.

A point is that which is common to two ecurves which
cu? each other; in particular, two lines cut each other in a
point.

§ 12] FUNDAMENTAL TDIEAS 11

11. Ideal Nature of Geometric Things. [t shonld be noticed
ghat the points and curves and surfaces just wentioned are ideal
things which cannot be actually made out of materials. Thus
a surface must be thought of as having no thickness whatever.
A curve or a straight line must be thonght of as having length
but no breadth or thickness, A point has only a position.

While we cannot manufacture such things as these, every
one recognizes that they can be thought of in this ideal way
What we can do is to represent them very nearly: thus a
point is represented by a dot, a enrve by a line drawn with
pencil or chalk, a surface by paper or tin or some other very
thin substance.

12. Angles. Two portions of straight lines that end at the
same point form an angle. The two lines are called the sides of
the angle, and the common end-point is called the vertex of the
angle. The length of the sides has nothing to do with the size
of the angle, which depends only on the amount of the opening.

Strietly speaking, when two portions of straight lines thus
end at 4 common point, there are two angles formed: thus in the
figure, the portions of straight lines B
and BC may be thought of as forming the y
angle marked a, or they may be thought 3
of as forming the very much larger angle @
marked » which is all that is left of the 50
plane if the angle marked @ is taken away.

We shall always understand that the smaller angle @ is in-
tended in such a ease, unless the contrary is stated.

An angle may be read in any one of three ways:

(1) By the single letter at the vertex: as the angle B,

(2) By three letters, one on each side and one at the vertex;
as, the angle ABC. The middle letter, here B, is always the
one that stands at the vertexr of the angle.

(3) By a single letter placed in the opening of the angle;
as, the angle .
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13. Measurement of Angles, Units. The most usual
unit of angle is the degree (*). It is formed as follows: Divide
the circumference of any circle into 360 equal parts (ov ares),
and then join the ends of one of these arcs to the center of the
circle by straight lines; the angle thus formed at the center is
one degree. Thus one degree is one three hundred sixtieth of
one couplete revolution,

The degree is subdivided into 60 equal parts, called minutes,
(). The minute is divided into 60 equal parts, callod seconds .
Thus an angle of 10 degrees, 20 minutes, and 15 seconds is writ-
ten 107 20" 157,

14. The Protractor. A protractor is an instrument for meas-
uring angles, It is a half-cirele made of cardboard, celluloid, or
metal, with the center marked at O (Fig. 10) and with the circum-

ProTRACTOR.

ference divided by fine lines into 180 equal ares. Ench of these
arcs corresponds to 1° if the vertex of the angle is placed at 0.

To measure an angle, place the protractor upon it so that one
side of the angle lies along the radins 0.4, with the vertes of
the angle at 0. Then the other side of the angle will fall in
some such position as OP, and the number of degrees and frac.
tions of a degree can be read off directly from the scale

§14) FUNDAMENTAL IDEAS 13

EXERCISES

1. Through how mauy degrees does the minute hand of a
clock turn in fifteen minutes ?

2. Through how many degrees does the hour hand of a clock
turn in one hour ¥

8. The second hand of a wateh turns on a ¢irenlar dial that
is divided into sixty eqnal parts, What is the angle between
twosnecessive muarks 2 What is the angle between the mark for
10 seconds and the mark for 15 seconds? What is the angle
between the mark for 10 seconds and that for 20 seconds ?

4. Ordinary scales for weighing small objects are often
made with a cireular face like a clock face; the divisions of the
seale indicate pounds; if the entire face represents 24 pounds,
what is the angle between fwo successive pound marks ?

5 There being 16 ounces in one pound, what is the angle
hetween two suceessive ounce marks on the scale of 15x. 4 2

6. How long does it take the minute hand of a clock to turn
through 56°7 How long does it take the hour hand of a clock
te turn through 36°? 60°? 75°°?

7. What weight will euuse the hand of the scale deseribed
in Ex. 4 to tuen throngh 15°? 60°? 75°7 150°?

8. Through how many degrees does a screwdriver turn in
half a revolution ?

9. If a wheel makes ten revolutions per minute, through
how many degrees does it turn in one second ?

10. Draw an angle of 150° with a protractor, and divide it
into four equal parts by means of ruler and compasses. Meas-
ure the resulting angles with the protractor. How much error
did yon make in each case?

11. Draw an angle as nearly equal to 75° as you can judge
by your eye. Then measure your angle with a protractor. How

e

much error did you make ?  What fraction of 75° is your error !
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15. Generation of Curves and Surfaces by Motion. We
may think of enrves and surfaces as formed, or generated, by
motion.

It a point moves, its path is a curve.

If a curve moves, it generates a surface.

If a surface moves, it generates a solid,

Thus, the point of the compasses that draws a circle
may be thonght of as a moving point that is genevating
the cirele. Again, if a cirvcle is rotated abont a line through
its center, it generates the surface of a sphere.  IF a square
that lies horizontally is lifted vertically, it generates a rec-
tangular block ; the block becomes a eube when the height
through which the square is lifted becomes equal to one of
its sides.

Notice, however, that a moving curve does not always gen-
erate a surface. Thus, when a wheel turns on its axle, the
enrve formed by its eiveumference is moving, but no surface is
being generated. Likewise, a surface that merely slides npon
itself does not generate a solid.  All such motions as these are
exceptions to the general rules stated above.

16. Generation of Angles by Rotation. An angle may
always be thought of as generated by a line which rotates about
one of its extremities (re-
garded as fixed). Thus, if the
line AB rotates about the
point A, it takes one after
another the positions A, AD),
AE, AF, AG, and finally
comes back to its ariginal
position AB. In each case G
it makes an angle with its Fie. 11
original position B, and it
is to be noted that this angle increases as the rotation
goes On. 4
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17. Important Special Angles. An-

. . } L ATHTL
other important unit angle is the right ANGLE
angle, which is the angle between two o
lines that are perpendicular to each ) "
other (see footnote, p. 4), - B

- Fia. 12

Still another important angle is a
complete revolution, the angle formed when a line turns around
one of its extremities nntil it comes to its original position,
A complete rvevolution is also ecalled
; ' § o | OxE REVOLUTION
simply* a revolution; or sometimes a ~
T, O A
perigon. | A
. 3 = fLF T B
When the two sides of an angle lie
along the same straight line, and in opposite directions from
the vertex, the angle is ealled a straight angle.
A straight angle is equal to two vight angles, since a perpen-
dicular o a straight line makes two equal right angles on one
side of the line to which it is per-

STRAIGHT

pendicular. N N [
A revolution is equal fo fwo ¢ 4 5 : A
straight angles, or to four right .
§ Fia, 14
angles.

Since a revolution is 360°% a straight angle is 180° and a
right angle is 90°. J

An acute angle is an angle less than a right angle. An
obtuse angle is an angle greater than a right angle and less
than a straight angle.

A =3

ACUTE ANGLE OBTUSE ANGLE
Fia, 15
If two straight lines cross each other the sum of the
two angles formed on the sume side of either of the lines
is a straight angle. If one of them is acute, the other is
obtuse.
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EXERCISES

1. In Fig 11, pick ont a right angle; an acute angle; an
obtuse angle; an angle of one revolution; a straight angle.
Ave there any other right angles in the figure ?

2. Show from the footnote on p. 4, regarding a perpen-
dicular, that if two lines eross at right angles, any two of the
four angles formed are equal to each other

3. How many degrees ave there in half a right angle ¥ in
one third of a vight angle ? in one fourth of a right angle ?

4. How many degrees are there in oue and one half right
angles ? in two right angles”  What is another name for twe
right angles ?

5. How many degrees are there in one revolution ? in one
fourth of a vevolution ? in one twelfth of a revolution? in
one fifteenth of a revolution ?

6. Is one fifth of a revolution an acute or au obtuse angle ?

7. Is two thivds of a straight angle acute or obtuse ¥

8. Name two streets that yon know which meet each other
at right angles. Name two that do not, In the latter case
describe the corner or corners at which there is an acute awgle;
those at which there is an obtuse angle.

9. Does a rafter of the roof of a barn make an acute or an
obtuse angle with an upright in the side wall? What ean yon
say of the angle at the peak of the roof where the rafters join?

10. Through what kind of an angle has a door turned on its
hinges when it is said to be ajar? Can a door be opened
thirough an obtuse angle ?

11. The earth turns on its axis once in 24 hours. How
many degrees of longitude correspond to 1 hour ”

12. Apply the construction for dividing an angle into twe
equal parts (§ 9) to & straight angle. Show that the construe-
tion that results is the same as that of § 6.
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18. Relations between Two Angles. Two angles that have
4 contmnon vertex and one common side between them arve called
adjacent angles. Thus the angles a and & in
the figure are adjacent angles.

1f the sum of two angles is equal to a right
angle, the two angles are said to be comple-
mentary to each other; or, either of them is Fia. 16
called the complement of the other. Thus the angles x and y
in Fig. 17 are complementary to

each other. e
[f the sum of two angles is equal D
to two right anygles, the two angles
are said to be supplementary to cach
other; or, either of them is called X
the supplement of the other. Thus E 5 A
the angles x and y in Fig. 18 are Fio. 17T

supplementary to each other.
By the sum of two angles is meant the angle formed by
placing the angles adjacent to each

other; the sum is the total angle ¢

thus formed, as in the preceding

figures. The measure of the sum p } \"

in degrees is the snum of the number B A
of degrees in the two given angles. Fia. 18

19. Vertical Angles. If two lines A5 and CD cross each
other at a point O, the angles that he
opposite each other across the common g
vertex are called vertical angles.

B

u
Thus, in Fig. 19, the angles »and ¥ \y,\o\ : A
ot i

are vertical angles; and wand » also \
are vertical angles.  Since the sum Fia. 19 5

of wand @ is a straight angle, and the

sum of » and yis a straight angle, it is easy to see that @ and y
must be equal. That is, auy two vertical angles are equal to
each other.

o
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EXERCISES
[Iu this list, and hereafter, the sign £ is nsed for the word angle.)
1. Angle ABCis arvight angle. If 2 2=40°, ¢C
how many degrees in £y ? What is the com-
plement of 40° ?
2. What is the complement of 30°? 50°20'? B
45%18"20"7 T4° 31 1419
3. The complement of a certain angle « is
22, How many degrees are there in 2 ?

4. The complement of a certain angle is eight B
times itself. What is the angle? Draw a diagram by means
of a protractor.

5. Inthe figure, £ ABC+ 2 CBD C
=2 right angles, or the straight
angle ABD. If £ x=350° how wany y
degrees are there in £ y? Whatis D AR A
the supplement of 50° 7 8
6. What is the supplement of 80°7 40° 15" 7 100° 30’ 207 ?
7. The supplement of a certain angle «is 4 2. How many
degrees ave there in @ ? Draw a diagram.

8. The supplement of a certain angle is eleven times itself.
What is the angle ?  Draw a diagram.
9. Compare the complements of two equal angles.
10. Comparé the supplements of two equal angles.
11. What kind of an angle is equal to its supplement ?
12, Find two complementary angles whose difference is 36°.
13. Two supplementary angles arve such that one is 40° more
than the other. Find each of the angles.
14. Ome line meets another line so that one angle is five
times its adjacent angle; find each of the angles.
15. How do two angles u and ¢ compare if they have he
same complement ¥ if they have the same supplement ?
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90. Contrast between Drawing and Construction of Fig-
ures. One purpose of a part of our study will be to show
how figures can be drawn without any other instruments than a
yuler and compasses; for distinetness, we shall say that a
figure has been constructed when only these instruments have
been used. The direction to construct a figure will carry with
it the direction that only these instruments are to be nsed.

There is no objection whatever to the use of other instru-
ments for quickly sketching a fignre. Thns perpendiculars
may be drawn by means of a fixed square, such as that used
by carpenters or draftsmen. We shall continue to use the
wards “ o draw a figure” whenever we intend that other draw-
ing instruments than ruler and compasses may be used.

When a figure is to be drawn only in a very rough fashion,
for example by free-hand without any instruments, we shall
say that it is to be shetched.

21. Reduction or Enlargement of Drawings. It is often
ineonvenient or impossible to draw a figure its actual size, or,
as is often said, life-sized. Thns a plan of a house cannot con-
veniently be drawn the gize of the house.

In such cases, a figure is drawn in which every distance is
reduced in the same ratio. Thus in a figure drawn half size,
the distances in the figure are all half the actual distances.

Honse plans are usually drawn on a scale which makes a
distance of one quarter of an inch on the drawing represent
one foot in the actual honse; that is, the scale is reduced in
the ratio of one to forty-eight. The angles, of course, remain
unchanged,

An accurate record of the seale used should be written on
the face of every drawing that is not life-size. Many geomet-
ric figures do mot change their properties when merely en-
larged, and for the purpose of showing something about a
figure, it may be drawn in any convenient size. Thus angles
are not changed by reducing the size of the drawing.
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Figures described in exercises in which small distances are
used should be enlarged when they are drawn on the black-
b.onrcl. When large distances are mentioned in exercises, the
size may be reduced fora drawing on paper or at the board.

EXERCISES

1. What distanee on fhe drawing represents 20 ft, in a
honse plan drawn to the seale mentioned in § 21 (} in. to 1 ft.) ?

2 What actual distance does 6 in. represent in a house plan
drawn fo the seale mentioned in § 21 2

3. What are the real dimensions of a room that appears on a
house plan to be 2} by 3 in; if the plan is drawn on the scale
deseribed in § 217 What is the actual floor area of the room ?
(The area is the length times the breadth.)

4, A table 2 ft. 6 in, wide and 4 ft, long 1s to be placed in
one of the rooms. Tow large a2 spot will it represent in the
drawing on the seale of § 21 ?

5. On a map whose scale 1s 37 mi. to the inch, the dis-
tance between Chicago and Ann Arbor is 52 in. ‘What is the
actual distance ?

6. New York is 143 mi. from Albany. How far apart are
they on the map referred toin Ex. 52

'7. A ship on leaving port sails N.W. 18 mi., then N. 15
miles. Draw a map showing her course, using a scale of 1
in. for 10 mi. In this manner find (by measurement on
your map) her approximate distance and her bearing from
port: that is, how many degrees West of North,

8. When a vertical pole 20 ft. high casts a shadow 35 ft.
!ong, what is the acute angle the sun’s rays make with the hor-
izontal ?

[This angle is called the angle of elevation of the sun. Draw a mayp,
scale 10 It to the inch, and use a protractor to measure the angle.]
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22. Triangles. Notation. A figure bounded by three
straight lines is called a triangle. The bounding lines are
called the sides, and the points where the sides meet are called
the vertices. Usnally, the small letters, a, b, ¢, are used to denote
the sides, while the capital letters, 4, B, C. are used to denote
the vertices. The side a is then always
placed opposite the vertex A, while b is b $
likewise placed opposite to B, and ¢ &
opposite to (!, as indicated in the fignre,

The angle at .1 is called the included
angle of the sides 4, e. Similarly, B is the included angle of
the sides a, ¢; and €' is the included angle of «, b.

The angles at 1, B, (' are known c

as the interior angles of the tri-

angle. Besides these, every tri- A/\l
angle has what are kuown as
exterior angles. In the figure, w
represents the exterior angle at B, In general, an exterior angle
is one which, like . is formed between one side of the triangle
and the prolongation (extension) of another side.

C
Fia, 20

w

i
A

23. Circles. A circle is a closed curve, every point of which
is equally distant from a fixed point within
called the center. The distance {rom the center
to any point on the circle is called the radius.
A straight line through the center terminated
by the eircle, is called a diameter.

It follows from this definition of a cirele
that all its radii are equal. How do the Fia. 22
radius and the dimmeter compare in Jength ?

When several circles have the smme center, but different
radii, they are called concentric. Draw three concentric eircles.

The eurve that forms the cireleis often ealled the circumference.
The word eirele is sometimes used to denote the space enclosed
by the circumference,
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24. Squares and Rectangles. Any figure bounded by four
lines is called a quadrilateral.

A rectangle is a quadrilateral each of whose angles is a right
angle. The two sides that meet at any
corner (vertex) of a vectangle are therefore D c
perpendicular to each other.

A line that joius opposite corners (ver- s
tices) of a rvectangle is called a diagonal. A B
Thus AC in Fig. 23 is a diagonal of the Fa. 23
rectangle ABCD.

If all the sides of a rectangle are of equal length, it is called
i square.

25. Areas. 'I'o measure an area of any sort, a unit is usually
chosen which is & sqnare, any side of which is egual to the
unit of length. The most common unit of area is one square
foot; that is, a square each of whose sides is 1 ft. long.

Any given area is measured by comparing its size with that
of the unit square. In particular, the area of any rectangle is
found to be the product of the number of units of length in
its base times the number of units of length in its height.
This rale is usually learned in Arithmetic.

Areas that are bounded by curved lines or by pieces of
straight lines are usually measured by supposing them filled
up with little squares, each of whose areas we can find.  If the
aren bounded by the figure eannot be precisely filled in this
way, at least it is greater than the sum of the areas of those
squares that lie entively within it; and it is less than the snmn
of the areas of squares that entively cover it.

A good practical way to estimate the area of any lgure is to
draw it on paper that is ruled into little squares of known size.
Such paper (called squaved paper, or cross section paper) can
usually be bonght at any stationers, the roling being into
squares one tenth of anineh on each side. There are, of
course, one hundred sueh squares iu one squarve inch,
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Beneath, in Flg. 24, several figures are drawn on a sheet of siquared
paper.  Estimate the areas of each of them in the manner just de
seribed.

B |

| On
T
Firi. 24

-
|
i

The very best conception of aren is that which results by imagining
the Tulings on the squared paper just mentioned to be made finer and
finer, so that the estimated area becomes more and more nearly the cor-
rect area, ‘The ideal or exact aven bears the same relation to these esti-
mates that the drawings made by human beings do to the ideal figures in
geometry. (See § 11.)

In the same way, lengths of curved lines can be estimnted by first re-
placing each small bit (ure) of the eurved line by a straight line joining
the ends of the are, and then taking the sum of the lengths of all these
pieces of straight lines.  The smaller the ares, the more accurate Ehis result,
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EXERCISES
1. How many exterior angles has a triangle ?
2. Ina cerfain triangle ABC the interior angle at A is 49%
What is the exterior angle at the same vertex ?
3. Draw three triangles of different shapes, and then, using

the protractor, determine the sum of the three interior angles
for each triangle.  Ave the three snms equal, and if so, to what ?

4. The end of the minute hand of a clock always travels in
a eirele. Why ?

5. Draw on a piece of squaved paper a rectangle 1 in. wide
by 1 in. high. Draw its diagonal. Estimate the area in each
triangle into which the rectangle is divided. Are the areas
of the two triangles equal ?

6. Draw on squared paper a triangle with one right angle,
and with the perpendicular sides 1.5 in. and .8 in. long, re-
spectively. Estimate its area.

7. Draw on squared paper a rectangle whose diagonal is
the longest side of the triangle mentioned in Ex. 6. Find its
area.

8. Draw on squared paper two concentrie circles, with the
radius of one fwice that of the other. Estimate their areas.

9. Oonstruct, on squared paper, a triangle whose sides are,
respectively, 2.n., 1.5 in., and 1.7 in. Estimate its area.

[The area can also be found by dividing the triangle into two triangles
that have one right angle in each, by a perpendicular from one corner to

the opposite side, and then completing each of lhese smaller triangles into
rectangles, as in Exs. § and 7.]

10. What is the sum of the four angles of a rectangle ?

11. A ecourtyardis 25 yd. long hy 15 yd. wide. Draw a plan
of it on squared paper, scale 10 yd. to the inch. What area
is represented by one of the ruled squares on your paper?
Find the area of the courtyard,
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MISCELLANEOUS EXERCISES FOR PART II

1. In Fig. 19, p. 17, the angles @ and yave vertical angles. If
2w =40° what is the value of £ w, its supplement ? Since
Z u is also the supplement of £y, what is the value of Zy?
Compare £ o anil £ .

2. If Zwin Fig. 19 is 38°, what is the valne of p? If £y
18 T8% what is the value of Za?

3. Name pairs of vertical angles
in the adjoining figure.  What is o\

the valne of Lo+ Ly 4+ L2? D S~
E

4. Draw a diagram showing the
complement and the supplement of
an acute angle ABC. What is their difference ?

5. Show that the bisectors of two adjacent supplementary
angles are perpendienlar to each other,

6. By use of squared paper deter- S
mine (approximately) the mumber of
square inches in the adjoining figure,
taking AB=4 in, BC=3 in, and
04 = 2 in.

7. The figures (a), (b, (¢) of Fig, 24,
p- 23, have the same area. Is the length
of the boundary therefore the same for each of them ? Esti-
mwate these lengths,

8. In what ratiois the drawing of a house reduced from the
aetnal house if a distance of 12 ft. is representad by a line
1} in. long?  What actual distance is represented on the same
drawing by a line 2 in. long ¥

9, Find the difference in longitude at two places on the
earth if the difference in sun time is 2 hr. 30 min,

10. Find the difference 1 the sun time between two places
that differ in longitude by 30°; between two places that differ
in longitude by 20

>
W
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PART III. STATEMENTS FOR REFERENCE

26. Assumptions. In Chapters I-V, which we are abont to
study and in which many of the prineiples thus far used are
more carefully considered, we shall make nse of cerfain self-
evident general statements.  These statements are those upon
which Geometry is based. They are divided into two classes,
known respectively as Axioms and Postulates. .lzioms refer to
quantities in general, that is, without speeial regard to geom-
etry ; postulutes refer especially to geometry. The following

lists (§§ 27, 28) contain axioms and postulates that will be clear

at this time.

27. Axioms.

1. It equals are added to equals, the sums are equal,  Thus,
if a=8and ¢=d, then a +e¢="b+4d.

2. If equals are subtracted from equals, the remainders are
equal. Thus, if a =b and ¢ =d, then a4 —e=b—d.

3. If equals are multiplied by equals, the products are equal,
Thus, if a = and e=d, then ac = bd.

4. If equals are divided by equals, the quotients are equal,

Thus, if a=hand ¢ =d, then = "—; In applying this axiom
£ f
it is supposed that ¢ and d are not equal to zero.

6. If eguals are added (o wnequals, the results are wnequal
and in the same order. Thus, if a =5 and ¢ > d, then a4 ¢ >
b+ d. .

8. If equals are subtracted from unequals, the resulls are wn-
equal and in the same order. Thus, if a > b and e =d, then
a—c>b—d

7. If wnequals are added to unequals in the same sense, the
results are undgual in the swme order. Thus, if a > b and ¢ > d,
then a +¢ > b+ d.
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8. If uneguals are subtracted from egquals, the results are un-
equal in the opposite order. Thus, if a=~5 and ¢ > d, then
w—c¢ < b—d

9. Quantities equal to the same quantity, or to equal quanti-
ties, are equal to each other. 1n other words, a quantity may be
substituted for its equal af any time in any expression.

10. The whole of « quantity is greater thaw any one of its parts.

11. The whole of a quantity is equil to the sum of its parts.

28. Postulates,

1. Ouly one straight line can be drawn joining two yiven
points.

2. A straight line can be extended indefinitely.

3. A straight Line (s the shortest curve that can be drawn be-
tween Lo points.

4. A cirele can be deseribed about any point as o center and
with a radius of ey length,

5. A jigure can be moved wnalteved to « new position.

6. Al straight angles ave egual,  Hence, also, all right angles
are.equal, for a right angle is half of a straight angle. § 17.

29. Names of Statements. Aside from the above axioms and
postulates, the words Theorem, Problem, Proposition, and Cor-
ollary will hereafter be used in the following special senses :

Theorem. A statement of a faet which is to be, or has been,
proved is called a theorem,

Problem. A statement of a eonstruction (see §20) which is
to be made is ealled a problem.

Proposition. ILither a theorem or a problem is known as a
proposition.

Corollary. A theorem which follows immediately as a conse
quence of some other theorem is called a corollary of it.
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30. Summary of Construction Problems. In this Intro
duction we have shown how to make the following construc-
tons (with ruler and compasses alone) :

1. To coustruct a triangle, each of whose sides 1s equal to a
given length. § 3, p. 2.

2. To construct a triangle, whose three sides are, respec-
tively, equal to three given lengths. § 4, p. 3.

3. To construct a perpendicular to a given straight line at
& given point in that line, § 5, p. 4

4. To construet a perpendicular to o given line from a
given point not on that line.  § 6, p. 5.

5. To construet, at a given point in a given line, another
line that makes an angle equal to a given angle with the given
line. §7, p. 0.

6. To divide a portion of a straight line into two equal
parts. (To biseet a line)) § 8, p. 7. -

7. To divide a given angle into two equal parts.  (To bisect
an angle.) § 9, p. 8.

31, Facts or Theorems now Known. We have also either
assumed or proved the following geometrical facts:

1. All radii of the same cirele are equal. § 2, p. 1; and
£.23; p- 21.

2. Cireles whose radii are equal can be placed upon each
other so that their centers and their circumferences coincide
(lie exactly upon each other).

3. Equal angles may be placed upon each other so that
their vertices coincide and their corresponding sides fall along
the same straight lines. This is, in fact, what we mean by
equal angles.

4. Two straight lines have at most one point in common.
See postulate 1, p. 27,

5. Two cireles have at most two points in common.  See § 8,
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6. A straight line and a cirele may have at most two points
in common.

7. At a given point in a given line only one perpendicular
can be drawn to that line. (A consequence of Problem 3, § 5.)

8. Complements of the samne angle, or of equal angles; are
equal. Ex. 9, p. 18,

9. Supplements of the same angle, or of equal angles, are
equal. Ex. 10, p. 18,

10. Vertical angles are equal.  § 19.

11. If fwo adjacent angles have their exterior sides in a
straight line, they are supplementary. § 18.

12. If two adjacent angles are supplementary, they have
their exterior sides in a straight line. See Fig. 18.

18. If each of two fignres can be placed npon a third figure
so as to coincide with it, they can be placed npon each other
so that they coincide.

14. Any desired angle may be drawn, and any angle may be
measured, by the use of a protractor. (Bun the use of this
ingtrument is not permitted when a figure is to be constructed.
See § 20.)

15. A perpendicular to a given line through any given point
may be drawn by meaus of a set square or a drawing triangle.
(But the use of these instruments is not permitted when a figure
is to be constructed. See § 20.)

16. The area of a rectangle (in terms of a unit square) is
equal to the product of its width and its height, measured in
units of length equal to one side of the unit sgquare.

17. The area of any given fignre is greater than the area of
any figure that is drawn completely within if.

18. The areas of two figures are equal if they consist of cor
responding portions that can be made to coincide.

STATE COLLEGE FOR
COLORED STUDENTS
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SUPPLEMENTARY EXERCISES

1. Draw (using protractor) an angle of 50°% Construct
(using ruler and compasses) its complement. Measure your
new angle with the protractor and see if it has the proper num-
ber of degrees.

2. Draw an acute angle and then an obtuse angle. In
each case estimate as nearly as yon can withont using the pro-
tractor how many degrees there ave i the angle.  Then, check
your estumate by measurement, note your errors, and find what
fraction of the correct amounts each of these errors is.

8. Find the angle whose complement and supplement are in
the ratio 4:13.

4. Show how to construet an angle of 45°; an angle of
22° .80,

6. Construet two lines that bisect (divide into two equal
parts) each other at vight angles.

6. Draw the patterns shown below. Your drawings should
be twice the size of the copies. The cnrves are formed by
joining ares of certain cireles,

%. A traveler wishes to go dne north but finds his way
barred by a swamp. He therefore goes five miles northeast,
then five miles north, then five miles northwest, and he now
finds himselt due North of his starting peint. Draw a map
(scale one mile fo the inch) and determine by measurement
how many miles he lost hy going out of his course.
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8. A fower is observed from a point 500 ft. distant from
its foot, and the angle the line of sight makes with the hori-
zontal is found to be 15> What is the height of the tower ?

9. It is a principle of physics that when a ray of light is re-
flected from a mirror, the re-
flected ray makes the same {E
angle with a line perpendien-
lar to the mirror that the origi- f&%f{iif &
nal ray makes with the same
line. Show that the original ray and the reflected ray also make
equal angles with the mirror itself,

10. Two forts defending the mounth of a river, one on each
gide, are 10 mi. apart. Their guns have a range (possible
shooting distance) of 4} mi. Draw a plan (scale 1 mile to
the inch) showing what part of the river is exposed to fire

from the two forts. [GoperEY AND Sippoxs. |
11. Construet two triangles each with the A

sides «, by, and ¢, as indicated in the adjacent b /_’ jc

figure. Sea§ 4, p. 3. Cut them out and place

one on the other so that they coineide. What € a B

conclusions do you draw concerning such triangles ?

12. Construet two triangles each with the base AB = 2in,,
angle ABC' = angle DEF, and angle ACB = angle DFE. Cut
one of these triangles from the paper and place it upon the
other so that the corresponding parts coincide. What conelu-
sions do you draw concerning such triangles ?

MAKE THIS
B 21N, A E 2 IN. D

13. The length of a rectangular field is 50 yd. and the
length of the entire boundary is 180 yd. What is its breadth
and its area ¥
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14. Construct two equal angles, ABC and DEF. On the
sides of these angles lay off the distances BA and ED, each
2 in.; also the distances BC and EF, each 1§ in. Join

iy 8 C L
3 1 \'\, b
ass wis
B ke 2z A E<ware 7w D

AC and DF, thus forming two trisngles ABC and DEF.
What conclusions do you draw concerning such triangles?

15. Draw a triangle with two sides IC'=3 in. and 4B
=5 in. and their included angle =35% (Use protractor.)
Draw another triangle in which AC =3 in, AB=25 in,
but their ineluded angle = 20°. Do two sides alone fix (deter-
mine) a triangle 7

16. Is a triangle determined if two
sides and their ineluded angle are given ?
Show the relation of the last gnestion
to the following fuet from everyday life:
"Two pieces of board 218 and BC hinged
at B can be held rigid by nailing a
crosspiece DE 1o both sides,

17. Many designs may be made by emphuasizing a part of the
lines on squared paper, or the diagonals of those squares,
Copy and eoimplete the following; and also invent others,
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18. To construct the plan for a Gothie C-
window, proceed as follows: Take any line o
AB and divide it into four equal parts,

With o1 and B as centers and a radius equal :
to <18, draw arcs intersecting at C.  What Y
radius and what centers are used to de. .

seribe the small ares? 0 is found by tak- 8 B 8

ing A and B as centers aud AR as a radius. Complete the
fgure,

19. Construct (by ruler and compasses) patterns like the
following: .

(k)




SYMBOLS AND ABBREVIATIONS

The following symbols and abbreviations will be used for the
sake of brevity throughout the present book :

equal, or is equal to

not equal, or 1s not equal to
greater than

less than

is congruent to
perpendieular, or is perpen-
dicular to

parallel, or is parallel to

similar, or is similar to

angle

angles

friangle

triangles

£ parallelogram

3] parallelograms

O cirele

&

e AV

PNt =

%

) eireles
~ Are

Ax. Axiom

Cons. Construetion, or by cou-
struction

Cor.  Corollary

Def.  Definition

Hyp. Hypothesis, or by hy
pothesis

Iden. being identical

Prop. Proposition

it. right

st straight

Th. Theorem

Prob. Problem

Fig. TFigure or diagram

cowe and 8o on

s hence or thersfore

The signs 4, —, x, +, are used with the same meanings as
in algebra.  The following agreements are also made :

aXb=a .-b=ub
a+b=a/b=u:b

R

CHAPTER 1
RECTILINEAR FIGURES

PART I. TRIANGLES

32. Definitions. Tt is desirable fo distinguish between
geveral kinds of triangles as follows:

G C
©
b & b &
k
A = B A S B A = B8

FouinAaTeErAL Triaxorne [soscEnes TRiANGLE BeALENE TRIANGLE

Fre. 25
An equilateral triangle has all three of its sides equal.
A triangle that has any two of its sides equal to each other
is called an isosceles triangle.
A scalene triangle is one that has no two of its sides equal.

C b
/\‘ “
8 Al— 1L— o0

Equraxarrar Triavere Acure TriaNaLe Opruse TrRIANGLR
Fie. 26

An equiangular triangle has all three of its angles equal.

An acute triangle is one whose angles are all acute.

An obtuse triangle is a triangle that has one obtuse angle.
30
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A friangle one of whose angles is a right angle is ealled a
right triangle. In such a triangle, the side opposite the right
angle is called the hypotenuse, and
the word “side” is used only for
the other two sides, as indicated in
Fig. 27,

The side upon which any friangle A
appears to rest is called iis base.

The vertex opposite to the base is
called the vertex of the triangle, and the angle opposite to the
base is called the angle at the vertex.

The perpendicular distance from any vertex to the opposite

RigHET THiANGLE

Fra. 27

(o

e

-3
5/
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alt

side (extended 1f necessary) is called an altitude of the tri-
angle.

The distance from any vertex to the middle point of the
opposite side is ealled a median of the triangle.

Any portion of a straight line between two points is called
a segment of that line. Thus the sides, altitudes, and medians
of any triangle are line segments.

Any figure eomposed wholly of points and straight lines is
called a rectilinear figure,

33. Congruent Figures. Two triangles that ean be madeto
fit each other exactly (coincide) by properly placing the one
upon the other are called congruent. More generally, any two
geometric figures are congruent if they can be made to coincide
exactly.
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When two congruent figures are made to coincide, any cor-
responding parts coincide: corresponding angles of {'Unf:ﬂ‘m?u!
Jigures are equal ; corvesponding lengths are equol ; wny portion
of one of two congru-
ent figures is congru-
ent to the correspond-
ing portion of the
other.

An illustration of
two congruent  fig-

Fia. 24

ures, each broken up into eertain correspouding parts which
are also congruent, is given in Fig, 20,

EXERCISES

1. How many altitudes has a triangle? How many me-
dians 2 Draw figures illustrating your answers,

2. Can a vight triangle be isosceles 7 Draw figures,

3. Are all right triangles 1sosceles?  Draw fignres,

4. Can a right triangle be equilateral? Explain your
answer,

5. What kind of triaugle was drawn in Problem 1, p. 27
In Problem 2, p. 37

6. Investigate the following questions: (1) Is there any
kind of triangle for which the medians coincide with the alti-
tudes, and also with the bisectors of the three angles? 1f so,
deseribe it (2) Will these lines usually all be different for a
triangle ¥ 1llustrate your answer by drawings.

34. Congruence of Triangles. We now proceed to state and
prove certain theorems regarding triangles. The pupil should
first veread carefully § 22,

Our first topic of study will be the following question:
* When are two triangles congruent 7 Note again the defini
tion of congruent figures as given iu § 33.
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35. Theorem 1. If two triangles have two sides and the
included angle of the one equai, respectively, to two sides and
the included angle of the other, the triangles are congruent.

e ¢!

! I
A B A B
Fia, 30

Tn the figure, let ABC and A'B'(" be the two triangles, and
let us suppose that we know (as the theorem says) that AB=
A'B, AC= A'(’, and that the angle .1 =the angle A"

We are now to prove that these two triangles are congruent,
whicli means that we have to show that the one may be fitted
on to the other so that they will exactly coineide in all their
parts.

Now, since AB = A'H, we ean place the triangle 4’5" on
the triangle ABC so that A'B" will coincide with its equal
AB, making the point (" fall somewhere on the same gide of
AB as (.

Then, 4'C" will lie along AC, because angle 4’ =angle 4,
this being also one of the given (supposed) facts.

Moreover, (" will fall exactly at C, since A'C" = A¢, which
18 another of the given facts.

1t thus follows that the side ('B' will fit exactly upon ('B,
for, according to Postulate I, only one straight line can be
drawn through the two pots, C B

Therefore, the two triangles are congruent.

Nore. The fact stated in this theorem was indicated in
Exs, 2 and 3, p. 6; and in Ex. 14, p. 32, In those exercises,
however, the truth was only suggested. What we do in a proof
such as that just given is to make certain-what was previously
simply plausible,
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36. Corollary I. Two right triangles are congruent if the two
sides of the one are equal respectively to the two sides af the other.

Reasoning from Theorem I, the student should convinee
himself of the truth of this corollary.

[Hixr. Firsi, note the form of all right triangles, as illustrated in
Fig. 27. Note also from the same figure how the word * side ' is used
for such triangles.  Now draw two sueh triangles having the * sides* of
the one equal respectively to the * sides ' of the other, and see how Theo-
rem I applies to them, ]

EXERCISES

1. Write out the proof of Theorem I for two triangles
shaped as in the adjoining figure, in which we BUppose
AB=A'B, AC=A'C", and

angle .4 = angle A". g vad
2, Using a protractor, draw ﬂ %
atriangle in which one angle is 4 B A 8’

30° and the two sides that in-

elude that angle are respectively 8 and 4 inches long.  Show,
by Theorem I, that if another triangle is drawn which las
these parts, it is congruent to the one first drawn.

3. In the figure,  represents a lake. Tt is required to find
its length, i.e. the distance between . and B. Show that this

may be done as follows: >
- B

(1) Fix a stake at some convenient poin
€ and measure the distances AC and BC.

(2) In line with AC set a stake D, such
that CD = AC. Then in line with BC, set a
stake E, such that OF = B(.

The distance from stake D to stake E will be the required
distance between A and B. Show that this is a consequence of
Theorem I. :

4. Show how the method of Ex. 3 could be applied to de-
termine the greatest length of your school building.
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37. Theorem Il. If two triangles have two angles and the
included side in the one equal, respectively, te two angles and the
included side in the other, the triangles are congruent.

C !

A B J'Ar 5'
Fra. 31
In the figure, let ABC and A'B'C' be the two triangles, and
let us suppose that we know that

=2 A 2 B=C B and AB = 4B

[For brevity we here use the symbol £ for the word angle (see p. 84),
Also, instead of ““side A8 = side A'B'" we write simply A8 = A'B. |

We shall now prove that the triangles ABC and A'B'C" ave
congruent by showing that it is possible to place the one upon
the other so that they shall coincide.

To earry out the proof, place the trinngle A'B'C' upon the
triangle ABC so that A'B' coincides with its equal AB, and so
that €' and € fall upon the same side of AB.

Then A'C" will fall along AC becanse £ A= Z A';, which
was one of the given facts.

Morveover, B'C" will fall along B, sinee £ B = £ B', which
was also given,

It follows from this that " will fall exactly at ¢, for,
by Statement 4, § 51, the two lines AC and BCcan intersect in
only ene peint.

Thus, the two triangles can be made to coincide completely,
and they ave, therefore, congruent. TUsing the symbois of
p- 34, this result is written in the following form

A ABC >~ A A'B'C
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38. Corollary 1. Two right triangles are congruent iff an acut:
angle and its adjacent side in one are equal, respectively, to an acutc
angle and its adjacent side in

f
o
the other. C
Thus, the two right tri-
angles ABC and A'B'O are r L Ly

congruent if AB = A'B' and
/A= 2 A" This corollary, like all others, should be proved
by the student.

EXERCISES
1. Draw a right friangle having one angle 307 and the adja-
cent side (not the hypotenuse) 3 in. long.  Measure the other
angle with a protractor, and measure each of the other sides.

Repeat this with an angle of 45° in place }f,_‘ s

of B0% o= “\_;,y
2. Theorem I1 was used by Thales TT_‘I‘_'J Yip

(640546 1.0 to determine the distance ¥ :

of a vessel 77 from the shiore, by measur-

ing the angles « and v and then con- X

structing the congruent triangle ABX on shore. Lix plain how
this can be done.

3. A drawing triangle is usually
made of celluloid, with one angle (£ ¢ :
in the figure), a vight angle.  One other AL
angle A is usually made 307 Show that 7 11 7778
if the length AC is ehosen, the form of A b
the triangle is completely determined, ~ DRAWMG Tuuxes

39. Form of Proofs. Hereafter we shall nse symbols when-
ever possible, thus enabling us to give proofs in a more con-
densed form. See the list of symbols, p. 34.

Note that in the arrangement of the proof the different steps
are in the left column, while the reason for each step is in the
right colimn.
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40. Theorem IIL.  Jn an isosceles triangle the angles
opposite the equal sides are equal.

c

A - B
Fia. 32
Given the isosceles triangle ABC in which AC = .BC.
To prove that LAd=.B
Proof. Draw D bisecting ~ AC'R.
Then, in the £ ACD and BCI we have

= CD, Tden.

AC =B Given

LACD = £ BCD. Cons.
Therefore AACD ~ A BOD § 35
and henece LA=2K8 § 33

41. Corollary 1. [If a lriangle is equilateral, it is also eqi-
angular,

State carefully the reasons for this conelusion, in the form
of the proof of Theorem 111,

EXERCISES

1. Construet (using ruler and compasses) an isosceles triangle
and measure by means of the protractor the angles opposite
the equal sides. Do your results conform to what Theorem
[IT says ?
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2. An ordinary gable roof has a form (cross section) such
as indicated in the accompanying figure, How does this illus-
trate Theorem II17

Ridge

AN,
b RI.I"/,"'" ”'i ;\?f@f
o Plate & XD

:I —-Span of Roof——L

3. Mention gome other familiar object in which an isosceles
triangle occurs, draw a figure to represent it, and state how
1t illustrates Theorem I11.

4, Prove that the medians drawn through the c
base angles of an isoseeles triangle are equal.  Write
out the proof in the preeise form used in the proof E
of Theorem 111, using two columns, one for state- M
ments of fact and the other for the reasons; and use , 8
the symbols of p. 34

[Hixt. Gieen the lsosceles A ABC in which AC = BC and let AD
and BE be the medians drawn through the base angles 4 and B.
To prove AD = BE. 1In the proof, direct your attention to the & EAB
and DBA. They have £ EAB = Z DB by Theorem III; at the same
time they have AE = BD becanse each is one half of the equal sides AC
and BC. Also AB = AR From these facts, reason by means of
Theorem 1 that A ABE = A ABD, and hence AD = EB, which was to
be proved. ]

5. Prove that the bisectors of the base ungles of un isosceles
triangle are equal.

[Hixr. Draw a figure similar to that of Ex. 4, but make 4D bisect
£ A, and BE bisect ~ B. Direct vour attention to the & EAB and
DBA. They have £ EFAB = £ ABD by Theorem I1I; at the same time
LEBA =2 DARB, being halves of cqual angles, Whence, show by
Theorem II that A FAB>ADRA  Then, AD = BE, us was to be
praved. |
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42. Nature of Proofs in Geometry. Hypothesis. Conclu-
gion. Every proof, as arranged in the form which we huve
now adopted and as illustrated by the proof of Theorvem 111,
consists of four parts, as follows:

(1) A caveful statement of the theorem, accompanied by
an appropriate figure,

(2) A condensed statement of what we have to work with,
or what is given. This part of the statement of the theorem
is called its hypothesis, or thing supposed. Thus, in Theorem
111 the hypothesis is that the triangle is isosceles.

() A condensed statement of what is to be proved. This
is called the conclusion.

Thus, in Theorem [T the eonclusion is that “the angles
opposite the equal sides arve equal.”

(4) The details of the proof. This consists of a series of
gtatements, each necompanied with its reason,

EXERCISES

1. What is the hypothesis of Theorem 1?7 What is its
conelusion 7 Auswer the same questions for Theorem 11

2. Hypotheses and conclusions occur in all careful argu-
wents in other subjects as well as in Geometry, Pick out the
hypothesis and the conclusion in each of the following state-
ments :

{a) 1f he is guilty, he should be punished,

(b) 1f n piece of iron is magnetized, it will attract other
pieces ol iromn.

(¢) A hody heavier than water will sink in water.

() Corollaries of §§ 36, 38, 41.

3. Make some conditional statement similar to those of
Ex. 2, and give the hypothesis and the conclusion.

4. Make some statement that you think is true abput some
geometric figure. Pick ont the hypothesis and the conclnsion.
Draw a figure to illustrate the statement.
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e

43. Theorem IV. 7he hisector of the angle at the
verlex of an isosceles triangle is perpendicular to the
base wivd bisects the base.

Given the isosceles A 16 in

which ' bisects the wvertical A
ZC.

To prove that (') L AR and that
AD = DB.

Proof. Inthe & ADC amd DBC
we have s

AC= OB, Given A b 1

and L ACD=ZDCB, Given F10. 53
Moreover D= 0D, Tden.
Therefore AADC = DBO; § 835
whence LADC =Z B,
so that DL AB, § 1T
Also A= DB, . £ 33

44. Corollary 1. In any isosceles triangle (¢) The bisector of
the angle at the vertex divides the triangle into two congruent
right triongles.

(b) The bisector of the vertical angle coincides with both the
altitude and the median drawn throngh the verter.

(e) The perpendiculur bisector of the base puasses through the
verter, and divides the triagngle into tivo congruent right triangles.

EXERCISES
1. If a plumb line (a string with a heavy bob attached at
one end) be let down from the rvidge of the roof represented
in Ex. 2, p. 43, the bob strikes the floor in a way that illustrates
Theorem IV, How ?
2. Prove that if the bisector of the angle at the vertex of any
friangle is perpendicular to the base, the triangle is isosceles,

[Hixr.  Apply Theorem I1 to the & ADC, BDC (Fig. 53), and show
that AL = CB.]



46 RECTILINEAR FIGURES [T, § 45

45. Theorem V., If two triangles have three sides of the one
equal respectively to the three sides of the other, they are con-
gruent.

|
Fia. 34

Given the A ABC and A'B'(” in which AR = A'B', BC =

B'C', and C4 = ("4,
To prove that A ABC ~ A A'B'(". |
Proof. Place A A'B'C' in the position ABC", thus making

the side A'B' coincide with its equal 4B and causing the point

("' to take up the position marked €,

Join ¢ and " by a straight line. Then, in A ACC", we |
have AU=A0", Given
Therefore LACA'=ZL A0, § 40
Likewise, in A BOC", we have

BO=BO"; (riven

hence Z BO'=2 RBO"(, Why ?
Therefore £ ACC" +£ BOC"=2£ AC"C4+ £ BO"C, Ax. 1 (§27) 1
that is, L ACOB=£ AC"B;
whenece A AQBx=A AC"B, § 35
that is, AABC = A A'B'C.

46. Corollary 1. Three sides determine a triangle ; that is, '

if the three sides are given, the triangle is thereby fized.

The statement means that if the three sides of a triangle
are known, any triangle made with these sides is econgruent to
any other triangle that has the same sides. See Problem 2,
P 3; Exs. 2, 3, p. 833 Ex. 11, p. 31.
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EXERCISES

1. If three boards are nailed together in the form of a tri-
angle, with one nail at each corner, will the frame thus made
be quite stiff ¥ Show how the corollary just stated is related
to your answep.

2. Two circles whose centers are at
O and O mtersect in .4 and B. Prove
that A QA0 =2 OB,

3. Prove that two triangles ABC and
A'B'C" are congruent if AB= A'B,
BC = B'C", and the wmedian throngh .l equals the median
through A",

[Hixr, Draw the two triangles. Let D be the point of intersection
of the median throvgh A with the side BC in A ABC, and D' the cor-
responding point in A A'H' (M. First show, by Theorem V, that & ADE
&= A ADIBY, remembering that BD = § BC and B'D' = 1 B'D'.  Hence
show that £ADC = ZA'DCY by using 9, p. 29.  Finally, show that
LADC=AA'D'C, Then AABC A A'RBC by § 33.]

4, The framework of bridges, seaffolding, and other strue-
tures consists usually of a network of triangles whose sides are
stiff pieces of iron or wood. Show, by means of Theorem V
and Corollary 1, why the entirve strueture is stiff,

5. Show that the temporary bracing of a window frame in
a building during its erection by a board nailed to the frame
and to the floor, is an illustration of § 16,

6. Point out the triangle in the roof construction of Ex. 2,
p. 43, which makes the roof structore rigid.

Nore. These Exereises illustrate the great importance of Theorem V
in structares of all kinds. The practical value of the study of triangles
arises principally from the frequent application of Theorems I, 11, and V,
§§ 85. 37, 45, both in practical affairs and in the proofs of other geometrie
theorems, These three theorems are printed in boldface type to indicate
their espesial importance ; they should be studied most carefully.
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47. Theorem VI. <n exterior angle of a triangle (s yreater
than either of the opposite interior angles.

Given the A ABC hav-
ing the exterior £ DBC.

To prove

that £ DBC > 2 4;
also that £ DBC = 2.

Proof. Through E, the
mid-point of BC, draw
AE and prolong it to £
making EF= ALK, Also, Tio. 85
draw BF.

Then, in the & AEC and BFE we have

AE = EF, and BE = EC(, (lons,
and £ OBA = £ BEF. 10, § 31
Therefore A AEC = A BFE; Why ¥
whenece Z (=4 FBE, Why ?
But Z DBE > Z FBE; Ax. 10
henee L DBE > £ Ax. 9

that is, £ DBC > Z, which was to be proved.
[Similurly, by bisecting A B and proceeding as above it can be proved
that £ A B, which eqoals £ DBC (why ?), is greater than £ A. ]

EXERCISES

1. By drawing a series of triangles, determine what form a
triangle tends to take as one of its exterior angles comes closer
and closer in size to either of its opposite interior angles.

2. Prove that no triangle can have two right angles.

[Hisr. If £ Fig, 85, were equal to 90°, then £ DBC would be
greater than 907 (§47); hence £ ABC < 90°, sinee it is the supplement
of ZDBC. Write ont the proof in full. ]

8. Prove that no triangle can have two obtuse angles.

4. Prove that the bisector of an exterior angle of a triangle
is perpendicnlar to the bisector of the adjacent interior angle.

e S——

—-
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PART Il. PARALLEL LINES

48. Definitions. Lines that lie iu the some plane but do not
meet however far they may be extended arve said (o be parallel.

A B

c D

Parallel Lines
Fra. 36

It two lines are ent by a third line, this third line is called
a transversal, and the angles at the points of intersection are
named as follows

P 4 —
£, w, o, and w are interior angles. § l“ Transversal
8 v, i, and z are exterior angles, A o E

s and 2z, or ¢ and y, are alternate ex-
terior ungles.

t and e, or v and @, are alternate
interior ungles,

v oand w, or 3 and 2, or w and z,
or ¢ aml y, are corresponding angles.

D

49. Parallel Postulate. Besides the postulates of § 28, the
following is necessary for the study of parallel lines :

Parallel Postulate. Only one line can be drawn through a
given point parallel to a given line. That is, any other line so
drawn will coineide with the first one.

This postulate was stated in a somewhat different form by
Euclid (about 300 w.c.). It was recognized by him and by
later mathematicians that it is peculiarly important. 1t is often
called the Euclidean postulate.

50. Corollary 1. Lines parallel to the same line are parallel
to each other. Tor, if two lines parallel to one and the same line
should meet, there would be more than one parallel through a
point, thus confradicting the preceding postulate.

]
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51. Theorem VII. When two lines are cut by a transversal,
if the alternate interior angles are equal, the two lines are parallel.

/ T
' E/ =
Y o K
r,f\_-( D R |
z /}F |
4 Fia. 88

Given any two lines AB and CD cut by the transversal ST at
E and F, so that the alternate interior angles = and y are equal.

To prove that AB is parallel to CD.

Proof. Let us suppose for the moment that AB and CD are
not parallel. In this case they would meet i some point
which we will eall K, and a triangle EFK would be formed.
Then the extevior angle @ of this triangle would be greater
than its interior angle », by Theorem VI. But this is 1mpossi-
ble, since our hypothesis is that Zax=2Zy. In other words,
the conelusion that 4B and OD are not parallel cannot be true
if onr hypothesis that £ » = £ yistrue. The only other possible
conclusion is that AB and CD are parallel.

52. Corollary 1. Lines perpendicular to the same line are
| parallel.
EXERCISES

1. If several strips are nailed to a board at right angles to
it, show that the strips are parallel. .

9. 1f another board is nailed perpendicular to the strips of
Ex. 1, show that it is parallel to the first board.

3. Draw any line CD (Fig. 38) and select any point E not
on it. Draw any line throngh E to cut CD at some point, F.
Lay off £x=Zy with a protractor, or as in § 7, p. 6. Show
that this process gives a line parallel to C'D through K.

e
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53, The Indirect form of Proof. Argument by Reduction
to an Absurdity. The student may have observed that the
proof just given in § 51 differs essentially from other proofs we
have given. In the proof of Theorem VII we meet for the
first time what is called an indirect proof, otherwise known as a
reductio ad absurdum. or reduction to an absurdity. This form
of proof is of frequent oceurrence. In substance, an indirect
proof of a theorem consists in first supposing something differ-
ent from the theorem’s conclusion, and then showing that an
absurdity results, thus leaving the theorem itself as the only
possible statement of fact.

The use of the indireet proof is common, not only in geom-
etry, but also in many of the familiar experiences of everyday
life. Suppose, for example, that on a eertain night a mﬁbery
is sommitted in a certain store and the next day Mr. A is sus-
peeted of having done it. He succeeds in proving, however,
that thronghount the night in question he was in another town.
This is sufficient to free him of suspicion. Why ? — Because
the supposition that he is guilty is thns made to lead to the
absurd conclusion that he was in two different places at the
same time. The very strongest kind of argument is to show
that some contention of an opponent leads to absurd conclusions.

EXERCISES

1. A closed wooden box is known to contain a piece of
metal. A magnet is brought near and found to be attracted.
'.].‘he conclusion is drawn that the metal within the box is either
iron or steel.  Show that this conelusion is drawn by a process
of indirect proof.

2 Using Theorem TIT, give an indirect proof of the follow-
ing theorem: If no two of the three angles of a triangie are
equal, the triangle cannot be isosceles.

3. Show that the reasoning used in § 50 is really a reduction
to an absurdity.
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54. Theorem VIII. If two parallel lines are cut by a trans-
versal, the alternate interior angles are equal.

- okl - S,
/ ’
s Fig. 39

Given the two parallel lines AB and D cut by the trans-
versal 87 at £ and F and making the alternate interior angles
x and .

To prove that the angles x and y ave equal.

Proof. Suppose £ % £y (For the symbol =, see p. 34.)

Now draw O'D' through F, making £ D'FT = Zu.

Then C'D' | AB; § 51
bt D | 4AB. Given

Thus we shonld have two different lines throngh the same
point F parallel to the line AB, which is impossible, according
to the postulate of § 49.

Therefore £ @ = £ y, which was to be proved.

55. The Converse of a Theorem. The student may have
observed that Theorems VII and VIII, though not the same, are
very closely related. Careful examination of the two will show
that the precise nature of this conneetion lies in the faet that
the hypothesis and conclusion of the one have become, respec-
tively, the conclusion and hypothesis of the other. In other
words, the one is the other simply turned about. In general,
when any two theorems are related in this wuy, the one is said
to be the converse of the other.

Aside from geometry, there are many instances of state-
ments and their converse. The following will illustrate this
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fact, and also the fact that because a theorem or other state-
ment is true we cannot always be certain that its converse
is true

(Statement ) If a boat is made of wood, it floats. (7rue)

(Converse)  1f a boat floats, it is made of wood, (False)
© An instance in Geometry in which the converse of a true
staternent is fulse 1s:

(Statement) 1f a figure is a square, it is a rectangle. (7'rue)

(Converse) If a figare is a rectangle, it is a square. (False)

An instance in Geometry in which both the original aud the
converse theorems ave frue is:

(Statement) 1t two sides of a triangle arve equal, the angles
opposite thiem are equal.  Theovem 11T, § 40.

(Converse) 1f two angles of a triangle are equal, the sides
apposite them are equal.  Theorem XVI, § 72,

In case both a theorem and its converse are true, they
may be stated together in one sentence by properly using the
elause “if and only if.”  Thus, Theorems VII and VIII may
be combined into one as follows: “ When two lines are cut by
a transversal, the alternate interior angles are equal ¢f and
ouly if the lines are parallel.,”

The phrases “and conversely ” or “and vice versa ™ are often
used for the same purpose.  Thus we might say, © If a body is
lighter than water, it will float; and conversely.”” Or, “1f a
body is lighter than water, it will Hloat; and vice versa.”

EXERCISES

1. Make a troe statement whose converse is false,

2. Make a true statement whose converse is trie,

3. Write out the illustration you nsed in Ex. 2 in the form
of asingle sentence, using the clanse #if and only if.”

4. Rewrite each double statement on this page, using the
phrase, («) “if and only if”; (b) “and conversely,” (¢) “and
vice versa.”  Which are troe and which are false ?
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58. Theorem IX. If two lines are ew! by a transversal and
the corresponding angles are equal,

the lines are parallel, /%
k A F % B

Given 4B and CD cut by the :
transversal S7 in such a way that X
the ecorresponding angles @ and y € ELY D
are equal. /

To prove that AB is parallel = Sl
to C'D. :

Proof. La=Lz, 10, § 31
but L= 2ys Given
therefore LY =2Lx, Ax. 9
and hence also AB | CD. § 51

57. Corollary 1. Iy two lines are cut by a transversal and the
two interior angles on the same side of the transversal arve supple-
mentary, the lives are parallel,

58. Corollary 2. From a given point only one perpendicnlar
can be drawn to a given line. For, if there were two perpen-
diculars through the same point, they would be parallel (Why ¥)
but parallel lines cannot meet (§ 48). See also Ex. 2, p. 48.

EXERCISES

1. Two parallel pipes for hot and ecold
water lie flat along the same wall ; at the end
of each of them an elbow is screwed on which [
turns the pipe through a right angle. TIf the [T
pipes conuected to these elbows also lie flat |~
against the same wall, will they be parallel 7
Connect your answer with §§ 56-58.

2. A rectangle (§ 21) has all its angles right angles; show
that the opposite sides are parallel.
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59. Theorem X. (Converse of Theorem IX.) If two parai-
lel lines are cut by a transversal, the corresponding angles are
eignal.

Given the two parallel lines .18 T
and ('D eut by the transversal A)
ST, making corresponding angles A - E B
@ and .
To prove that Lo=2y. c e\ 3
Proof. Zax=Zz, Why? /
also Ly=~Zz; Why? =
’ % Fra. 41
therefore Lu=2Ly, Why?

60. Corollary 1. I a line is perpendicular to one of two por-
allels, it is perpendicular lo the other also.

EXERCISES

1. State and prove the converse of Corollary 1, Theorem
X,

2. The crosspieces (arms) which are put on a telephone
pole to earry the wires are nsually all perpendicular to the
pole. How does this illustrate Theorem X or its corollary ?

3. Prove that the diagonals of all of the squares on a sheet
of squared paper form continuous lines.

4. Prove that the hisectors of any pair of corresponding
angles formed when a transversal cuts two parallel lines are
themselves parallel.  TIs this true also for biseetors of alternate
interior angles ?

5. Prove that the bisectors of any two interior angles
formed when a transversal cuts two parallels are either par-
allel, or else perpendicular to each other.

6. Prove by §§ 56, 59 that lines perpendicular to the same
line (or to parallel lines) arve parallel.  (See also § 52.)
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61. Problem 1. 7o constiuet a line parallel to a given line
and pussing throwgh a given point.
LY

’

o/ K

;D
Fia. 42

Given the line .18 and the point 0.

Required to construct a line through © parallel to AB
(See Ex. 2, p. 50.)

Construction. Draw any line O7" through O, cutting A5 at
some point, as D.

At O construet £ TOK = 2 ODB. Proh. 5, p. 6.

Then the line O (extended) will be the desired line through
O parallel to AB.

Proof. Since £ TON = . ODRB, the lines AB and OK are
parallel. § 56

Nore. The fact that in the problem of § 61, above, we have not
only sliown how to draw the desired line, but have afterwards proved
that our method is correct, iNlustrates the prineiple that every construction
problem should, in its solution, eontain not only the eonstruction, but also
the proof of its correctness.  This will be done hiereafter in sneh problems
as are worked ont in the text, and the student should do the sawme in all
construction problems that oceur in exercises,

EXERCISES

1. Show how to construct a line parallel to a given line and
passing through o given point, by means of § 52.

2. Show how to constroet a line that makes oune half a given
angle with a given line at a given point.

[Hixr. First bisect the given angle.]

3. Show how to construet a line that makes an angle of 45°
with a given line at a given point.
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4. (@) In order to draw a parallel to a line ! through a
point P, a draftsman will place a drawing triangle, or other
object with two fixed edges, so that one side of the triangle

Fra.

coineides with I, and the other side passes through P. He
will then lay a ruler against the side of the triangle that
passes through P, and finally slide the triangle along the edge
of the ruler, until one corver of the triangle comes to P.
Show that a line drawn along the side of the triangle, originally
in coincidence with 2, will be the parallel to 7 through P.

S —
B Fio b

(h) Show how to draw, by means of a drawing triangle, a per-
pendienlar to a given line AB through a given point. (Fig. 4.)
Notice that £ B = 90°, See Ex. 3, p. 41,

5. Draw Fig. 38, omitting the portion dotted in the figure.
Through some point ' on ("D construct a line parallel to S7.
(The quadrilateral formed is called a parallelogram.)

6. A parallelogram (Ex. 5) is formed when one pair of
parallel lines euts another pair. Show that the sum of the
two interior angles that have one side in common is 180°
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IPART III. ANGLES AND TRIANGLES

62. Theorem XI. The sum of the three angles of any tri-
angle is equal to two right angles, or 180",

Given any triangle ABC.

Toprove that £ A 4+ Z B 4+ £ C0=21t. £

Proof. Prolong ARB to D and through B draw BE || AC
Denote 2 DBE by «, and £ B by y.

Then Lt Ly+ L ABC =21t 4; Why ?
moreover LA=CLany, & 59
and LO=2ZLy. § 54

Therefore L A4Z0C+2LABC=2r1t A Ax. 9

Nore. This famous theorem is of great practical imiportance.
[t was known by Pythagoras (about 500 n.c.). This figure was
used by the Greek philosopher Aristotle (384-322 p.c.) and by
the famous Greek geometrician Euelid (about 300 s.c.).

63. Corollary 1. The sum of the two acute angles of any right
triangle is one right angle, or 90°.

64. Corollary 2. An exterior angle of any triangle is equal to
the sum of its opposite interior angles. That is, In Fig. 43

LOBD=£ A4+ £0C.

65. Corollary 3. FEach angle of un equilateral triangle is

equal to GO,

66. Corollary 4. If two angles of one tricugle ave equal re-
spectively to hwo angles of another triangle, then the thivd angles
are likewise egual.
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EXERCISES

1. Two angles of a triangle are 10° 30 and 85° 15, respee-
tively. What is the size of the third angle ?

9, If the rafters of the roof represented in Ex. 2, p. 43,
make an angle of 35° with the horizontal, show that the total
angle at the ridge of the roof is 1107

8. A crank 4B is operated by means of a rod DCB, which

glides through a ring at €. Show that o
the angle ACE is always half the angle e
XAB, provided AC = AB. X

4, The exterior angles at 1 and ¢ g

of a triangle ABC are T1° and 140°% respectively ; how many
degrees in the angle 57

5. Find the three angles of an isosceles triangle when one
of the angles at the base is equal to one half the angle at the
vertex.

6. Draw an equilateral triangle, and draw
three other equilateral friangles, placing one
on each of the sides of the first one as a base.
Show that if this process 1s repeated continu-
ally, the plane is divided into equilateral tri-
angles that ecompletely fill if. This fact is the basis for many
interesting designs, some of which are shown below.

Orchard Plan Ttled Floor Pm:rn Linoleum Pattern

7. Show by § 62 that a triangle can have no more than one
obtuse angle. Can it have more than one right angle? See
Exs. 2, 3, p. 48.
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67. Theorem XII. Two angles whose sides are res

spectively parallcl A A

are either equal or -

supplenentary. A ; SR C_. %

P :
There are two eases, ,/" ol /ﬂ

ag indicated by Figs.
44 a and 44 b, Fie. 4ia Fro, 44 b

Case 1, Given £ B and B’ with AB| A’B" and BC | B'(Y,
as in Tig. 44 a.

To prove L= LB

Proof. P’rolong BC and B'A" until they meet, thus form-
ing the angle .

Then LB=CLx Why ?
and LB =Lz Why ?
Therefore : ZRBR=/FR. Why ?

Case 2. Given 4B and B with ABI A'B and BC| B,
as in Fig. 44 b,
To prove that £ B and I are supplementary.

[The details of the proof for this case are left to the student. ]

EXERCISES

1. When in Theorem XII will the two angles be equal?
when supplementary?

2. Show that Theorem XII is illustrated by the angles at
the intersection of any two straight streets of uniform width.

3. Show that Theorem XII is illustrated by the angles at
the interseetion of two straight railroads.

4. A parallelogram (Ex. 5, p. 57) is a figure formed when
one pair of parallel lines euts another pair.  Show by means of
§ 67 that the opposite mterior angles arve equal, and that the
adjacent interior angles are supplementary.
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68. Theorem XIII. 7o angles whose sides are re-
spectively perpendicular to cach other are cither equal
ar .‘:‘!{]J}JEEHIH?:"{N'_!{‘

There ave two cases, as indicated by Figs. 45a and 45 b

Casg 1. Given 4 B and B' with AB.L B'C' and BC' L A'B,
as in Fig. 45 a.

A
H £ B=L B,
To prove that LB 8 é &

Proof. Prolong AB and B'C’ until they St T
meet at some point such as 7% and through K C: 5!
7 draw a line 77" | BC, meeting A'B’ pro- ,\l
longed at A X g
Then La=ZLy  Why? Fig: 404
Now £ z is the complement of £ y. Def. § 18
Moreover, TIB' is a vight angle ; § 60
hence £ # is the complement of £ B’ § 63
Therefore Ly =L:BY 8, § 31 7
or L B=4£RB. Ax. 9 3

CAse 2. Given £ B and B' with
AB 1 B'(0" and BC L A'B', as in Fig.
45h.

To prove .4 B and B' supplementary.

[The details of the proof for this case are Fic. 400
left to the student.]

EXERCISES

1. When in Theorem XIIT will the two angles be equal ¥
when supplementary ¥

2. An object lies at a point A on an inclined
plane AB. Show that the angle between the K
vertical line through A and a perpendicular to
AB at K is equal to the angle C.1B which the inclined plang
makes with the horizontal.

Cc
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69. Theorem XIV. Two right friangles are congruent if
the hypotenuse and an acute angle of the one are equal respec-
tively to the hypotenuse and an acute angle of the other.

C !

C

A B A B’

Fia. 46

Given the rt. A ABC and AA'B'(" with the hypotenuse BC' =
hypotennse B'¢" and 2 B= 2 I,

To prove AABOSA A'BC.

Proof. We have LAd=/ZAand ZB=-ZB. Given

Hence L =240\ § 66

Moreover BC= B'(, (riven
and therefore AABO=A A'B'C. Why ?

Nore. Theoren XIV is frequently stated in the following
form: o vight triuagle is determined by its hypotenuse and one
acute angle,

EXERCISES

1. Draw an acute angle and then construct the right triangle
containing this angle and having a hypotenuse 2 inches long.

2. Show that if two right triangles have one acute angle of
one equal to one acute angle of the other, all of the angles of
the one are equal to the corresponding angles of the other,

3. If one angle of a right triangle is 45° show that the tri.
angle is isosceles,

4. State and prove the converse of Ex. 3.

5. How conld yon counstruct (using only ruler and compasses)
the right triangle one of whose acute angles is 60° and whose
hypotenuse is a given length AB? (See § 65.)
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70. Theorem XV. Two right triangles are congruent if the
hypotenuse and a side of the one are equal respectively to the
hypotenuse and a side of the other.

Given the rt. & ABC and A'B'C’ with hyp.
BCO = hyp. B'C' and side AB = side A’

To prove that rt. A ABC~rt. A A/B(. A =8

Proof. Place A A'B'C" in the position i
ABC” so that A'B' coincides with its equal C""'
AR and €' falls at ¢, opposite to (L

Then, the 5 CAB and C"AB being rt. 4 <
(why ?), the line ClAC” will be a straight g
line. 12,831 "

Now, in the A CCO"B, we have

Fia. 47
BC=PFBC": Given
therefore & (/O B is isoscelos ;
hence L ACB=Z AC"RB, §40
or LACB= 2 A0'F, Ax. 9
Therefore rt. A ABC =1t A AB(. 8 6Y

71. Corollary 1. I two obligue lines of equal length are
drawy from a point Cin a perpendicular CD to a line AB (Fig.
82, p. 42), they cut off equal distances from the foot of the per-
pendiculir, and conversely.

EXERCISES

L. In the figure a mast is being held in a vertical position
by means of a number of ropes (guy ropes) at-
tached to the mast at the same distance from the
ground. Show that the ropes will all have the
sume length if they are anchored at equal dis-
fances from the foot of the mast.
2. Construet a right triangle whose hypotenuse
18 4 inches long and one of whose sides is 2 inches long.
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72. Theorem XVI. [Converse of Theovem I1L] If two

angles of a trivngle are equal, the sides opposite are equal, and

the triangle is isosceles. c
Given the A ABC in which £ d=2 B,
To prove that AC=BO.

Proof. Draw CD bisecting = (.

Then, in the A ACD and BCD we have 8
Le=Lyand LA=LB. Why ? A .
Therefore B e g 0% § 66 Fig., 48
but Ch=CD. Iden.
Hence A ACD=A BCD, Why ?
and therefore AC = BC. Why ?

73. Corollary 1. .ln equivngular trigngle is also equitateral.

74. Corollary 2. [/ two obligue lines are drawn from a poiut
C in a perpendiculay CD 1o a line AB (Fig. 48), so as to make

equetl angles with AL, they are equal.

75. Theorem XVII. I tiro anyles ol a triangle are uvnegual,
the sides opposite them are vaequal aud the greater side is oppo-
site the greater angle.

Given the A ABC in which £ B >
£ A,

To prove that AC > B(.

Proof. Draw BD meeting AC at D - e, 24
and making £e= £ ..
Then, in the A ABD
Al = IJI), \\'h‘.\' 2
and BD + DC > CB. Post. 3
Therefore AD 4 DC > CB; Ax. 9
that is, AC > (B,

76. Corollary 1. If two triungles huve two sides of the one
equal to two sides of the other, but the included angle of the first
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greater than the included angle of the second, then the third side
of the jirst s greater than the thivd side of the seoond.,

[Hixr. In & ABC and A'BC Jot AB=A'B', BC=B (7, and 2 ABC
SLABC. Suppise AB< BO. Place A'B'C on ABC with A'H on
AR, Join CC. ‘Then A BOCY is isnsceles, and £ BOC'O = Z RO,
Hence, In A A, £AC'0 > £A0C, whence (§75) A0 > A ]

Nore. Corollary 1 is sometimes stated in the following
brief form wherein it finds numerous illustrations in physies
and mechanies. “The growth of an angle in a triangle n;ezms
the growth of the side opposite it.” It is to be understood,
of course, in this statement, that as the angle is allowed to
grow, the lengths of its including sides remain fixed,

77. Corollary 2. If two obliyue lines are drawn Jrom @ point
€ i a perpendicular CD to a line AB (Fig. 48), and (i the
base angles at A and B are wnequal, the obligue line opposite the
greeater base angle is the greater; in particular, the perpendicular
€' is itself the shortest line from C'to an y point of AB.

EXERCISES

L .If, on account of some obsteuction, one of the Ty ropes
mentioned m Ex. 1, p: 63, must be anchored nearer the foot of
the mast than the others, show why that rope will be the
shortest,

C

2. Is the string attached to a kite usnally 8
equal in length to the height of the kite above
the gronnd ¥ Connect your answer with § 75.

3. A simple form of ¢rane consists of a beam -
A8 hinged at A to a vertical mast AC and con- -
h:ﬂllﬂl by a wire rope attached at B and yun. Crene
lingover a pulley at C.  When the rope is let out, the beam
descends. Connect this fact with § 76.
¥
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78. Theorem XVIIL. Jf two sides of a triungle are unequal,
the angles opposite them are wnequal and the greater angle is op-
posite the greater side.

Fia. 50

Given A ABC in which BC > AC.

To prove that 2 CUAB > £ L.

Proof. On OB take (/D = AC'; draw AD.
Then, in the triangle ADC we have

£ CAD = £ CDA. Why ?
But LZODA > £ By § 47
therefore LCAD > £LB. Why ?
Moreover ZOAB > £ O4AD; Ax. 10
therefore LZCAB> £ B. Why?

79. Corollary 1. If two triangles have two sides of the one
equal to two sides of the other, but the third side of the first greater
than the thivd side of the second, then the tncluded angle of the
Sfirst is greater than the ineluded angle of the second.

[Hivt. Prove by reduction to absurdity. Show first that equality of
the ineluded angles leads to a violation of § 85. Show that if the included
angle of the second triangle is the greater, § 76 is violated.]

Nore. Corollary 1 is sometimes stated in the following
brief form wherein it finds numerons illustrations in physics
and mechauies : “ The growth of a side of a triangle means the
growth of the augle opposite.”

80. Corollary 2. If from a point € in a perpendicular CD to
a line AB (Fig. 48) unequal oblique lnes are drawn to the buse
AB, the longer of the oblique lines is opposite the larger of the two
base angles.

[~2]
~J
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MISCELLANEOUS EXERCISES

1. Prove that the hypotenuse of a right triangle is its longest
side.

2. By use of Theorem XVIII, prove that the perpendicular is
the shortest line that can be drawn from a point to a straight
line. (Compare § 77.)

3. If the crank AB mentioned in Ex. 3, p. 59, is so arranged
that AC > AB (see the figure, p. 59), show that the angle ACB
will always remain less than half the angle XAB during the
rotation.

4. If the pans of a balance of the ordi-
nary form shown in the figure are not pre-
gisely on the same level, show that each pan
is nearer to the middle post than when the
balance is level. Show also that the pans
are always at equal distances from the
middle post.

Balance Scales

5. A simple piece of bridge work consists of a frame like
that shown in the adjoining figure, 13 and MB being stiff
pieces of steel merely hinged together
at M, but the hinge resting on a plate
P, which at some lower point C is
connected to 4 and B by strong flexi-
ble wires. Show that a heavy weight
may safely be put at A7 even though
the bridge is snpported only by butiresses at A4 and B. (An
arrangement of this kind is called an inverted King-Post
truss.)

King-Post Truss

6. Determine the angles of a triangle when they are in the
ratio 3:4: 5.

7. If the exterior angle at 4 in a triangle ABC is 115°,
and C'is three times B, find B and C.
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PART IV. QUADRILATERALS

81. Definitions. A plane figure bounded by fonr straight
lines is called a quadrilateral. It is desirable to distinguish be-
tween several kinds of quadrilaterals as follows:

If two sides of a quadrilateral arve parallel, it is called a

trapezoid.
If each pair of oppasite sides of a quadrilateral arve parallel,

it is called a parallelogram.

D 2 :
/\ RS; R\
A B H L (B Q

Quadrilateral Parallelogram

Trapezoid
Fia. bl

A parallelogram all of whose angles are right angles is called

a rectangle.
A qguadrilateral all of whose sides are equal is called a

rhombus.
A rectangle all of whose sides are equal is called a square.

Rhombus Square

Fra. 52

Rectangle

The side upon which a quadrilateral appears to rest is called
its base. Trapezoids and parallelograms, however, are consid-
ered as having fwo bases, one being the side upon which the
fignre appears to rest, and the other being the parallel side
opposite it. Thus, in Fig. 53, AB and CD are bases.

&
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The perpendicular distance between the bases (prolonged if
negessary) of a trapezoid or parallelogram is called its altitude,
as the line 7 in the figures below.,

Fi. 53

A line joining opposite corners (vertices) of a quadvilateral
is called a diagonal, as the line AC in Fig. 53.

In the figures above, the angles ABC and BC'D ave said to
be adjacent to the side BC. A pair of angles such as /4 and
C are said to be opposite angles of the quadrilateral.

EXERCISES
1. Prove that the angles adjacent to any side of a parallelo-
gram ure supplementary,
2. Prove that opposite angles of a parallelogram are equal.

8. If two adjacent angles of a parallelogram ave in the ratio
17 1, how large is each angle of the parallelogram ?

4. Construct the rhombus each of whose sides equals 2 inches
and one ol whose angles is 30",

5. Show that two equilateral triangles that have a common

:‘ldﬁ, together form a rhombus. This is popularly called g
“diamond,” and is the basis of many designs,
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82. Theorem XIX. Either diagonal of a parallelogram
divides it into ftwo congruent triangles.

Given the parallelogram D C
ABCD in which the diagonal
AC has been drawn,

To prove that

A ABC > A ADC. A
Proof. Inthe A ABC, ADC Iia. 54
we have AQ = A0,
Lup=2Ly, . § oL
and La=Lw; Why ?
therefore A ABC = ADC. Why ¢

83. Corollary 1. Any side of a parallelogram is equal to lhe
side opposite (.

84. Corollary 2. The seqments of par-
allel lines ineluded between parallel lines

are equal.

[Thus, in Fig. 65, AR and CD are one pair
of parailels, while A’B’ and ("D’ are another
pair; they form the quadrilateral whose sides
are represented by a, b, ¢, and d. 'Then, the
corollary states that a = ¢ and b = d.]

EXERCISES

1. How does the rnled paper uged in drawings in the Intro-
duetion (see § 23) provide au illustration of Corollary 27

2. In the parallelograms that ocenr in the framework of
bridges, a crosspiece is usually inserted along at least one of the
diagonals. Why will this make the whole parallelogram stiff ?

8. Cut a piece of paper in the form of a parallelogram and
then eut it in two along one diagonal, Will the two triangles
thus formed fit exactly upon each other? Why ?
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85. Theorem XX. Ir guadrilateral has both pairs of
opposite sides equal, it is a parallelogram. .

Fia, b6

G;ven the quadrilateral ABCD in which AB = DC and BC
=_AD. :
To prove that ABCD is a [

Proof. In the A ABC, ADC we have

AC=A40C, AB= DU, and BCO = AD. Why ¢

_ Therefore AABC = A ADCH ‘Nh;' o
hence Za=Ly and Le=2Lm \\'h;,'
It follows that AB | HC, and BC | AD: Wiy 2
henee ABCD is o 7. §)Hi

86. Theorem XXI. 75 «
yuadrilateral has one pair of
“sides equal and parallel, it is a
paralliclogram.

Given the quadrilateral . o
ABOD in whieh B is equal -
and parallel to DL

To prove that ABCD is a /7.

Proof. D diag ! ! '
ADC, we halr;v the diagonal AC. Then in the A ABC and

- ACQ=AC, AB=D(Q, Lz =L y; Why ?
&‘111(!(-! A ABC>A ADCO. k] Wll-\""
ilhel'af_"fore Zz= £ w, and hence AD | B “'h'\""
But since ap VDO, ABCD is a 7. Why o
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87. Theorem XXII. 7he diagonals of a parallelogran bi-
seel each ather.

L c
Given the 7 ABCD, and let its M
diagonals intersect at M,
To prove that AM = M and thal A 4
DM = MB. it 58

[Hixr. Provethat & AMB = O DM,
Since the proof is easily earried out it is left to the student. ]

88. Theorem XXIIL. 7Two parallelograms are congruaent if
two sides and the included angle of the one are equal respectively
to two sides and the ineluded angle of the other.

kil S g
Fic. ht
Given the 7 ABCD and A'B'C'D' in which AB=A'B,

AD=A'D, and £ DAB= 2 D'A'H'.
To prove [J ABCD ~[1 A'B'C'[),

: [Hist. Draw the dingonals DB, D'B', and prove A ADB=A A'D'BY;

also prove that A DOB = A D'C'R'.  Then apply §383.]

EXERCISES

1. Prove that the diagonals of a rectangle
are equnl. :\r.\:.\i..." 31853

2. Prove that the diagonals of a rhombuns are - F -
perpendicular to each other. )

3. Show that if each of the diagonals of all
of the squares on a piece of squarved paper are
drawn, two new sets of continuous straight -
lines at right angles to each other are formed. —pLLLLL 8
This is the basis of many designs. EEEEEES

1 Ly B
T

1

]
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89. Theorem XXIV. The line joining the middle points of
the two sides of a triangle is parallel to the base and equal to
half the base.

Fia. 60

Given the triangle ABC and the line DE joining the mid-
peints of the sides AC and BC.
To prove that DE | AB, and that DE = AB/2.
Proof. Draw BE' | AC meeting DE prolonged at F.
Then, in the & DEC and EBF, we have
CE=EB, Lyr=Ls Lao=2Ly. Why ?
Therefore, A DEC ~A EBF; hence, DU = BF. Why ?
But DO = AD; hence, BF = AD, and ABFDisa[J. Why?
T4 follows that DE | AB. § 81
The fact that DE = AB/2 may now be established as follows :
Sinee, as just shown, ABFD 1s a [J, we have
DF = AB. Why ?
But DF = DE + EF.
Moreover DE = EF, since & DEC >~ A EBF.
It follows that DF' =2 DE, or AB=2 DE,
that is DE = AB/2, Ax. 4

90. Corollaryl. (Converseof§84.) Thelinedrawn through
the middle point of one side of o triangle parallel to the base
bisects the other side.

[HMixt. Draw the parallel; and draw the line connecting the middle
polnts of the twosides,  If these do not coincide, show by § 89 that § 49 is
vivlated. For another proof, see Ex, 1, p. 75.]
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91. Theorem XXV. If three parallel lines cut off two equal

portions of one transversal, they cut off two equal portions of
any other transversal,

Fie. 61

Given the three parallel lines AB, (D, and EF: let ST be a
transversal of which the two portions @ and QR cut off by
the three parallels, are equal.

To prove that the three parallels ent off equal portions LI
and MN on any other transversal (/T"

Proof. Through R draw aline RA || UV entting CD at J,

Then KJ= LM, and JR= MN; § 84
but KJ=.JR; £ 90
hence LM = MN. Ax. 9

92. Corollary 1. If a series of parallel lines TV
cut off equal portions of one transversal, they cut U T
off equal portions of any other transversal, 1

[Hixt, Show that the portions cut off on any trans- & A
versal are equal, taking two at a time, by Theorem u
XXV.] Fro. 62

93. Corollary 2. Iy three parallel lines cut off two portions
of one transversal, one of which is double the other, TV
they cut off two portions of any other transversal, K
one of wihich is double the other.

[Hisr. First draw a fourth parsllel throngh the mid-
dle point of the larger portion of the first transversal, and ~ § U
then use Cor, 1, § 92.] Fia. 63
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94. Corollary 3. If three parallel Uaes cut off tion portions of
one transversal, one of which is n times the other, they cut off two
porta'uns of wiy other transversal, vne of which is n times the other.

EXERCISES

1. Prove that the line DE drawn through c
the middle point of one side of a triangle
ABC parallel to the base bisects the other D E . ——F
side by drawing BF' || A and showing that
ADCE>AFBE. Compare § 90,

2. Prove that the lines joining the middle
points of the three sides of a triangle divide it
into four congruent triangles.

[Hixt. ProveAl=A2=A3=A404]

C ;
3. Prove that perpendienlars drawn from
B E the middle points of fwo sides of a triangle
to the third side are equal,
A F g8

4, Prove that the lines joining the
widdle points of the sides of any quadri- \

lateral form a parallelogram,
[Hixt. Draw the dingonals of the original =
yuadrilateral, and nse § 89, <

5. A long board 7} in. wide is to be cut into 4 equal parallel
strips. Show that it can be marked ready for sawing in the
following mauner:

Lay the corner (heel) of a carpen-
ter's square on one edge of the beard
(see figure) and torn until the 12
mark is on the other edge. With an awl make dents at 3, €,
and 9. Move the square and repeat the operation. Then draw
parallels through the dents thus made. Verify this process.
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PART V. POLYGONS

95. Definitions. A plane figure bounded by any number of
straight lives is called a polygon. The bounding lines are
called sides; an angle hetween two adjacent sides, as the angle
ABC in the figure, is called an interior angle of the polygon,
winle an angle between any one side and the adjacent side pro-
longed, as the angle CBK in the figure, is called an exterior
angle of the polygon. In what follows, we assume that all
polygons mentioned are convex, i.¢. that each interior angle is
less than 180°

E

=

A B
Fia. td

A line joining any two non-consecutive vertices is a diagonal,
as «1C in the figuve.

96. Kinds of Polygons.

A triangle is a polygon of three sides.

A quadrilateral is a polygon of four sides.

A pentagon is a polygon of five sides.

A hexagon is a polygon of six sides,

An octagon is a polygon of eight sides,

A decagon is a polygon of ten sides,

Au equilateral polygon is one all of whose sides are equal.

An equiangular polygon is one all of whose interior angles
are equal.

A regular polygon is one which is both equilateral and equi-
angular.

I, §97) POLYGONS 77

97. Theorem XXVI. The sum of the interior angles of a
polygon is two right angles taken as many times as the figure has

sidvs, less tivo. E
Given the polygon ABC ... having g
nsides. [In Fig. 65, n=6.]
To prove that the sum of its inte- F
riar angles = (n —2) 2 rt. A c
Proof. Draw the diagonals, A
AD, -, dividing the polygon into P B
(“ =2) AL Fia. 65
The sum of the angles of the polygon is equal to the sum of
the angles of these triangles. Ax. 11

But, the sum of the angles of any triangle = 2 rt. 4, § 62;
hence the sum of the angles of ABCD ... is (n — 2) 211, 4

EXERCISES

1. What is the sum of the interior angles of a pentagon ? a
decagon? an octagon?

2. How many degrees in one angle of a regnlar pentagon ?
Answer the same question for a regular hexagon ; regular deca-
gon; regular octagon.

3. How many sides has the polygon each of whose exterior
angles equals 30° ?

4. Show that a regular hexagon can be made by placing six
equilateral triangles with one vertex of each at the same point.
(See Ex. 6, p. 59.)

6. Show that if a regular hexagon is
drawn on each side of a given regular
hexagon, the space in the plane around
the given hexagon is just filled.

If the process is continued, show that
the entire plane is divided into regular
hexagons, in the manner of a honeyeomb,
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98. Theorem XXVII. The sum of the exterior angles of a
polygon formed by producing the sides in succession is equal (o
Jowr vight angles.

Given the polygon ABCH ..,

To prove that the sum of its exterior
angles =4 rt. 4.

Proof. Denote the interior = hy A, B,
(', D, -«» and the corresponding exterior
angles by a, b, ¢, d, «-.

Then, LA+ Za=2rt 4

L B+ Lbh=2 1t A

In like manuer the sum of each pair of angles at a vertex =
2'rt. 4.

Therefore, the sum of both interior and exterior angles about
the whole polygon will be 2 rt. 4 taken as many times as the
polygon has sides; that is, it will be n - 2 rt. 24,

But the sum of the interior angles alone is (n —2)- 2 rt. 4
§ 97

Therefore, the st of the exterior angles alone is
n-21h L—(n—2)-2rt. A=2.21% L=4r1t 5

EXERCISES

1. What is the sum of the interior angles of a square?
What is the sum of the exterior angles?

2. What is the sum of the interior angles of any quadri-
lateral ? What is the sum of the exterior angles? Compare
with Ex. 1.

3. What is the sum of the exterior angles of a pentagon ¥
of a hexagon ?

4. How large is each of the exterior angles of a regular
pentagon ? hexagon ? decagon ?

5. How many sides has the polygon the sum of whose
interior angles equals the sum of its exterior angles?

1, §99] LOCUS OF A POINT 79

PART VI. THE LOCUS OF A POINT

99. Locus of a point. In § 23 (Introduction) it is stated
that a eircle is a curve every point of which is equally distant
from a point within (center)., This definition may be stated in
the following langnage: A eircle is the locus (position) of all
points equidistant from a given point. Using the same lan-
gunge, it may be said that the locus of all

points equidistant from two parallel lines © D
is the line lying midway between them, as  E F
. A B

the line EF in the fignve.

Similarly, the locus of all points common
to two intersecting lines is simply oue point; namely, their
point of intersection. i

Fia. 67

Nore. Tt is important to observe that in each of the pre-
ceding illustrations, the locus not only (1) contains all points that
satisfy a certain given condition, but it is also true that (2) there
are no points on the locus that do not satisfy this condition.
Thus, in the figure above we can make the following two
statements about EF: (1) EF contains all points equidistant
from AB and ('D; (2) there are no points on EF that ave not
equidistant from AR and CD.

Every true locus possesses the properties (1) and (2); hence
in all locns problems two things are to be proved. This
will be illastrated presently.

EXERCISES
L What is the locus of all points 2 inches distant from a
given straight line ?
[Hist. Note that there are such points on either side of the given line,]
2. What is the locus of points 1 in. frow a fixed point ?

8. What is the locus of all points 4 inches distant from each
of two given points which are 6 inches apart ?
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100. Theorem XXVIII. The locus of all points equidistant
JSrom the extremities of a line is the perpendicular bisector of
that line.

Fia. u8

Given the line whose extremities are A and B.  Given also
the line EC drawn L AB at its middle point C:
To prove that K (! is the locus of all points equidistant from
A and B; that is (see § 99), to prove that
(1) any point D which is equidistant from Aand B lies on EC,
2) there is no point on B not equidistant from A and B.

Proof. From D draw D.{ and DB.

Then A ADC =A BDO. § 45
Therefore Z ACD = £ BOD, Why ?
so that DO 1L AB. Why ?
Hence D must lie on EC, which is the property (1) to be
proved. . 7,831

Aguain, let ' represent any point ou the perpendienlar
bisector CE.

Then A AD'C=A BOD, § 85
Hence D'A=1D'R,
which is the property (2) to be proved.

EXERCISE

1. What is the locus of the vertices of all isoseeles triangles
constructed on a given base ¥

Lay oft AB= AC. Place a steal square so
D and then draw the line AD. Show that 40

if the square were not a right angle at D ?
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101. Theorem XXIX. The bisector of an angle is the locus
of all points equidistant from its sides.

Fro. 69

Given the angle ABC and ifs bisector BE.
To prove that BE is the locus of all points equidistant from
AB and BC'; that is, to prove that
(1) any point D equidistant from AB and B lies on BE,
(2) any point D' on BE is equidistant from .18 and BC.
Proof. For the proof of (1) show that A BDF =~ A BDG.
For the proof of (2) show that A BD'F'~ A BD'G.

[The details of the proof are left as an exercise.]

EXERCISES
1. By means of Theorem XXVIII prove the correctness of
the construction given in § 5, p. 4. Similarly, prove the cor-
rectness of the construnctions indicated in §§ 6, 8.
2. By means of Theorem XXIX prove the correctness of the
construction given in § 9, p. 8.
8. What is the loens of a point that is equidistant from
three given points 7 Show how to construet the Jocus.

4. A carpenter bisects an £ A as follows:
that BD=(CD as shown in the fipure. Mark £
bisects £ 4. Wonld this method be correct

(8
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102. Supplementary Theorems on Altitudes, Medians, etc.

Theorem XXX. The perpendiculars erected af the middle
points of the sides of a triangle meet in a point.

c

Fia, 70

Outline of proof. Tet O be the point where the perpendicular bisectors
El, FH, of the sides AB, BC' meet. Join O to the middle point D of
AC. Prove that OD is then the perpendicular bisector of 4¢.

Theorem XXXI. 7he biseclors of the angles of a triangle
meet in a point.

Fie, 71

Outline of proof. Druw the bisectors of 4 4 and B and suppose thut
they meet at 0.  Join O to the third vertex ¢ and prove that
18 A OCD = 5t A OCE, thus making £ ECO = £ D00,

Theorem XXXIL.  The altitudes of « triangle meet in a point.
Outline of proof. Given A ABC. Through

its vertices draw lines parallel respectively A & O e A
to the opposite sides, forming A A'B/¢. . EZIND /!
Then A is the mid-point of B/¢', since i &;’
BCAC' and BCB'A are parallelograms. 24 B
Similarly, € and B are mid-points of A°B' \F /

and A'C!, Then, 4D, BE, and CF are per- ‘\/
pendicular to the sides of A'B'C' at their ¢!
mid-points and therefore meet in a point Fia. 72

(Theorem XXX),

I, § 102] MISCELLANEOUS EXTRCISES 83

Theorem XXXIII. The medians of a triangle meet in « point
which is two thivds of the distance from any vertex to the middle
point of the opposite side.

Qutline of proof. Diraw the medians C'F
and BE and suppose they intersect at 0.
Draw A0 and extend it to ent BC at D.
Now draw B parallel to FC', meeting 10
(prolonged) at 6. Join & and (. Then

- -

in the triangle ADG we have AF = FD. ~4

G

Therefore, A0 = OG. (§ 90, p. 73.) x
Fi1a. 73

Next prove OF || GC. Then BOCG is a
parallelogram. Then BD = DC (§ 87) which proves that the medians

meat in a4 point.
Moreover, A0 =06, while 0 =2 0D (§87). Whence, A0=20D.
But AD=A0+ 0D=380D so that AQ/AD=2/8; that is, A0=§ AD.

MISCELLANEOUS EXERCISES ON CHAPTER I

1. Given ftwo angles of a triangle. Constrnet the third
angle.

2, Prove that the bisectors of two snpplementary adjacent
angles are perpendicular to each other.

3. If a weight is hung from a small ring that slips freely
on a cord, and if the cord is tied fast to two sup- —
ports at equal heights, the ring will come to \\;
vest at the middle of the cord. Prove that the é

string by which the weight is aftached then
biseets the angle between the fwo portions of the eord.

4. A gimple form of carpenter’s level consists of three
pieces of board nailed together in the shape
of a capital letter 4. A plumb hob is hung
on a hook screwed at B. Show that any
object npon which the feet A, C'are set will
be level in case the plumb line passes thraugh
the middle point Q of DE.
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5. An angular joint for water pipes is to be constructed for
two pipes that meet ench other at an angle CREN 1D,

of 40° If the seam FIT is to make equal =5\ - A
angles with the lines of centers; that is, if £ F/ N\ 2
angle BOF =angle JOF, show that each of \\‘\I
these angles must be taken equal to T0°, K™ ™.B

6. Prove that if two angles of a quadrilateral are supple-
mentary, the other two are supplementary also.

7. What is the size of the obtuse angle formed hetween the
bisectors of the acute angles of any right triangle 7

8. Given a diagonal, construet the corresponding square.

9. Given the diagonals of a rhombns, construct the
rhombus.

10. A so-called T joint for pipe is a piece made in the form
of a letter T; the angle bhetween the

arms is acearately a right angle.  Show, ﬂ'_a'_'

by § 52, that two pipes along the same E - D
wall joined to the same wain pipe by T

joints, ave parvallel. <

11. Prove that the bisector of the exterior angle
at the vertex of an isosceles triangle is parallel to
the base.

Given the A ABC with AC = BC and £ DOE =
£ BCE,.

To prove CF | AB. A

12. Prove (using Theorem I), that in an equilateral triangle
the bisector of any angle forms two congruent triangles,

13. To eut two converging timbers by a line
AB which shall make equal angles with them,
a carpenter proceeds us follows: Place two
squares against the timbers, as shown in the
figure, 8o that 40=B0. Show that AB is
then the required line.
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14, Let ABC and RST be two congruent triangles. Prove
that the medians drawn through A and R are equal. Provealso
that the altitades through oA and & ave equal.

C

15, In the figure, 2 = (B, AD = BE.
Prove A ADB =~ A ABE.

16. In a right-angled triangle, if one of the acute angles 1s
50°, prove that the side opposite is half the hypotenuse,
17. Prove that the bisectors of the interior angles of u ree-

tangle form a square.

C
18. If the bisector of an angle of a triangle is
perpendicular to the side opposite the angle, the
friangle is isosceles.  Prove this statement.
A BB

19, Prove that the line joining the wid-points of the nou-
parallel sides of a trapezoid is equal to half the su of the
buses.

20. R is ariver, and it is required to find the distance be-
tween the points B and . situated on the
opposite shores. Show that this may be
done (without crossing the stream) as fol-

B
lows: g A [
(1) Set a stake at some point €' in line P/’D =g

with AB. 3

(2) Set n second stake at some point G
D from which all three of the points .1, B, €' can be seen.

(3) Set stake at £ in line with DC and such that EI) = DC,
and ﬂmi]ﬂrl_y a stake at # which shall be in line with DB and
such that #D = DB. z

(4) Set stake at @ in line with both EF and AD.

Then FG will be the required distance AB.
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21. Prove that the angle between the bisectors of two angles
of an equilateral triangle is double the third angle.

22. In the triangle KLN, NM is per- N
pendicular to KL, and KM = MN = ML.
Prove that KLN is an isosceles right
triangle, K L

28. Show how to obtain (as a crease) A
a parallel to a given hne through a 2 =
given point on a piece of paper, by A L B
folding the paper, and prove that the given
result is correct,

24, A man wishes to measure the distance between two
points B and 7' on opposite sides of
a stream. He takes a line VR and
measures the angle TRT. He then
walks along 7R prolonged until he
reaches a point 8§ where £ TSR =
} £ TRV. He thenconcludes RS =RT. Ts heright? Why ?

Nore. The sailor uses this principle when he “doubles the
angle on the bow ™ to find his distance
from any object on shore, Thus if he
is sailing in the direction ABC, and if
L is a lighthouse, he measures the
angle <, and if he notices when the
angle that the lighthouse makes with
his course is just twice the angle noted
at 4, then BL = AB. He knows AB frowm his log; hence he
knows the distance BL.

25. Show that if the two ends of one side of o Jc!
one square on squared paper are connected by
straight lines to the two ends of any parallel side [/ .
of any other square of the same size, taken in the - !
same order, a parallelogram is formed. !

I, § 102] MISCELLANEOUS EXERCISES 87

26. If a jointed frame of the form of a parallelogram i8
moved so that the angle at A grows
less, show that (1) the angle at B in-
creases; (2) the diagonal DB decreases;
(8) the diagonal AC increases. _

27. Can the frame of Ex. 26 be braced
effectively by flexible wires along the diagonals ? Why di)tfrs
this make the frame quite stiff? This principle is nsed
bridge building.

28. An isosceles trapezoid is one whose sides (other than the
hases) are equal. Prove that the diagonals
of an isosceles trapezoid are equal; also that
its base angles are equal. )

Given the trapezoid ABCD in which BC = , ';
AD.

To prove (1) that AC = BD and (2) that £ ABC = £ BAD.

GB

[Hir, Draw the altitudes DF, (7, and prove (2) first. )

29. Show that if a rectangular door suspended on hinges
hangs out of & vertical line, the bottom edge of door is out
of a horizontal line. If the hinged edge leans away from
the vertical line by 2 in. in every 3 ff. of its length, show that
the bottom edge rises by 2 in. in every 3 ft. of C
its length.

30, A quadrilateral of which two pairs of ad- p B
jacent sides are equal is called a kite. Show
that one of the diagonals divides a kite into two
congruent triangles; show that the other diago- Kite
nal divides the kite into two triangles, each of
which is isosceles.

31. Show that one pair of opposite angles of a kite are equal.
If these angles are both right angles, show that the other two
angles are snpplementary.

A
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32. Construet a triangle having given the mid-points of its
sides. See Theorem XXXII, § 102,
33. What is the locus of the middle points of all straight

lines drawn from a fixed point to a fixed line of unlimited
length ?

34. Prove that if the diagonals of a parallelogram are eqnal
and perpendicular to each other, the fignre is a square,

35. Construet an equilateral triangle, having given its
altitude.

36. If in A ABC, AC = B¢, and if AC
is extended to D so that CD= AC, prove
that DB AB. Hence show Low to draw
a perpendicular to a line B at one end
B without extending AB.

37. Show how fo trisect (divide info three equal parts) a
straight angle; a vight angle ; an angle of 45°,

38. ABC is a right-angled triangle. BD is drawn from
the rvight-angle to the mud-point of the hy-

potenuse. Prove that the triangle ABC is A D
thus divided into two isosceles triangles. ‘>\
B~ &

39. Prove that the sum of the sides of a
quadrilateral is greater than the sum of its diagonals, but less
than twice their sum.

40. Prove that the difference between the diagonals of a
quadrilateral is less than the sum of either pair of opposite
sides.

41. A line iz terminated by two parallel lines. Through its
mid-point any line is drawn terminated by the parallels. Prove
that the second line is biseeted by the first.

42. Prove that the perpendienlars drawn from the extremities
of one side of a triangle to the median upon that side are equal

CHAPTER 11

THE CIRCLE

PART I. CHORDS. ARCS. CENTRAL ANGLES

103. Definitions. ‘The circle (§§ 2, 28) is a curve, all points
of which ave equally distant from a point
within, ealled the center; or (§ 99), it is
the locus of all points equally distant from
a given point.

By the definition of a cirele, all its radii
must be equal. (See §§ 2, 23.)

Any portion of the circumference is
called an arc (§ 2).

One quarter of a circumference is called
a quadrant.

A chord is a straight line joining the extremities of an arc.

A diameter is a chord that passes throngh the center.

The angle between any two radii is called a central angle.

In Fag. 74, the central angle A0ORB is said to intercept (cut off)
the are AB (written AB y; while the are AR is said to subtend
the angle 105,

An area bounded by two radii of a circle
and the arc between them is called a sector.

An area bounded by a chord of a circle
and its arc is called a segment of the cirele.

Two circles are said to be equal when the
radiug of the one is equal fo the radius of
the other.

Two circles that have the same center arve said to be concentric,

89

Fia. 74

Fia. 7"
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104. Postulates. In what follows we shall use the follow-
ing facts as postulates:

(1) As a central angle increases, its intercepled arc increases,
and vice versa ; and as a central angle decreases, ils intercepted
are decreases, and vice versa,

(2) In the same civele (or equal circles), equal central angles
intercept equal arcs; and equal ares sublend f—qmd central angles.

B B
A (\
Fia. 76

Thus, in Fig. 76, the equal central angles A0B and 4'0'B
intercept the eqnal ares AB and A'B', and the equal ares AB
and A'B' subtend the equal central angles AOB and A0 B,

105. Rotation. In considering the relations hetween the
angles at the center of a cirele and their intercepted ares, it is
helpful to think of the rotation of a wheel about its axle.

During such a rotation, any spoke of the wheel turns through
a constantly inereasing angle. The end of the spoke describes
the arc of the eirele that forms the rim of
the wheel, while the angle deseribed by the
spoke intercepts on the rim precisely the
are desceribed by the end of the spoke,

Thus, any two spokes of the same wheel
describe equal angles in equal times. The
ares deseribed by the ends of the two
spokes are also equal. [(2), § 104.] Fe. 77

As the angle a spoke deseribes increases, the are that its
end deseribes also inereases, that is, the greater of two angles
at the center intercepts the greater are. [(1), § 104.]
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EXERCISES

1. What is the central angle between the hands of a elock
when it is three o'clock #  Answer the same question for four
o'clock, eight o'clock, and half past nine. "

2. Show that the diameter of a circle is its ¢
greatest chord,

[Hise. In the figure, AC =40+ 00 =40+ OR.

But AO + OB > AB.] A

3. Through & point within a eircle to construct the longest
possible c¢hord.

4. Show that if one are of a cirele is double another are of
the same cirele, the angle at the center sub- D

tended by the first is double that subtended by 5
the second. p C
[Hixt. First bisect the larger angle ; then apply (2), c 4
§104.) 8
A

5. Show that if one are of a cirele is » times
another are of the same circle, the angle at the center sub-
tended by the first is n times that subtended by the second.

6. Show that if a cirenmference is divided into 360 equal
ares, the central angles subtended by these arcs are all equal
(one degree); show that the number of degrees in any central
angle is equal to the number of these small ares contained in
its intercepted arc.

7. Prove that two intersecting diameters divide a circumfer-
ence into fonr ares each of which is
equal to oue of the others.

8. The diameter AB and the chord &
C'D are prolonged until they meet at I
Prove that A > EC and EB < ED.
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106. Theorem I. [In the same circle or in equal cireles,
equal arcs sublend  equad
chords.

Given the two equal &

' : A
0 and O in which AB=
_—
A'B. -

[© is the symbol for cirele ; B

- is the sy mbol for are.] FiG. 78

To prove that chord AB = chord AR

Proof. Draw the radii 02, OB, O0'A', 0'#. "Then in the
A AORB, A'0'B', we have
041= 0, OB= 0B, § 103
and L0 =2 (Y, § 104
Therefore AAOB=A A0'B; § 36
hence AB = A'B.

107. Theorem II.
or in egual cireles, egual chords sulitend equal ares.

Given the two eyual @ Oand O (Fig. 78) in which the ehord
AB = the chord A'B

To prove that AB=A'B.

Outline of proof. Draw the radii 04, OB, O'A', O'B.
show, by § 45, that A 408 =~ A A'0'B' and apply § 104.

(Converse of § 106.)  In the same eirele

Then

EXERCISES

1. Show that in the same or equal circles the greater of two
arves subtends the greater chord, and vice versa. [Use § 104 (1)
and § 76.]

2. Show that the construetion of an angle equal to a given
angle (§ 7) illustrates § 107. Heuce prove that the eoustruc-
tion in § 7 is correet,

3. State Theorems I and IT, using the phrase (a) “and con-
versely s (8) “and vice versa™; () *if and only if.” See § 55
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108. Theorem III. A diameter perpendicular to a chord
bisects the chord and the arc subtended by it.
Given the diameter DF L chord AB

at AL S
To prove that AR = I'B and that AF=
7B. '
Proof. Draw the radii 04 and OB
Then
OFK = 0I(; and 0A=08B; Why?
hence 1t A ORKA=>rt. A OKB. Why?

Therefore
ARK=KRB, and £ AOK =2 BOK; Why?

AP=FB.

Fic. 79

hence (2) § 104

Nore 1. In the figure above the chord A58 may be regarded
as subtending not only the are AAFB, but also the larger are
ADB. It is customary to speak of the two as the minor are
and the major arc corresponding to the given chord.  Similarly,
any central angle subtends both a minor and a major arc.
Unless otherwise stated, the minor ave is the one to be under-
stood hereafter in any statement where both might play a part.

Nore 2. This extremely tmportant, though simple, figure
(Fig. 79), occurs in the greatest variety of practical affairs, and
in many geometric theorems and constructions. (See §§ 5, 6, 8,
9, 40, 43, 44, 72, 100, 102, and Exs. 2, p. 43; 1, p. 43, etc.)

EXERCISES

1. Prove that a diameter perpendicular fo a chord bisects
the major arc subtended by it.

2. What is the loens of the mid-points of a system of parallel
chords ?

3. Prove that the perpendicular bisector of a chord passes
throngh the center of the circle and bisects the ares (major and
minor) subtended by the chord.
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109. Theorem IV. [u the same cirele or in equal cir-
eles, equal chords are equally distant from the center;
and. conversely, chords that are equally distant from
the center are equal.

A B B

Fia. B0

Given the equal chords AR and A'B' in the equal © 0 and 0",

To prove that AR and A'B' are equally distant from the
centers 0 and ', respectively.

Proof. Draw OD L AB and O0'D' L A'R'; draw also the
radii OB and O'B.

Prove that ADOB=ADOB,
and hence OD= 0D,

In the eonverse, it is given that the chords AB and A'B' are
equally distant from the centers of the equal ® O and 0"

To prove that AB= A'B.
Proof. Show that A DOB~A D'O'R'
and hence that DB=D'B'.
But AB=2DBand A'B'=2D'H; § 108
whence AB=A'R Why ?
EXERCISES

1. Show that two boards sawed from the same log, or from
equal logs, at equal distances from the center, are equal in width.

2. What is the locus of the mid-points of a system of equal
chords in a circle ?
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110. Theorem V. In the swme cirele, or in equal eiveles, if
two unequal chords are drawn, the longer one s nearer the
center,

Given the © O with the two chords B
aud CD such that AB > CD.  Also, let OF
and OF be the perpendicular distances from
() to 2B and CD, respectively,

To prove that O < OF.

Proof. From A lay off the chord AR
= C'D. Then draw the perpendicular OK,
and finally join K to E by the line KE.

Sinee AB =} AB and AK =1} AB!, § 108
it follows that  AE > AKX, for AB > AB' Given
Hence Lb>Le §78
and consequently Zazrg Ax. 8
Therefore OF < OK. §75
But OF = OK. § 109
Therefora OF < OF. Ax. 9

111, Corollary 1. (Converse of § 110.)  In the same cirele
ur fn equal civeles, if two chords are unequally distant from the
center, the more remole is the less.

EXERCISES

1. Show that a board sawed from a cireular log is wider
than another board sawed from the same log at a greater dis-
tance from the center.

2. Show that the least chord that can be drawn through a
given point within a eirele is the chord per-
pendicular to the radius through that point.

[Hixr. Draw anyotherchord through Pand draw D
OC perpendicular to it  First prove OFP > 0C.]

3. Show that a diameter is longer thanany AN [>7B
other chord. g
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112. Chords. 'The relations between chords, arcs, and cen
tral angles of the same
circle appear vividly
in connection with ro-
tation (§ 105). 'Lhus
the chord that sub-
tends the are grows as
the angle grows; that
is, as the wheel rotates,
until the chord reaches
its greatest possible
gize, the diameter of
the circle. At this
time, the angle the
spoke has described is
180°, or a straight
angle. As the rota- Fic. &
tion goes on, the chord
shrinks again to less than the length of the diameter, until the
wheel bas made one compiete revolution, when the chord has
shrunk to zero.

If a circle of known radius is drawn, any central angle
subtends a chord of some definite length, Taking the radius
as 1 unit, the lengths of the chords correspouding to various
cenfral angles for every degree from 0° to 90° are given in the
table of chords, TAnLEs, pp. ili-vii.

By means of this table, any angle can be laid off from any
point as vertex, by drawing a ecivele of unit radius about it.

Thus, the chord that corresponds to a central angle of 20° Is very
nearly equal to [, To lay off 207 at a point P on a line MY, draw a circle
# of unit radius about P as center, cutting MV ot @, asin § 7, p. 6. Then
draw an arce y about @ as center with radios J. If # und y intersect at 0,
£ OPQ = 207, approximately.

Let the student lay off the angles of 31° 69° ete., in a similar
manner, using the Tables,

e —
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113. Angular Speed. The facts about the rotation of
wheels or other purts of machinery are often E'learl}' uxpresse.d
i terins of the speed with which the wheel (or other part) 1s
rotating. This speed of rotation means the 55,11;01111:.. of angle
through which the wheel toms in one unit of time; for
example, we say that a certain wheel is turning at the mt'a
of four revolutions per minute, or that some I:Jt.]l.er wheel is
rotating 50° per seeond.  Such a speed of rotation of a wheel
is called its angular speed.

Which of the two wheels ‘le-'I. mentioned s moving the faster? The
answer to this question is found by changing revolutions [.u-r minute 1:;10
degrees per second us follows: The first wheel is mla:}mg four rev:; 111-
tions per minute, Sinee four revolutions means l-Hqi ' t‘haL wheel is
making 14407 per minute; or 1440 every G0 seconds. 1)1\'ul:_:|g‘h,v 60, we
find that it is going 24° each second, Hence the seeond wheel is rotating

over twice as fast.
EXERCISES

1. Prove that in the same circle, or in equal circles, eqnal
chords subtend equal central angles, and vice versa.

2. Prove that the greater of two chords of a circle subtends
the greater central angle, provided the central angle less than
180° is understood in each instance.

3. Draw a circle of radius one inch. Measure appmximatejy
the length of the chord of each of the f:;llu\\'i:u,:: angles : -{u"..
60°, T3°, 90°, 120°, 1807, 210°,  Check, when pussible, by means
of the tables, pp. iti-vii.

4. Tf an angle is doubled, is its chord doubled? Compare

the lengths of cherds of angles of 45° and 90°,  Compare the
lengths of ¢hords of angles of 60° and 180°%  Check your results
by means of the tables on pp. iti-vii.

5. 1f one wheel is rotating throngh & revolutions per minute,
and another through 30° per second, which is rotating the more

rapidly ?
u



98 THE CIRCLE [IT, § 113

MISCELLANEOUS EXERCISES. PART I
1. Show that a chord equal to the radius

C 8
subtends an angle of 60° = /
2. If a cirele is drawn through all four O 4
vertices of a square, show that the ares in- P
tercepted by its sides are equal. Prove that < N
each are subtends a central angle of 90% D A

3. Show that if the vertices of an equilateral triangle all lie
on a cirele, each side intercepts an are of 120°,

4. Show that if the vertices of an eqnilateral hexagon all
lie on a cirele, each side intercepts an are of 60°. Show how
to construet such a figure.

5. If a wheel is rotating two revolutions per minute, what
part of a revolntion does it make in one second ?  How many
degrees does it turn throngh in one gecond ¥

6. The earth revolves once in 24 hours. How many degrees
correspond to one hour? Ans, 15°,

7. A jointed extension rod — such as that used on desk lights
—is made by having a piece in the form of a cireular ring fit
over the end of another circular piece, in the manner illustrated

in the figure. An execessive motion is prevented by projections
at the points & and R and at S and 8.

Show that when the stop 8 has reached E, the line AB has
turned away from the line D€' by half the difference between
the angles ROS and EOF.
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PART II. TANGENTS AND SECANTS

CIRCUMSCRIBED AND INSCRIBED TRIANGLES

114. Definitions. A line of indefinite length which cnts a
eirele is called a secant. .

A line of indefinite length which touches
a circle in but one point is called a tangent;
this point 2 is then called the point of con-
tact, or point of tangency. ' ‘

A triangle or other polygon 1s gaid to
be inscribed in a circle when its \'cr'uclns S

1 m f* & 1 T b 0 1 e

all lie on the cirenmference. Under . .
same conditions, the circle is said to circumscribe the polygon.

IxscRIBED TRIANGLE CrpoumscRTBED TRIANGLE

Fic. B4

A triangle or other polygon is said to be circunlxscribed e:hom:
a cirele when its sides are all fangent to the eircle. L nder
the same conditions, the eircle is sairdl to be inscribed in the
Pugz‘;‘;{ idea of a line tangent to a circle 18 obtained by plac‘iu;,r
a coin (representing a cirele) against the edge of a ruler (rep-
resenting a straight line). :

A tangent to a cirele may be roughly drawn by p]:m.L.ug a
ruler so that its edge just meets, but does not cut across, the
If several tangents are drawn o the same

circumference. : ;
a eircumseribed

circle in this manner, and extended to meet,
polygon results,
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115. Theorem V1. A line perpendicular to a radius at its
extremity is tangent to the circle.

Frei. 85

Given the @ O and the line AR L to the vadins OF at its
extremity.

To prove that .18 is a fangent to the cirele.

Proof. Take any point 1) on AB except E and draw O

Then O = (f, § 97

Therefore the point /) is not on the eirvele; § 103
that is, no point of AB except E lies on the eirele,

Whence AB is a tangent. § 114

116. Corollary 1. A tangent to a eivele is perpendicular to
the radius drawn to the poinl of contact,

[Note that we know that OF < 0D. Then apply § 77.]

117. Corollary 2. A perpendicular to a tangent at its point
of contact passes throngh the center of the circle.
[Hrxr. Draw the radius to the

point of contact and apply Coroliary
1, together with § 58.]

118. Theorem VII. 7wo
tangents dramwn lo a cirele from
a point oulside are of equal
length.

[The proof is lefu to the student, F1a. &6
with the aid of Fig. 86,
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EXERCISES

1. Prove that two tangents drawn to a eirele at the extremi-
ties of & diameter are parallel.

9. Construct a tangent to a circle parallel to a given line,

3. Draw two concentric cireles (§ 103) and prove that all
chords of the greater circle that are tangeut to the smaller
cirele are equal.

4 Lot O and 0' be two circles which are fangent to each
other: that ig, which have but one point in common. Prove
(1) that the line joining O and €' (line of centers) passes
through the point common fo the fwo civeles (see 12, § 81): and
(2) that a perpendicular to the line 00" at the common point

P will be a tangent to both eircles, Comsider the case in

which the cireles are tangent externally, and also the case in
which they are tangent iuternally, as indicated in the figures.

5. A railroad curve joining
two pieces of straight track 1B
and CD, is usnally a circular
arve tangent at B and C to AB
and CD, respectively,  Show
that the center O of the eir-
eular ave 1s the intersection of
the perpendicnlars to AB and CD at B and (), respectively.

6. If AB and CD (Lx. 5) are extended to meef at E, show
that EO bisects the angle at 0. Hence show that F, the
intersection of EO and BC, is the center of BC.

7. Show that the two radii and the tangents at their ex-
tremities (Fig. 86, or figure for Ex. 5) form a kite ; that is
(Ex. 30, p. 87), two pairs of its adjacent sides are equal,
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119. Theorem VIIL 7wo purallel lines intercept equal
ares on a cirele.

C

A 8 Dicoeite c
e/ | \¢ 3 8
E \—/F
() [{)] ()
Fia. 87

Case I When the purallels are a tangent and a secant,

Given the tangent A7 the secant EF (Fig. 87 a); also, let
C be the point of contact of AAB.

To prove that EC=CF.

Proof. Draw the diameter €. Then D L AB; § 116

hence CD 1 EF, Why ?
and therefore EC=(OP. § 108

Case LI When the payallels are both secanls.

Given the parallel secants AR and EF (Fig. 87 ).

To prove BF = AFE.

Proof. Diraw DC'| B and tangeut to the cirele. Let M be
the point of contact.

Then DC | EF, Why 7
Wheunce FM = FM, and BM = AM. Case |
Therefore BF = AL, Ax. 2

Case 1LL  When the parallels are both tangents.
Given AB and K/ parallel tangents touching the circle at
M and K, respectively (Fig. 87 ).
o —
To prove that MLK = MRK.
Outline of proof. Draw CD | B (Fig. 87¢); aud prove
MC'=MD, and K€ = KI). Then apply Ax. 1.
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EXERCISES

1. Show that a tangent parallel to any chord of a cirele has
its point of tangency in the center of the are that the chord
intercepts.

2. State and prove the converse of Theorem VIII, § 119,

[Hisz. (Case 1): Given (F = t:-E"; Lo prove AB I EF,
Draw the dinmeter €0, also the radii OF, OF,
Then CD L AB, (Why ?)
Now, since r_".‘r;':" — L"‘.;.'. we have Z COF = L COE,
(Why 2)
Therefore & FOEO = A EGO (Why ?), so that
L FG0=2LE(G0,
Therefore D | EF. Sinee 00 L AR and €D
1 EF, we have AR || EF as desired.]

8. If every vertex of a trapezoid lies on a D c
circle, prove that it is isosceles; that is, that
B('= AD.

4, If a thick board 18 sawed out of a eircular
log, the cireular ave that forms one edge is equal
to that which forms the other edge. Connect this fact with
§ 119.

5. Let ABC be an isosceles triangle, with =~ B= 2 ) and

A

let AD be its altitude from A to BC. Draw ExaC
a circle with center at A and with radius AD,
eutting the sides ABand AC in F' and E, respee- D

tively. Show that £F 1 BC.

: g : 8
6. Draw a secant intersecting two concentric ;

eircles and prove that the portions intercepted between the two
circles are equal.
7. Prove that if every vertex of a parallelogram lies on a
cirele, any two opposite sides are equidistant from the center.
8. Prove that if a polygon is inscribed in a circle, the per-
pendicular bisectors of the sides meet in a point.
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120. Theorem IX. Through three given points not
all on the same straight line, one and only one circle
can be draivn.

Fru. 88

Given the three points A, B, and ¢ not all on the same
straight line.

To prove that one and only one circle can be passed through
A, B, and C.

Proof. The locus of all points equally distant from A and B
is the perpendieular bisector DE of the lme A B, while the loeus
of all points equally distant from B and €' is the perpendicular
bisecetor FG of the line B § 100

Therefore the intersection O of DE and FGF is equally dis-
tant from all three of the points 2, B, and (.

Hence, the civele deawn with O as center and with a radius
equal to the line 40 will pass through A, B, and €\

That this is the oaly such eirele follows from the fact that
the lines DE and FG ean intersect in but one point. 4, § 31

Nore. Theorem IX is frequently stated in the following
brief form: Three poinis determine ( fix) a civele.  The prool
also shows lhiow to construct the circle passing through three given
points. Thus, given 4, B, and €' (Fig. 88): draw B and BC
and erect their perpendicular bisectors, DE and FG. The
intersection 0 of DE and FG is the center of the desirved
cirele ; its radius 1s one of the equal distances 0.4, OB, or OC.
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121. Corollary 1. A circle may be drawn to circumscribe any
triangle.

[Draw the three perpendicular bisectors of the sides of the triangle.]

122. COIOH&TY 2. The perpe nicular bisectors t'{f the sides qf'
a triangle meet in a point.  (Compare Theorem XXX, § 102)

This point is called the circumcenter, becanse it is the center
of the cirenmseribed cirele.

123. Corollary 3. A cirele may be completed if any are of it
is given.

[Hixr. Take three points on that are and draw a eirele through them.]

EXERCISES

1. Try to prove Theorem IX, § 120, for three points A, B,
C. that lie on a straight line. At what place does the proof
break down, and why ?

2. Draw a triangle of any shape and then constrnet the
cirele which passes throngh its verfices.

3. How many ecircles can be drawn through fwo given
points ¥ What is the locus of the centers of all such cireles ?

4. How many circles having a given radivs ean be drawn
through two given points? Is it always possible to have one
such cirele ? Why?

5. Show how to construct the center of a given eirele,

[Hixt. Erect the perpendicnlar bisectors of any two chords.]

6. Show that a circle can be civenmseribed abont a given
quadrilateral if (and ouly if) the perpendicular bisectors of the
sides all meet in a single point.

7. Show that a circle may be cireumscribed about any
square; any rectangle.

8. Show that the perpendicnlar bisectors of the opposite
sides of a parallelogram are parallel unless they coincide,
Hence show that an inseribed parallelogram is a rectangle,
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124. Theorem X. A circle wmay be inscribed in any
triangle. C
Given the triangle ABC.
To prove that a circle may be
inseribed in it. b
Proof. Draw the bisectors of

the angles A, B, C'; these three A = ; B
bisectors meet in a poftnt I § 102 l'l‘_s ﬁ?
G, Bt

Draw the perpendiculars /L,
IM, IN, to the three sides a, b, ¢, respectively ; then

L= IM = IN. § 101
Hence a civele with vadius ¢ = IL is tangent to a, b, and e
at L, M, and N, respectively. §115

Norte. The preceding proof involves also the proof of the
construction of the inscribed circle in any triangle. Compare § 120,

125. Corollary 1. .l civele drown from any point on the
bisector of an angle, with a radivs equal to the distance from thal
point to one side, is tangent to both sides of the angle,

EXERCISES

1. How many circles can be drawn tangent to each of two
given intersecting lines 7  What 1s the locus of their centers ?

2. What is the locus of the centers of the cireles of Ex. 1,
in case the two given lines are parallel ?

8. Show that a cirele can be inscribed in a given quadrilat-
eral if the bisectors of the tour angles all meet in a single point.

4. Show that a circle can be inseribed in any square.

5. Show how to round off the vertices of any friangle by
circular ares. (See § 125.) This process is used in rounding
off the corners of triangles that occnr in a triangular-shaped
piece of ground, so as to build a fence or a sidewalk or a build-
ing without sharp corners. (See also Ex. 5, p. 101.)
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PART IIL. MEASUREMENT OF ANGLES

126. Numerical Measure. In order to measure any quantity,
say a line of fixed length, we must first select the unit which
we are to use. In the ease of u fixed line, the customary unit
would be either the inch, the foot, the centimeter, the yard, or
any one of several others. In the ecase of an avea, the unit
might be & square inch or a square foot or an aere, or any oue
of several others.

Having once selected our unit, the proeess of measuring
eonsists in obtaining some idea of the relative size of the
given quantity as compared to that of the chosen unit.
Thus, in the case of the fixed line, we lay a yardstick along-
side of if, and read off by means of the seale provided for the
purpose, a nmmber which, at least with some degree of ac-
curacy, tells us the relative size of the line in question to
that of the mch.

Even thongh we cannot usually determine in this way the
exact length of a line, owing to imperfections both in our in-
struments and our eyesight, still we suppose, and it is indeed
tn axiom of measurement, Hhal there always exisls (n every case
Jgust one pumber which does express exactly the tength in terms of
the wnit. This number is called the numerical measure of the
given line, corresponding to the unit selected.

In general, the numerical measure of any quantity of any
kind is a number, obtained as above, which expresses the
velative size of the quantity to some unit of the same kind
selected in advance,

127. Ratio. The numerical measure of one quantity divided
by the numerical measure of a second guantity of the same
kind, provided the same unit has been used in each case, is
called the ratio of the first quantity to the second. Thus, the
ratio of 6 feet to 8 feot is 6/8 or 8/44 again, the ratio of
6 inches to 1 yard is 6/36 or 1 /6.
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128. Commensurable and Incommensurable Quantities.
Let 4B and €D be two straight lines of different length and
let it be supposed that a certain unit p P
of length, asg MY, ig contained an exuact

- e ; = et t—t——+ [}
(integral) number of times (that is, with- Ly
out any remainder) in A5 For example, M—N

v Fra. 90

let MN be contained 4 times in A5,

Then MN may also be contained an exact number of times
in the other line €D, but wore often this will not be the
case; ordinarily the unit MN will be contained in C'D a eertain
exnct number of times plus a remainder @, which will be less
ghan MN. This is illustrated in Fig. 90, in which MV is con-
tained 5 times in CD, with a remainder 2.

Now, if we select a very small unit MXN that is contained an
exact number of times in AB as before, we obtain a very small
remainder @ when the same unit is applied to CD.  However,
it may happen that we can never take MN so small that the
corresponding remainder @ will turn out to be eeactly zero.
In this case the two lines AB and D (Fig. 90) are said to
be incommensurable.

Examples of incommensurable lines oceur frequently in
geometry, Thus, it will be seen later that in any o
isosceles right triangle a side and the hypotenuse [\
constitute two meommensurable lines; that is, in
Fig. 91, AB and BC' are incommensurable. BC
may be thought of as the diagonal of a square of A
whieh AR and AC are two sides.

Two other interesting incommensurable quantities arve the
diameter of any cirele and the length of its ciremmference.
These will be considered in detail in Chapter V.

If, on the other hand, it is possible fo choose a unit which is
coutained an exact nmmber of times in AB (Fig. 90), and also
an exact number of times in €D, then the lines AB and CD
are said to be commensurable.

Fia. W

IT, § 120] MEASUREMENT OF ANGLES 109

129. Other Cases. Limits. Thus far we have spoken only
of commensurable and incommensurable lines, but similar
definitions apply to angles, ares, or any other sorts of quantities.
Thus, two angles are commensurable when a sufficiently small
unit will be contained in each an exact number of times, and
they are incommensurable when no unit which is contained an
exact number of times in the one, will at the same time be
contained an exact number of times in the other.

In any case, the remainder @ can be made as nearly eqnal to
zero as we pleasa by taking the unit sufficiently small: we
often say that @ may be made to.approuch zero.

If a variable quantity approaches a fixed quantity as nearly as we
please, the fixed quantity is ealled the limit of the variable one, Thas, in
the preceding paragraph, we might say that the limit of = is zero.

EXERCISES

1. State accarafely what is meant by two incommensurable
arcs; two incommensurable areas.

2. Show that the remainder x of § 128 can always be made
less than } in.

8. Show that the remainder 2 of § 128 can be made smaller
than one thousandth of an inch; one millionth of an inch.
Hence show that any two lengths can be measured in terms
of & common (small) unit, except for a remainder that is less
than the human eye can see.

4. What is the smallest unit shown on your ruler ?  Can you
see lengths less than this smallest division ? If a line whose
length you are measuring is not an exact nnmber of these
smallest units, how can you estimate its exact length ?

5. Estimate the exaet width of one line of type on this page.

6. The length of a material object will change on account
of expansion due to changes in temperature. Show that a unit
can be chosen so small that the remainder z (§ 128) will be less
than the expansion due to a temperature change of one degree.
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130. Theorem XI. [n the same circle, or in equal cir-
cles, two central
angles have the same
ratio as their inter-
cepled ares.

Given the two equal
cireles O and O'; also
let AOB be any central
angle in 0, and let A'0'B' be any central angle in O

To prove that the ratio of 2 AOB to £ A'0'B' is the same
as that of arc AB to are A'B.

Proof. (a) When arc AB and are A'B' are commensurable,

Fia. 02

In this case a unit of are may be found (see § 128) which
is contaimed an exact number of times in both the arc AB and
thearc A'B'. (Compare Tx. 5, p. 91.) Let m be such a unit,
and let ug suppose that the number of times it 18 contained in
are AR is », while the number of fimes it is contained in arc
A'B'is &. Then

(1) arc AB _r

arc A'B'~ 3

Now divide the are 4B into its r divisions, each of length
m, and throngh the points of division draw radii to the center
0. Likewise, divide the ave A'B' into its s divisions, each of
the same length m, and draw radin through the points of divi-
sion to the center O'. Then £ AOB is divided into r equal
angles, while £ A'0'B' is divided info s equal angles of the
same size (§ 104); therefore
o LAOB _ r
= ZAOBTS

From (1) and (2) it follows that,
LAOB _ arc AB
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It would remain to prove Theorem X1 when are AC and are
A'C" ave incommensurable ; but this proof is interesting only
theoretically. Instead of
giving a proof, we may
assume as a postulate
that & any two geomet-
rie ratios are equal when-
ever their terms are com-
mensurable, they are equal ) i
also when their terms are

- Fig, 9
fnconmensurable,
The following proof may then be omitted at the discretion of
gp }
the teacher :

Proof. (b) When arec AB and arc A'B' are incommensurable.

In this ease if we take any unit of are m which is eontained an exact
number of times in the are AB and apply it to the are A'B’, there will re-
main after the Iast point of divigion a certain ave B" B less than m, § 128

But whatever the choice of m, we shall have
3) £AOB _ ave AB

LAOB!  are A'B"
Now, as m is taken smaller and smaller, this equation (8) continues
true at every step.  Ab the same time, the individual members of the same
equation are changing, but only to the extent that £ A'Q/ B comes closer
and ecloser to £ 470" B, while are A B comes closer and closer 1o A' B,
Thus, by taking m sufieiently small, we can bring the first and second
wembers of (3) as near as we please to the respective yalues
4) £LAOB . A _.Ui__
ZA0B are AR

These last ratios, then, differ by as little as we please from the egual
ratios in (8) ; hence they themselves differ from each other by as little as
we please. But this is the same as saying that these ratios (4) are actually
equal, for, If they were unegual the difference between them could not by
any method of reasoning be shown to be as smull as we please, but wounld
always remain greater than some definite amount ; that is, in fact, what
wnegual weans, Hence,

£AOB _ arc AB

ZAQB  arc AR

Case (a)
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Nore. Theoremn XI shows that the number of angular
units in a central angle is equal to the number of units of are
which the angle intercepts, if a unit of arc subtends a unit
angle.  Thus, the number of degrees in any central angle is
the same as the number of degrees in the arc it A
intercepts. This fact is expressed by saying that

A central angle is measured by its intercepted arc.

131. Definition. An angle formed by the
intersection of two chords in the eircumfer-
ence of a cirele is called an inscribed angle; B
or, the angle is said to be inscribed in the circle, Fra.

132. Theorem XII. An inscribed angle is measured by one
half of its intercepted arc.

c
A 5 o A

Fia. % (a) Fia. 45 (0) Fig., 95 ()

Given the inseribed Z ABC intercepting AC in the ecircle O.

To prove that £ ~1BC is measured by one half of the are A

Case 1. When the center of the circle lies on one of the sides
of the angle, as AB.  (Fig. 95 o)

Proof. Draw OC'; then OC = 0B, Why ?
hence 2 0B(= £ 0CB. Why ?
Bat LOBOY £ 0CB=2£ A0 Why?
therefore 2L ABC=Z AO0C. Ax. 9
Since 2 A0C is measured by AC, Note, § 130
it follows that £ ABC is measured by } AC. Ax. 4
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Case 2. When the ecenter of the cirele les within the angle,

Proof. Draw the diameter B  (Fig. 95 b.)

Then £ ABD is measured by ) AD, Case 1
and ' £ DB(Cis measuved by } D Case 1

hence £ ABD +Z DBC is measured by }(AD + DO);
that is, Z ABC is measured by | A
Case 5. When the center of the civele lies outside the angle.

Proof. Draw the dinmeter 8D, (Fig, 95 ¢.)

Then £ DB is measured by 1 e Case 1
and £ DB is measured by ) Dt

hence £ DBC'— Z DBA is measured by | (D0 !rl):

that is, £ ABC is mensuved by ) 2.

133. Corollary 1. . duy augle iuscribed
in w semicivele is o vight angle ; as the angle
BCA in the fignre.

134. Corollary 2. Auy angle tnscribed in
o seyment (see § 131) greater than o semicirele
is aeute, while any angle inserilied in a seqment

m

less than a semicirele is obtuse,

A c
Thus, in the figure, ABC is acute, while 8"

AB'(Mis obtuse. Fia. 97
Bs Bi
135. COI‘OH&IY 3. Al angles inseribed in '
the same segment are equal, B

() 1
Thus, in the figure, the angles AB/(), , w
ABC, ABO, are all equal.

C
Fio. 98
I
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EXERCISES

1. A thin elastic band is stretched along the diameter AB
of a circle and then pinued firmly to the eircumference at the
two points Aand B, If it be now stretched
aside by means of a pencil point so that
it takes the position indicated by the
dotted line; that is, so that a third point
(' of the band lies on the ecireumference,
what can be said of the angle ACB? As
the pencil is allowed to move abont the cirenmference, the
band meanwhile sliding over the pencil point, how does the
augle ACB change ?

2. A corner of a piece of cardboard (of the
usual rectangular shape) is pressed tightly
against two pins E and F stuck into a board
below. The cardboard is now turned in all
possible positions, keeping it flat ugainst the
board. What is the locus of the point A ¥

3. Prove by means of § 152 that the sum of the three angles
of a triangle is two right angles.

4, If a civewmference be divided into four equal arcs
(quadrants), show that the chords which join the extremities
form a square,

5. Show hy § 132 that any parallelogram inseribed in a
cirele 18 a rectangle.

6. What is the loeus of all the vertices of right-angled tri-
angles erected on a common hypotenuse ?

7. Prove that the opposite angles of any inscribed quad-
rilateral are supplementary.

8. Prove that any equilateral polygon inscribed iu a circle is
also equiangular,
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136. Theorem XIIL. Au angle formed by two chords
intersecting within a cirele is measured by one half of
the swm of the intercepted arcs.

B

C
D ‘ A
F1. %9
Outline of proof. Draw A7)
Then L ARB=/ D+ £ A. § 64
But Z D is measured by } AB § 132
anl Z A is measured by -.}('f); § 132
henee / AKB is measured by § (‘-CB + (“7)) Why ?

137. Theorem XIV. An angle formed by a tangent and o
chord drawn through the point of tangency is measured by one
half of the intercepted arc.

Fi. 100

Outline of proof. Draw AE | CI.

Then AB=BE § 119
and ZABO=2Z A. § 54

But £ 2 is measured by } BFfL‘; Why ¢
hence £ ABC 18 measured by 1} AB.
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138. Theorem XV. .du aungle formed by two secauts, or
by a tangent and « secant, or by two tangents that meet outside a
cirele is measured by one halfl the difference of the intercepled arcs.

Fie. 101

[The proofs are left to the student. Draw DFE parallel to B€ and
note how the angle ADE, which is equal to €, is measured. ]

EXERCISES

1. Prove Theorem XII1I by drawing a line through A
(Fig. 99) parallel to BD.

2. If, in Fig. 99, the are BC contains 130° and the are
ABCD coutaing 170° how many degrees are there in the
angle ANB? Ans. 20°

8. Two angles of an inscribed triangle ave 70° and 91°
Find in degrees the arves subtended by each of the sides.

4. A chord that divides a eirenmference into ares one of
TES

which contains T5° is met at one extremity by a tangenf. At
what (acute) angle does the mecting take place ?

5. A chord is met at one extremity by a tangent, making
with it an angle of 61°. Info what ares does the chord divide
the circumference ?

6. If atangent is drawn at the vertex of an inscribed square,
Low many degrees are there in the angle ineluded between the
tangent and a side of the square? Answer the same question
for an inseribed equilateral triangle.
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PART IV. CONSTRUCTION PROBLEMS
139. Problem 1. 7hrough a given point to draw a
langent to a cirele.
Case 1. When the point is on the cirenmference,

.”'l‘A

/.

-

G, e

Given the © O and the point 2 on the eircumference.

Required to draw a tangent to the © O through 2

Construction. Draw the radius OF. At Pdraw B L OPF,
Then AB is the required tangent. Why ?

Case 2. When the given point is not on the elrewmference,

Outline of comstruction. Ou OF as diameter draw u cirele
cutting the given civele at A and B. s

Pass a line throngh the points .
P, 4, and another line through the
points 2, B.

tither of these lines is a tangent
stch as desired. Why ? In answer-
ing, note that £ PAO and 2 PBO
are right angles and apply § 115. Fra, 103

EXERCISES
1. Show how to construct a tangent to a given cirele parallel
to a givenrline,
2. Show how to draw a tangent to a given circle perpen.
dicular to a given line.
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140. Problem 2. 7% circumseribe a circle about a given tri-
angle. (See § 120. The student should earefully state the
construction and the proof.)

c

Fia. 104

141. Problem 3. 7o inscribe a circle in a given triangle.
(See § 124, State carefully the construction and its proot.)

I
1
I

Fia, 105

EXERCISES

1. Can a cirele always be drawn tangent to three lines, no
two of which ave parallel 7 If so, how ¥

2. Coustruet an equilateral triangle each of whose sides
equals 2 inches, and then construct its inscribed cirele, Prove
that in this case the center of the ecirele lies at the inter-
section of the three altitudes of the triangle. Can the
same statement be made for any other triangle?

3. In Fig 105, would the lines BI and A7 (extended) ever
pass through the points of contact M, L between the inseribed
circle and the sides AC and BC, respectively 2 1f so, when
would they, and why ?
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142. Problem 4. On a given straight line to construct a seg-
ment of o civele that shall contain a given angle.

Given line AR and 2 x.
Required to construet on
4B a segment of a circle that /_’
shall contain the £ x. -
Construction. Construct £ ABC=. .
Draw D L AB at its middle point 1),
Draw FB L CB at B and meating ED
in O.
Draw a eirele with O as center and
OB as radins.

: : Fia.
Then AAB is the segment required. o
Proof. L ARB=~£ ABC=<2 'Why?
EXERCISES
1. On a line 2 inches long construet a segment of a eircle

-]

that shall contain an angle of 60% Do the same for 30°; 135°,

2, Constrnet the loeus of the verfices of all triangles hav-
ing & common base 2 inches long and a common vertex angle
of 30°

3. In Ex. 2, p. 114, what can be said of the locus when the
angle .1 1s 60° instead of 90°?

4. Construet the triangle whose base is 2 inches, whose alti-
tude is 3 inches, and whose vertex angle is 30°,

[Hovr. First, draw the segment of a cirele on a base of 2 inches, and
such that 30° is contained in it. Now, draw a parallel to the same base
at a distance of 3 inches above it. Where this parallel ents the circle
bounding the segment, will be the vertex of the triangle desired, Why ?
The desired triangle is now easily drawn.]

5. How many solutions will there be to any problem similar
to Ex. 4? May there be only one solution ? May there be no
solution ? Describe all possible cases.
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MISCELLANEOUS EXERCISES., CHAPTER II
1. Prove that the construetion described in § 5 for drawing

a perpendicular to a straight line at a point within it is correct

2. Prove that the constroetions of §§ 6 and 8 are correct.

3. Through a given point in a circle construct the chord
that is biseeted by that point.

4. If a right triangle be inseribed in a eircle, show that its
hypotenuse will be a diameter.

5. Prove that an exterior angle of an inseribed guadrilateral
equals the opposite interior angle,

6. Prove that the angle between two tangents to a cirvele is
double the angle between the chord joining the points of con-
tact and the radius to a point of contact.

7. Construct a eivele such that it shall pass through two
given points and shall have its eenter on a given line,

8. If four points A, B, €\ D lie on a cirele, and if AB=CD
and AD= B?‘, gshow that the lines ACand B meet at the center.

9. Prove that the shortest line from a point fo a eirenm-
ference is along the radins through the point, extended if
necessary, (a) when the point is outside the cirele; (4) when
the point is inside the cirele.

10, Prove that the angle between two tangents fo a cirele is
the supplement of the angle between the radii drawn to the
points of tangeney.

11. If the sides of an inseribed angle are parallel to the
sides of a central angle, how do their ares compare ?

12. Show that two tangents to the same circle are parallel
if and only if their points of tangency lie at opposite ends of
the same diameter.

13. Show that a circle whose diameter is one side of any
given triangle passes throngh the feet of the altitndes drawn
to each of the other sides.
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14. TFollowing the
suggestions of the ad-
joining figures, show
how to construct four
common tangents to
two given cireles if the
cireles do not intersect.

Nore. The shadows thrown by a round body illnminated by a round
sonree of light (e.g. earth and sun) illustrate this exereise,

t T

Full Light ey e',;::-(;_n:'i':"f
e G F. BN HaiLiht
= DA
=T l"'H".":-.;';_ Partial Eclipse

Full Light =&y 0

£/ 4
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15. How many common tangents can be drawn o two given
cireles in each of the cases illustrated in the following figures ?

A
() B(2) (&) @

16. A common railroad turn is made by an are of a cirele
tangent to two straight portions (Ex. E
3, p. 101).  In the adjoining figure, if K F
OG = OF, and OK L BF, show that: -

(1) ZOGB=4FOB/2=ZCOB/4. 4

(2) OK is parallel to B(:.

Y ey

(3) BR =BC/4,
and £ O0GB= £ FOI.

(1) £ EBF = £ BOK;
and £ZEBC = /£ BOPF.

17. If in Ex. 16, Z00B=60°, what
is the length of the chord BC'Y? Find approximately, from an
acenrate figure, or from the table of chords, p. iii, the length
of the chord BF. Prove that BFf = FC > BC/2.

Note. In practice the entire curve B can be (and frequently is) laid

off by means of a surveying instrument located at B, by knowing accurately
the lengths of a number of such chords through 5, and their directions.

1 A
18. Construct a cirele through a given point
tangent to a given line at a given point. P

M

19. Constrnet the triangle whose base is 2 inches, whose me-
dian to the same base 1s 3 inches, and whose vertical angle is 30°,
[Hixt. The vertex must lie at the intersection of two circles, one

bounding the segment mentioned in the Hint to Ex. 4, p. 119, and the other
deseribed about the middle point of the base with a radins of 3 inches. ]
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20. SBhow that a quadrilateral can be jn-
seribed in a civele if the sum of one pair of
its opposite angles is 180°

21. Show that a kite (see Ix. 30, p. 87) that
is inseribed in a eircle has two right angles;
hence show that one diangonal is a diameter.

22. A simple turnout off of a straight track on street railways
is of the form of a cireular are, A
as shown in the figure. The

|
length R=0.1=0C=the radius ;-g L ,»c S
of the outer rail of the eirenlar | ~ \
track, is called the radivs of the | Yl \T""'
turnout. The distance L = BC | f,‘/

|/

from the point of the switch B

to the crossing € is called the
lead, and the angle TCS between
the tangent to the civenlar track at € and the straight track, is
called the angle of crossing.

Show that if R is given (as it usually is), the angle SCT
of erossing (which must be known aceurately for the purpose
of ordering the proper rail eross) can be found from the figure
by measuring the angle CO.1L. I

23. A double opposite turnout from the N
end of a straight track is composed of two
cireular portions, the radii of the outer rails
being given lengths » and R, respectively,
and these outer rails being tangent to the
straight track from which they start. Show
that the angle of crossing SC'T is the sum
of the two angles COA and CO'B.

24. Let D be any point on the side A€ of a right triangle
ABC, and let E be the intersection of the hypotenuse AB
with a eircle whose diameter is 4D, Show that the quadri-
lateral DO'BE is inscribed in the cirele whose diameter is DB,
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25. If from one comer .1 of a paral-
lelogram ABCD as eenter, a cirvele of
vadivs AB 1s deawn, meeting A8 pro-
duced at 1., and the sides J1C and BD
at M and N, respectively, show that
— o
LM = MN.

26. The usnal form of carpenter’s level contaius a glass tube
filled with liguid, except for a small bubble of air. The inner
surface of the tube is eut in the
form of a cirenlar ave LITL',
whose center is at O3 and it
is set into a wooden or metal
frame whose top edge is paral-
lel to the tangent at 1. Show
that when the level is tilted
throngh the angle A, the bub- !
ble moves throngh an arve HN kY
which snbtends the same angle A at the center . Will the
level be more sensitive if the radins R
(=0H) is large or small ¥

27. If two circles intersect, show that ;
the obtuse angle between the two tan- 57
gents to the two circles at either point
of intersection is the same as the obtuse
angle between the two radii drawn to
that point. Ience show that the angle
between the two tangents at one point of intersection is the
same as that between the two tangents at the other point.

28. Prove that the sum of two opposite sides of a circum-
scribed quadrilateral equals the sum of the other two sides.

29. Show how to construet the common tangents to the pairs
of eircles represented in (1), (2), (3), Ex. 15, p. 122,

30. Construet a rectangle having given aside and the diagonal
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31, Construet an isosceles triangle having given the base
and the length of the altitnde from one end of the base to one
of the equal sides.

32. Construct a cirele whose center lies on one side of a
given triangle, and which is tangent to each of the other two
sides.

33. Construct a triangle, baving given the base and the
altitudes to the other two sides,

34. Constroet a triangle, having given the base, the altitnde
to the base, and a second altitude.

35. Construet a rvight triangle, B\
from the suggestion contained in c .;_\
o %
the figure, when the hypotenuse %
A8 and the swm D of the two b C——“ —Lp

sides ave given.

36. Show that the bisectors of opposite angles of a parallelo-
gram are parallel or coincide. Hence show that the only kind
of parallelograms in which a eirvele can be inseribed is a
rliombus,

37. Show that the figure formed by two tangents 7.1 and
PB to a circle O and the radii 04
and OB forms a kite which is in-
seribed in a eirele 0' whose diam-
eter is OP.

Let 00" meet the circle O at O
and I). Show that £ ('O.1 15 mens-
ured by half the are A42; and £ C'D.1
by one fourth the are AP,

38. In the figure for Fx. 37, draw the radius 0'4. Show
that any change in £ C'D.A canses four times as much change
n £ PO'A.

39. Show what becomes of the figure of Ex. 37 if the angle
C'0A is equal to 90°.




CHAPTER III

PROPORTION SIMILARITY
PART I. GENERAL THEOREMS ON PROPORTION

143. Definitions. An equality of two ratios is ealled a
proportion.

Thus, the ratio 2/3 being equal to the ratio 4/6 gives us the
proportion 2/3 =4/6. More generally, if the ratio a/b is equal
to the ratio ¢/d, then the equality a/b= ¢/d is a proportion.

The form ? z= ’} is identical with a/b = e/d, since a/b is only a con-
! i

venient way of printing a fraction.

Besides writing a proportion in the form a/b = o/d, either of the
following forms may also be nsed, a:h =c:d, ora:bh::erd. In any
case, the proportion is read “*a iz o h as ¢ is to 4.

In the proportion a: b= ¢:d, the numbers a, b, ¢, and d are
the terms. The first and fourth of these (a and ) are called
the extremes, while the second and third (b and ¢) are called the
means. Again, the fivst and third (¢ and ¢) taken together
are called the anfecedents, while the second and fourth taken
together are called the consequents.

A series of equal ratios in the form o/b=¢c/d=¢ f=.-1is
ealled a continued proportion. Thus, 2/3 =4/6=8/12 = ...,

EXERCISES

1. Using the language of proportion, read the equation
# =14 What are the extremes here, what the means; which
the antecedents and which the consequents ?
126
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2. Form and read off such proportions as you ean make out
of the following four quantities: 2 in., 8in., 4 in, 16 in. Do
the same for 1 in., 3 in., 1 ft., 1 yd.

3. What number bears the same ratio to 2 as 8 does to 37

[Hixr, In this and in all gimilar guestions, let z represent the desired
number and form an equation. Thus, we here have z/2 = 8/3, Now
solve this equation for . ]

4. Find two numbers such that their ratio is as 3:5 and
whose sum is 4.

[Hisr. Letzand yrepresent the unknown nnmbers and form equations, |

144, General Theorems on Proportion.

Theorem A. [u any proportion, the product of the extremes
is equal to the product of the wecns.

Given /b= ¢e/d, to prove that ad = be.

Proof. Clear the given equation of fractions by multiplying
both its members by bd. The result is the desired equation
ad = be.

Corollary 1. [ the tiwo antecedents of u proportion are equul,
the consequents are also egual.

Theorem B. If the product of two numbers is equal to the
product of teeo other wumbers, either pair may be made the means
of a proportion in whick the other two are taken as the extremes,

Given ad = he, to prove that a/b = c¢/d.

Proof. Divide both members of the given equation by bd.
In order fo prove that 6/a=d/¢, write the given equnation in
the form be=ad and then divide both members by ae.

Theorem C. If four guantities are in proportion, they are in
proportion hy inversion; that is, the second term is to the first
as the fourth is to the third.

Given a/b=c/d, to prove that b/a = d /.

Proof. ad=be by Theorem A; hence b/a=d/c by Theo
rem B,
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Theorem D. I jour quantitivs are in proportion, they are in
proportion by alternation ; that is, the first term is to the third
as the second is to the fourtl.

[The proof is left to the stadent, First nse Theorem AL

Theorem E. If jfour gquantitics ave in proportion, they are in
proportion by composition; that is, the sum of the first two
terms is to the second term as the sum of the last two terms is
to the last term.

Given a /b= ¢/d, to prove that (a +B) /b =(e -+ d)/d.

Proof. Adding 1 to each side of the given equation, we have

rb-i—l'w‘—'f.-{-l.m' & +—b=tid- \Vhy Y
/] ! b o

[Bhow in a similar way that (a + #)/a = (¢ 4 d)/e.]

Theorem F. If four quantities are in proportion, they are in
proportion by division ; that is, the difference between the first
two terms is to the second term as the difference between the
last two terms is to the last term.

Given o /b= ¢/d, to prove that (u —b) /b= (¢ —d) /.

Outline of proof. Make use of the fact that « b —1=¢/d -1,

[Show in asimilar way that (a — b)/a = (e —d)/e.]

Theorem G. If four quantities are in proportion, they are
in proportion by composition and division; that is, the sum of
the first two terms is to their difference as the sum of the last
two ferms is to their diffevence.

Given «/b=c/d, to prove that (a+1)/(a—b) = (¢+d)/(c—d).
Proof. We have

atb_ehd ,qa=b_c—d Th. E, F
b I b d
Therefore (a+0)/(a—0)= (¢ +d)/{c—d). Ax. 4
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Theorem H, In a series of equal rativs the sum of the ante-
cedents is to the swim of the consequents as any antecedent is to its
consequent.

Given a/bh=¢/d = ¢/ f= -, to prove that

Gpoted-r o £ _8

btd+f4+w b d

Proof. Let & be the value of any one of the equal ratios

e e
O
so that
?l':l—l=£=£-= was
b & F 2
Then
a=kb, c=kd, e=Kf, -3 Why
hence i
afeteto kOtddfie) {
Shdt S bl ABS
or,

ée4ctot- a_ ¢ @

Ay T+ b d f

Il
|

EXERCISES

1. Given the proportion 1/2 =5/6. Write down the various
proportions which come from this by (1) inversion, (2) alter-
natior, (3) composition, (4) division, (5) composition and divi-
sion. Note that each one thus obtained is a true proportion.

2. If a/bh = c/d, prove that ma/mb= ¢/d, where m represents
any number.

8. If a/b=c/d, prove that Za/3b=2¢/3d; also that
(a+3b)/b=(c+3ad)/d.

4. Tt a/b=1n/e, prove that b* = uc; also that afe= a?/l"

5. If 1? = ae, prove that a/t = b/e.

6. If a/b=1ub/e, prove that ¢ =0*/u.

i
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PART II. PROPORTIONAL LINE-SEGMENTS

145. Theorem 1. A line parallel to the base of a triangle ;

divides the other sides proportionally.

Fic. 107

Given the A ABC and the line DE | the base AB.

To prove that CD/DA=CE/EB.

Proof. (a) When C'D and DA are commensurable.  (§ 128)

In this case a unit length may be found which is contained
an exact number of times in both €D and DA. Let m be
such a unit and let us suppose that this unit is contained »
times in ¢'D and s times in DA,

Then,

; CD_r
1 LA AR
@) DA &

Now divide €' into its » divisions, each of length m, and
through the points of division draw lines parallel to AB.
Do the same with 1A

These parallels will eut C'F into r equal parts and EB into
s equal parts. (§§ 91-92)) Therefore

o OB .y
(2 =i
%) KB &

Comparing (1) and (2) we obtain, as was to be proved,

D _CE.
DA EB
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Nore. As in § 130, this essentially completes the proof;
and the theorem holds also in the case CD and Do are incom-
mensurable, by the postulate of § 130,

The following argument establishes the trath of that postu-
late in the case of the present theorem; it may be omitted ab
the discretion of the teacher.

Proof. (L) When CD and DA are incom-
mensuriable.

In this case if we take any wnit length m
which is contained an exact number of times
in €O and apply it to DA, there will remain
after the last point of division o certain length
AF which will be less than m.

But, whatever the choice of m, we shall have,
by case (a), CD/DF = CE/EQ.

Now, a8 m iz taken smaller and smaller, this equation holds trne at
overy step. At the same time the indiviilual members of the same equa-
tion are changing, bot only so that DF comes closer 1o DA, whils EG
enmes closer to EB. By taking m sufieiently simall we can thus bring
CD/DF and CE/EG as near as we plense to the vespective values
CD/DAand CE/ER. These last ratios, since they diffur by as little as
we please from the preceding egual ratios, must differ from each ather by
as little as we please. This is the same as saying thai they are actually
equal ; for, if unequal, their difference conld not by any method of
reasoning be made as small as we please, since they are fixed quantities.

Thus we must have, as was to be proved, CD/DA = CE/EB.

Fia. 108

146. Corollary 1. If a line is drawn parallel to the base of
a triangle, either side is to one of its seqgments as the other side is
to its corresponding segment.

Given the A ABC and DE | AB. (See Fig. 107.)
To prove (1) that C4/'CD=CB ('FE
and (2) that CA4/DA = CB/EB.

[Outline of proof. Having shown in Theorem I that OD/DA=CE/EB,
we obtain by composition (E, § 144) (CD+DA)/DA=(CE+ER)/EB,
from which (1) follows. To prove (2), taking the proportion C'0/DA
= CE/ER by inversion (C, § 144) we have DA/UD = EB/CE. Now
take this proportion by composition. |
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EXERCISES
1. In the adjacent figure DE is parallel to 4B If
D=2 in, 04 =28 in,, and OF =3¢ in., e

what is the length of EB? Ans. 14 in.
2. If, in the figure of Ex. 1, we have
(A =8 ft., CB=12 ft. 3 in,, and CE = 9}
., what is the length of DA ? B
3. A thread DE is stretehed in any direction across a fri-
angle ABC eutting two of its sides in the
points 1), K, The thread is now moved
up and down over the surface of the tri-
angle, but always in such a way as to be
parallel to its original direction. How A
does the ratio OD/C'E change doring the motion? Why ?
4. Prove that any line drawn par-
allel to the base of a trapezoid cuts
the other two sides proportionally.

5. If a common exterior tangent
to two cireles (see fignres for Ex. 14,
p. 121) meets the line of centers 00"
in a point &, show that the lengths along this tangent from
@ to the two eireles are in the ratio OG /0’6,

6. A channel for water has
a cross-section of the form
of a trapezoid ABCD. Tf
BC and AD are hovizontal,
show that the wetted por-
tions of the side walls BE
and C'F are proportional to the dry portions AE and DF.

7. What other proportions ean you write down for Ex. 6 ?

8 In Ex. 6. if AB=15 ft,, CD=12 ft., and the vertical
height H from BC to AD is 10 ft., find the lengths of the dry
portions of the side walls when the water is 4 ft. deep.
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147. Theorem II. (Converse of Theorem L) If a
line divides two sides of a triangle proportionally,
ts parallel to the third side.

Fro. 100

Given the A ABC und the line DE dividing the sides pro-
portionally ; that is, such that 0D/ DA = CE/EB.
To prove that D/ is parallel to AB.
Proof. Suppose that DE is not | AB. Then draw DE' || AB.
We should now have
(1) CA/CD=CB/CE". § 146
Also, since by hypothesis
CDh/DA= OE/EB,
it follows that

(2) CA/O0D= CB/CE. Th. E, § 144
From equations (1) and (2) we should have

OF' = OE; Th, A, Cor. 1, § 144

whence DE' would coincide with DE. Post. 1

This is impossible unless DE || AB. Why ?

Therefore, DE | AB.

148. Corollary 1. Ifa line cuts two sides of a triaugle in such
it way that either side (s to one of its seqments as the other side is
to its corresponding seqment, then the line is parallel to the third
side

[Hixt. Show that under the given conditions the hypothesis of § 147
8 satistied.  Compare with § 82 and § 146.]
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149. Theorem III. 7%e biscctor of an angle of a triangle
divides the opposite side into segments which are proportional to

the sides of the angle. » 7E
Given the A ABC and the bi- - |
sector CD of £ (L e ’a’
To prove that A D/ DB = AC/ BC. i i
Proof. Diaw BE | CD and meet- o
ing AC prolonged at E. A 8 8
Then AD/ DB = AC/CE. Why? Fig, 110
Moreover, Lix=2Ly, Lar=Lw, Ly=ZLz Why ?
Therefore, £z= £ w; whence CE = B(; Why ?
hence AD/DB = AC/BC. Ax. 9

EXERCISES

1. In the triangle ABC of Fig. 110, (A =11 in, CB=8 in,,
and AB=14 in. What are the lengths of the segments AD
and DB into which the bisector OD of the angle € divides
the base AB? Ans, AD =83 in,, DB=351] in.

2. Prove by means of §147 that the line joining the middle
points of two sides of a triangle is parallel to the third side
and equal to half of it. (Compare with § 89.)

3. State and prove the converse of Theorem I1L

[Hixr. Prolong AC o B, making €L = BC. Draw EB. (Fig.110.)
Prove AC/AD= CE/DH, and henee ODIEB. Then Lr=Zw and
Ly=£~Lz ButZw=~Lz (since CB= CE). Therefore Lr=4~4Y.]

4. An ordinary closed rubber band is stretched outand held
against a board by means of two
pins A and B. One of the halves
of the band is stretched by means
of a pencil point into the form of
an elastic triangle ABC, with the

pencil point at €. How must the pencil point move in order

that the ratio (.1/CB shall remain constant }
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150. Theorem IV. If a series of parallels be cut by two
lines, the corresponding segments are proportional.

e \i
T e R

D/ g \K

/ X

Fia. 111

Given the parallels AT7, BI, CJ, ete., ent by the lines 4D and
HK.

To prove that AB/HI= BC/L] = CD/JK.

Proof. Draw AE | HEK,

Now AC/AP = AB/AG = BC/GF Why ?
i AC/AF = OD/FE. Why #

Therefore AB/AG=BC/GF= CD/FE. Why?

But  AG=HI, GF=IJ, FE = JK; Why ?
hence AB/HI = BC/ 1] = CD/.JK. Ax. 9

Nore. All work on proportional segments is based on §§ 145,
150. See §§ 149, 151, 153, ete. Compare also §§ 91-94.

EXERCISES

1. Prove Theorem IV when the two lines AD, HEK (Fig. 111)
intersect at some point between the purallels AH, DR

2. Prove the fact stated in Cor. 1, § 92 by means of § 150.

8. If the three segments cut out of one transversal by four
parallel lines are 2 in., 3 in,, 4 in., respectively, what can be
inferred concerning the perpendicnlar distances between the
parallels ? If the distance between the first pair is 1 in., what
are the distances between the others ?
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151. Problem 1. 7o divide a given line into parts
proportional to any number of given lines.

A- 2 S . S
e i \‘ \‘ \
=1 A \

a G““--.. Y \
—_— """'-.._“‘ X \\
e Fe~ Mf_'.q‘ \'.\

: B\
d D “‘~.C

Fig, 112

Given the line AB.

Required to divide AB into parts which shall be proportional
to the given lengths a, b, ¢, d.

Construction. Draw A€ making any angle with J18.

Measure off A =a, GF=b, FE=¢, ED =4,

Join the last point ) thus determined with B, and through
E, F, and ¢ dvaw parallels to BD cutting AB in H, I, and J.

Then the segments <./, /1, IH, HB, divide B as required.

Proot. AJ/AG = JI/GF =IH/FE= HB/ED; § 150
hence AJfa=JI'b=TH/¢= HB/d.

Norg. This problem includes as a special case, the division
of @ given line into any nuwmber of equal ports ; for if we take
a=b=c=d, wa have 4G = GF=FE=ED,

EXERCISES
1. Dividea line 10 in. long into 8 equal parite by Note, § 151,
Show how to do the same exercise hy § 8.
2. Divide a line 10 in. long iuto T equal parts by § 151.
Can this exercise be done by § 87
3. State when § 8 can be used i place of Note, § 151 to
divide a given line into a nnumber of equal parts.
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4. How could the page of a notebook be raled (accurately)
into three equal columns ?

5. Divide a given line into parts which are to each other as
Le 239,

6. Draw a line AB and divide it into fifths; thereby find
the point on AB one fifth the distance from A to B. Find a
point 2/5 of AB from A

7. Given an angle ABC and a point P any-
where within it. To construet a line through
P such that the portion of the line lying within
the angle shall be bisected by F.

[Hixt. Through P draw FD I BC. Then lay off
DE = DB.]

8. Through a point P without an angle ABC to draw PE so

that D= DE.
B
B
. E
A E\ H

9. State and prove a theorem concerning the segments into
which the non-parallel sides of a trapezoid are divided by a
series of parallels to the bases.

10. Layers of rock in the earth are nearly parallel, but they
are not usually level (horizontal). Show that the ratios of the
thicknesses of layers of different kinds of rock can be found
by measuring the thicknesses of the cuts made by a vertical
mine-shaft, or a deep well,

152. Definitions. In the proportion a/b =c/d, d is called
the fourth proportional to a, b, and ¢, Thus, 6 is the fourth pro-
portional to 1, 2, and 3. 1f &= ¢, sothat a/b=b/d, dis called
the third proportional to a and b.
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153. Problem 2. 70 find the fourth proportional to
three given lines.

<= T, A a C b B
b = — T
l-——c—c -~ t‘ 'I\
— e s \
~4
.
G = bt \\
I"‘\-‘._\l‘
H\\"\\‘
~F
Fia, 118

Given the three lines a, b, and ¢,

Required fo construct their fourth proportional; that is, to
find a line & such that we shall have a/h =« /a.

Construction. Draw a line AE of indefinite extent and from
A lay oft AC equal to a and CB equal to b,

Draw a second line AX of indefinite extent, making any con-
venient angle at A, and along AF lay off AG equal to e

Join CG. Draw BH || CG and entting AF at F1.

Then GH is the required line a.

[The proof is left to the student. Use § 145.]

EXERCISES i

1. Find a fourth proportional to three lines 2 in., 4 in., and
5 in. long, respectively. Find a fourth proportional to three
lines 2 in,, 5 in., and 4 in. long, respectively.

2. Show how to construct a third proportional to two given
lines.

3. To enlarge a line segment 7 in the ratio 2/3 is to find a
new line segment @ such that 2/35 =1/». Show how to do this
geometrically.

4. Draw a triangle; then enlarge its sides in the ratio 3,5,
using geometrie eonstruetions only. See § 21, p. 19,
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PART III. SIMILAR TRIANGLES AND POLYGONS

154. Definitions. That a figure may be enlarged or reduced
in size without essentially changing its appearance otherwise
is a part of common knowledge. Thus we drew such enlarged
and reduced figures in § 21. Throughout this book rather
small figures are printed; these the student almost always
enlarges in drawing on paper or at the board.

In general, nearly all drawings represent objects of a size
different from that of the drawing; thus house plans are
usually drawn (§ 21) on the seale of 1 inch to one foot.

Enlargements, or reductions, are made by increasing, or de-
creasing, all lengths in a figure in the same ratio thronghout,
so that all lengths in the new drawing are proportional to the
corresponding lengths in the original figure.

Two triangles which have their corresponding sides propor-
tional are called similar. Tig. 114 represents two similar
triangles, each side of the one being twice that of the other.

C!
c
A &
A B Al
1

f1G. 114

The fact that two triangles ABC and A'B'C" are similar is
expressed by the relation ABU ~ A'B'C",

In general, if one figure is obtained from another by enlarge-
ment or reduction, that is, if ¢!l lengths that can be drawn in
one are proportional to the corresponding lengths in the other,
the two figures are said to be similar.

Two triangles ave said to be mutually equiangular when their
corresponding angles are equal.
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155. Theorem V. If two triangles are mutually equiangular,
they are similar.

0
1
‘ A
A B A g/

Fia. 115

Given the mutually equiangular & ABC, A'B'C.

To prove that A ABC~A A'B'C.

Proof. On (4 lay off CD=("4' and on CB lay off CE
=("B. Draw DE. Then, in the & DEC and A'B'C" we

have CD= ("4, CE= (B, Const.
and Z0=2£0". Criven
Therefore ADEC= A AB'C. Why 7
Whence LODE=ZCA'B.
Bat £LZA= L CAB, Given
Hence LOUDE=Z 4. Why ?
It follows that DE I AB; Why 7
(D CE Al R ;
heuce also, tﬂf= B or L= 0B £ 146
In like manner it can be shown that -(—"—l:= AP
¢4 4B
Therefore A AB( ~ A A'B'C. §154

156. Corollary 1. Two triangles are similar if two angles of
the one are equal vespectively to two angles of the other.

157. Corollary 2. Two right triangles are similar if an acute
angle of the one is equal to an acute angle of the other.
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158. Theorem VI. If two triangles are similar, they
are mutually equiangular.  (Converse of Theorem V.)

C

: | A
A B A g’

Fia. 116

Given the two similar A ABC and A'B'('; that is, two A
such that (:l ::—C[f _AB
o4 OB AR
To prove that A ABC and A'SL'C” are mutually equiangular,
Proof. On CA lay off CD= "4, and on OB lay off CE
= ('B. Join D and E.

Then G4)CD = CB/CE. Given
Therefore, DE | AB; § 147
whence, LUODE=Zdand LDEC= 4B Why ?
It follows that the A CDE and CAB are mutually equi-
angular; Why ?
whenee also ACDE ~ ACAB; § 155
therefore AB/DE = CA/CD = CA/C" A",  § 154
But Q4104 = AB/ A B, Given
whence AB/DE = AB/A'E, Why ?
and hence DE =A'B". Th. A, Cor. 1, § 144
Therefore ACDE=ACAR. Why ?

All three of the & CAB, CDE, and ("A'B' are therefore
mutually equiangular; hence, in particular, the A ABC and
A'B'C’ are mutually equiangular,
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EXERCISES

1. Show that all equilateral triangles are similar.

2. Show that all isosceles triangles that have the same ver-
tex angle are similar.

3. Prove that if each of two triangles are similar to a third,
they are similar to each other.

4. How high is a house whose shadow is 144 ft. long when
that of a gate post 5 ft. high is 12 ft. long? Ans. 60 f.

5. If a triangle be stretched out so that each side becomes
one half longer than at the beginning, will the size of the
angles be changed 7 Why ?

8. In order to determine the length AB of a lake, sef two
stakes at convenient points, [ and E, such that D) is perpen-
dicular to AB, wihnle DE is
perpendicular to A1, Now,
from stake ¥ sight the point
B and take note of the point
' where the line of sight
crosses AD. Show how to
find AB by measuring ED, DU, and C.

7. Show that if each of the sides of a triangle is reduced or
enlarged in the same scale (§ 21), the angles are unchanged.
Thus it is said that enlargement does not distort a figure.

8. A triangular tin plate expands in the same rafio along all
straight lines when heated. Show that its shape is not changed.

9. Prove that two triangles that have their sides parallel
or perpendicular each to each are similar,

10. Prove that the diagonals of any trapezoid divide each
other proportionally.

11. Let Pand @ be any two points on the sides of an angle
AOB. Show that the triangles formed by perpendiculars from
P and Q to the sides opposite them, respectively, are similar.
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159. Theorem VII. 7wo triangles are similar if an
angle of the one equals an angle of the other and the in-
cluding sides are proportional.

Given the A ABC,
A'B'CY, such that £ ¢
=£0 and C4/04

=0B/(0'B. e’
To prove that A ABC
~ A A'B'C. /\
Proof On (4 lay off 4" B' i
0D = 'A', and on OB lay Fia. 117
off CE=C'B'" Join ) and E.
Tlhen ACDE =8 CA'B. §35
Also we have CA4/CD=CB/CE; Given
and hence DE || AB. § W7
Therefore ZLCPE=Z A4, and Z DEC= £ B; Why ?

whence A ABC and DEC are mutually equiangular; Why 2
and A ABC and A'B'C' are mutually equiangular. Why?
Therefors A ABC ~ A'B'C, § 155

EXERCISES

1. Compare the various conditions under which two triangles
are similar with those under which two triangles are congruent.

2. If the angle at the vertex of a triangle is held fixed
while the sides which include the same angle are stretehed out
by half their length, how do the angles in the resulting tri-
angle compare with those in the original triangle? Why ¢

3. Tworods AB and CD are hinged together at a point 0,
the hinge being placed on each rod one

third the length of the rod from one end. ~.0 . ®
Show that AC =BD/2, whatever the - 74
£ DOB may be. Show also that the -

ratio AL/ CBdoes not change when £ DORB changes, if AB=('D.
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160. Definition. If in the proportion a/b=rc/d we have
¢=>b, then b (or ¢) is said to be the mean proportional between
aand d. Thus, 2 is the mean proportional between 1 and 4,
since we have 1/2 = 2/4.

161. Theorem VIIL. If, in any right triangle, a perpendic-
ular is drawn from the vertex of the right angle to the hypote-
nuse, the two right triangles thus formed are similar to each

other and to the given triangle.
C

Given the right-angled
A ABC having its right angle
at (. Given also the perpen-
dicular €/ drawn from ' to
the hypotenuse AB.

To prove that A ADC, CDB, Fio. 118,
and ABC are similar,

Proof. These A are mutually pquiangular; Why ¢
therefore they arve similar. Why ?

162. Corollary 1. [In any right triangle the perpendicular
from the vertex of the right angle to the hupotenise iz the mean
proportional between the segients of the hypotenuse.

Proof. The A ADC, CDB being similar, ther corvesponding
sides are proportional. Upon comparing the sides AD and cD,
in the one with those which correspond to them in the other,
namely, the sides CD and DB, we obtain AD/CD = D/ DB,
which was to be proved.

163. Corollary 2. If, in any right triangle, @ perpendicular is
drawn from the vertex of the right angle to the lypotenuse, each
side of the right triangle is the mean proportional between the
hypotenuse and the segment adjucent (o that side.

Proof. The A ADC and CDB are each similar to & ABC.
Hence AB/AC=AC/AD and AB/CB= CB/DB.

T
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164. Problem 3. 7o find the mean proportional be-
Lween tiwo lines.

Given the two lines « and b

To construct their mean propor-
tional; that is, to con-
struct a line 2 such *——
that a/x=x/b. ' b =

Construction. Draw a line of in-
definite extent A1 B, and from A lny
off AC=«. From the point € lay off CD=b (Fig. 119).

On 4D as a diameter draw a semicircle.

At C erect R L AB, meeting the semicircle at 12,

Then CFE is the required line @

Proof Draw 4K and DE. Then £ AED is a right angle,
Why ? Complete the proof by means of § 162,

Fia. 119

EXERCISES

1. Find the mean proportional between 9 and 4. Answer
the same question for 1 and 3. What essential difference exists
between the kinds of answers in the two cases? (See § 128.)

2. The altitude drawn to the hypotenuse of a certain right-
angled triangle divides the hypotenuse into segments which are
of length 16 in. and 4 in., respectively. How long is the
altitnde? Answer the same question when the sa.'gmlen{s are
each 10 in. long; also when they are respectively 15 in,
and 5 in

8. If a perpendicular is drawn from any point on a cirele to
a diameter, what relation exists between the perpendicular and
the segments into which it divides the diameter? (See § 135.)

4. If one of the sides of a right-angled triangle is three times
the other, in what ratio does the perpendicular divide the
hypotenuse ¥ Ans. 1:9

L
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165. Definitions Siwmilar Polygons. Two polygons are
said to be similar when each may be dceomposed into the same
number of triangles

similar each to each
and similarly placed.
Thus, in the fizure,
the polygons ABCDE
and A’B’C’U’J‘:’ are
similar. Tor, if we
draw the lines DA,

DB, DA, DB,
ABCDE is decom-
posed into three triangles that ave similar to the three triangles
into which A'B'C"'E" is decomposed.

A regular polygon has been defined in § 96 as one which is
both equilateral and equiangular

Fia. l’n

166. Theorem IX. Regular polygons r_}f' the same
wumber of sides are similar.

Given the two poly-
gons ABCDE and
ABCDE.

Toprove that ABODE

~ AB'C'DE.

Proof. 'J.‘htough D

draw DA, and

through I dl aw D A, Fia. 1’1

D'B, thus dividing each polygon into three triangles.
Then the & DEA and D'E’ A’ arve both isosceles, Why ?

and they have the equal vertex angles at B and E', Given
Therefore A DEA~ A DE'A.  (Compare Ex. 2, p. 142.)
Now prove that A DAB~ A IV A'B' by showing that £ DAB

=L DAB and that AN/ AL = AB/A'B. To do this, first

show that £ RAD= 2 K A'D).

=
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167. Theorem X. The perimeters of two similar poly-
gons are to each other in the same ratio as any two cor-
responding sides.

Given the similar polygons ABODE, A'B' (" D'E’. See Fig. 120

To prove that

_perimeter of ABODE An
perimeter of A B UE B’
Proof. We have
AB_ BC _ OD _ DE Given
AR B apt pr’ “
Therefore
_AB+BC4CD+DE _ AB,
AB L BC 4+ +DE AR’
_perimeter of ABODE AB

that is, = e 2
perimeter of ABO'DE ~ AR

Th. H, § 144

EXERCISES

1. Give the proof of Theorem IX for a regular hexagon ; for
a regular octagon.

2. In two similar polygons two corresponding sides are 15
and 20 in., respectively. If the perimeter of the first is
5 feet, what is the perimeter of the second ? Ans. 6% ft.

3. The perimeters of two similar polygons are to each other
as 5:8. A side of the first is 1 ft. What is the length of
the corresponding side of the other ?

4. Prove that the perimeters of similar polygons are in the
same ratio as any two corresponding diagonals of the polygons.

5. The perimeter of an equilateral triangle is 3 ft. Find
the side of an equilateral triangle whose altitude is one half
the altitude of the first triangle. Generalize your result into
a theorem relating to similar triangles.

6. Prove that the perimeters of similar triangles are to each
other in the same ratio as any two corresponding medians.
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PART IV. PROPORTIONAL PROPERTIES OF
CHORDS, SECANTS, AND TANGENTS

168. Theorem XI. Jf two chords intersect within a
cirele, the product of the seqments of the one is equal to
the product of the segments of the other.

Given the chords AC and BD intersect-
ing at K.

To prove that KA - KO = KB . KD.

Proof. Draw AD and BC, In the
A AKD and BK( we have £ D= Z (,

A

each being measured by ABy2. §132
Likewise LA=2L B Why ?
Therefore A AKD ~ A& BCOK; Why? Fia, 122
hence h--l = KD 3 Why ¢
"B KQ

whence KAKC=KB- KD.

EXERCISES

1. A chord of a eirele is divided into two segments of 5 in.
and 3 in., respectively, by another chord one of whose segments
is 4 in. How long is the second chord ? Ans: T4 in.

2. The greatest distance to a chord 8 in. long from a point
on its intercepted (minor) arc is 2 in. What is the diameter
of the ecircle ¥

3. Pisa fixed point within a circle throngh which (point) a
chord passes. As the chord swings round P as a pivot, what
can be said of the segments of all new chords thus obtained ?

4. Tf two ecireles intersect and through any point in their
common chord two other chords be drawn, one to each cirele,
prove that the product of the segments of one chord is equal to
the product of the segments of the other.

¥

M —— JE— N
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169. Theorem XIL. If from a point without a circle
a secant and a tangent are drawn, the tangent is the
mean proportional between the entire secant and its ex-
terior seqgment.

Fus. 124

To prove that AC/ 4D = AD/AB.
Outline of proof. Draw BD and DC.

Then L=l A Iden,
and 2 0 = £ ADB, sinee each is measured by ] DB. Why ?
Thevefore A ACD ~ A ABD, § 155
and hence AC/AD = AD/AB. Why ?

Nore, If in Fig. 123, AC is allowed to swing around 4 as
a pivot, the tangent A0 meanwhile remaining fixed, we have
throughout the motion, .1 1B = AD'. This, in fact, is what
Theorem XII says. But, since 4D remains fized, this means
that the product AC . AB remians constant throughont the
motion. This fact may be stated as follows:

170. Theorem XIIL. [f from a fized

pot without a circle any two secants . ¢ #
are drawn, the product of one secant 5
and its external seqment is equal to the
product of the other secant and its exr- D
Fia. 124

ternal seqment.
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EXERCISES

1. A secant is drawn from a point without a cirele in such
a way that its whole length is 9 in., while the part cut off
within the ciccle is 4 in.  What is the length of the tangent
to the circle from the same point ? Aus. 3+/b in.

2. Two secants are drawn from the same point without a
circle. Oneg is 11 in. long and its external segment is 4 in.
The external seginent of the second is 2 in. What is the
length of the second secant ?

3. One of two secants meeting without a cirele is 18 in.
long, while its external segment is 4 in. The other secant is
divided into equal parts by the ecircumference. Find the
length of the second secant.

4. A puint P is 12 in. from the center of a cirele whose
radius is 7 in. A secant is drawn from P. Find the product
of the entire secant and its external segment,

5. Prove that tangents drawn to two
intersecting ecireles from a point on their
common chord are equal.

6. Given two non-intersecting
circles O and 0, draw any circle
ABCD intersecting both of then.
Draw the two common chords B C
AB and CD, and extend them o
meet at P. Show that tangents T
drawn from P to the two circles 7| .Q
O and O' are equal. )

7. Show that the diameter of a cireular poreh eolumn can
be found by measuring certain lines entirely outside the column.
Can this still be done if over half the face of the colunn is

buried in cement ? .
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171. Definition. A line segment is said to be divided in
extreme and mean ratio when one of its segments is o mean pro-
portional hetween the whole line and

i 105 (ia B £
the other segment. In Tig. 125, ' is
80 located that AB/AC = ACQ/CUB, so IS
that 4B is divided by € in extreme and mean ratio.

Nore. The division of a line in extreme and mean ratio has
been called the golden section or division in golden mean. 1t
was observed by the ancients that artistic effects frequently
result from its use. Thus, a rectangular picture frame will
usually give the best effect if its length and width are in the
rvatio just deseribed; that is, in the ratio of AC to OB in Fig.
125. A similar remark applies to the height of the back of a
chair as compared with the length of its legs.

172. Problem 4. 70 divide a given line seqment in

extreme and mean ratio. \'\«D
Given the line 4B, <1 e~ \
Required to divide A8 in extrems “.1 _~1 i |

and mean ratio; that is, to deter- ’f.‘f‘" ! /"

mine a point F such that AB/AF = -~ "I\.‘_ S

AF/FB. A F B
Construction. At Bdraw BOL 1B Fia. 12

and equal to hall of AB.

With ' as eenter and ('B as radius draw a cirele.
Draw AC meeting the cirele at B and D.

On 4B take AF = AE.

Then F is the point of division requnired.

Proof. - AD/AB = AB/AE; Why ?
AD—AB_AB—AE Wi 2

rnie AB.  AE il
But * AB= ED, and AF = AE; Why ?

therefore AF/AB = FB/AF, or AB/AF = AF/FB. Why?
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PART V. SIMILAR RIGHT TRIANGLES.
TRIGONOMETRIC RATIOS

173. Similar Right Triangles. The importance of a special
study of similar right triangles results from the simplicity and
nusefulness of the result, § 157, that two right triangles are similar
if an acute angle of one is equal to an acute angle of the other.
This proposition may now be restated as follows:

174. Theorem XIV. If two right triangles have an acute
angle of one equal to an acute angle of the other, their corre-
sponding sides are in the same ratios.

B
//:l i
5 g
b A
e s e A ¢’

Fia. 127

Given the rf. A ABC and .'PBIC”_. with £ 4d=2 A"
To prove that their corresponding sides are in the same ratios.
Proof. A ABC ~ A A'B'CY; § 157
hence the corresponding sides are in the same ratios;
: BC _B'C' AGC__A'C', BC R
Bty Saeediuiy SO, L A s 14
R AB™ A'B" AB A'B" AC  A'C Sl
175. Corollary 1. [If an acute angle of a right triangle is
Fnown, the ratios of the sides are all determined,

176. Corollary 2. Ir the ratio of any pair of sides of a vight
triangle is given, the acute angles ave determined.

Nore. The study of the use of these ratios is called
Trigonometry. By their use, any part of a right triangle can
be found, if any two parts, not both angles, are given, besides
the right angle. This process is called solving the triangle.

L

I
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177. Definitions. Let £ A, Fig. 128, be a known acnte angle
of a right triangle, in which £ € is a right angle; and let us
denote the sides opposite £ A, £ B,
£ 0, by a, b, ¢, respectively.

Then the ratios a/b, a/c, b/¢ ave
all determined, by § 175, These
ratios are npmed as follows:

(1) a/e is called the sine of the A
angle o Fra. 128
(2) b/c is called the cosine of the angle A;
(8) a/b is called the tangent of the angle 1.
That is, for an acute angle of a right triangle:
(1) the sine of the angle = side opposite it = hypotenuse;
(2) the cosine of the angle = side adjacent it <+ hypofenuse;
(3) the tangent of the angle = side opposite + side adjacent.
These vatios arve called the trigonometric ratios.

178. Values of the Ratios. Table. The values of the
three ratios mentioned in § 177 cun be obtained, approximately,
from a good figure, for any acute angle .

These values are tabulated on p. 155, to three places of deci-
mals, for every angle from 0° fo 90°, at intervals of 1°. The
student may check the accuracy of any entry in this table by
drawing an accurate figure with a protractor, actnally measur-
ing the sides of if, and then caleulating their ratios,

Examrie. The length of the shadow of a tree OB is 44 ft.
when the angle O.1B between the shadow €4 and the line AB
is 81°.  Find the height of the tree.

[Soruriox. Since BCO/AC is the tangent of
81°, by §177, we look in the table, in the col-
umn headed tangent, and opposite 817, This
gives the value .601 ; hence BO/AC= 001 ; bt
AC =44 ft,; it follows that

BO = AC x 601 = 44 x 601 = 26,444 (1t.).]
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EXERCISES

1. How large, in degrees, is an acute angle whose tangent
is17?

2. The shadow of a tree¢ is 26 ft. long
when the angle of elevation of the sun (£ CAR
in the figure) is 45°. How tall is the tree ?

3, One side of a right triangle is 2 in. ;
the adjacent angle is 42°; determine the re-
waining side and the hypotenuse, and cheek by measurement
from an accurate figure,  Ans. side = 1.8 in.; hyp. = 2.69 in.

4. One side of a right triangle is 2 in. and the opposite
angle is 42°; determine the remaining side and hypotenuse.
Check by measurement in a figure.

5. The hypotenuse of a right triangle is 28 in.; one angle is
32°  Determine the two perpendicular sides. Check,

6. To determine the height of a tree 04 standing in a level
field the distance OB = 100 ft. from the base O of the tree to a
point B in the field is measured, and the angle OBA is then
found to be 37° Find approximately the height by measure-
ment in a reduced figure, and by the table, p. 155.

7. Measure two adjacent edges of yonr study table. Find
the angles that the diagonal makes with the edges, (a) by
drawing an accurate figure and measuring the angle with a
protractor: (b) by use of the table (p. 155).

8. The tread of a step on & certain stairway 1s 10 i, wide;
the step rises 7 in. above the next lower step. Find the angle
at which the stairway rvises, (¢) by a protractor from an
accurate figure; (b) from the table, p. 155,  Ans. 35° (uearly).

9. What angle does a rafter make with the plate beam
(Fig, Ex. 2, p. 43), if the roof is “half-piteh”'; if the pitch of
the roof is 1/3. Ans, 45°; nearly 34°

[The pitch of & roof is the rise divided by the entire span.]

L
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[Tha ubbrovistion Ayp menns Aypofanuse } adj means the side adjocont o the angle ;
opp means the slde oppesite the angle.  Seo also the larger table, p. 15]

- 1A "w .‘I| 5 1 Cotar Taxurxt
| Bisn Cosise Taxuext GLE Y INE (f ISE
ALY (opp/hyp vl (nd)/ iy | Copp/ad)) ity | (opp/hypd| (ad)/byp) | Copp/aii)
0° ‘ 000 1.000 000 45° 707 707 1.000
| 17 1,000 JNT 46 J1Y A5 1A
ue | 0085 A 0% || a4t 731 A2 1.072
T 062 SER A52 48 743 A0 1.111
| 070 s 70 44 65 636 1150
5° | .o87 AK D87 50° 6 M43 1142
g% | .108 A 103 5n% || L29 1.245
| s | s || e T 616 1.280
#° 30 A0 41 o T 2 1,327
e l i B 58 | A08 || Y B0 D88 1,476
10° A5 AT6 b5b6° 819 T4 1428
e | J82 AW || oee 824 Bt 1.483
12% s by 5T 830 545 1.530
130 | o4 58° | 4B 530 14600
14° | 70 || 5w 857 515 1664
15° | o | 0° | .eos | .00 1732
10” il T K15 A8 1,804
17e | T 2> L8RS A69 1.581
18° 51 e .80l 454 14965
1 RITTH 9° B0 A8 2.050
20° M0 85" 406 2145
21° A (1 D1 2.246
e ST i o 9,356
agp | A1 35 o 2475
240 A4 G i 2,005
25° 906 d 70° A10 2747
o6° B ARS8 T1e LM 2,904
g LB a0 T ANl H$.078
259 B8R e 9% AN 3.271
L 875 it T4° RUH 3487
30° (B BT 75° AN 3782
3 | 857 | w0 || e 470 1011
fo 325 il A4 4.351
a0 319 75° MT8 4.706
#4° 4TH T RIS 5.145
35° 00 80~ AR5 5471
$h° an §1¢ RIEE 1,314
ar° 5 o ) 7115
a8 .78l Kie RLTH H14
P 810 B4 5 w514
40° | 839 B85~ KL 11.43%0
41~ M RG” s 1401
499 00 87° R 19.081
45° 033 88° Ry 28.6%
H AN 8 1,000 | B7.200
45° 707 | 1000 90° 1.000 |
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179. Theorem XV. Corresponding altitudes divide any
tiwo sanilar triangles into two corvesponding pairs of
simalar right triangles.

pr—¢’
Fi, 129
Given the two similar triangles ABC and A'B'C"; and given
the corresponding altitudes BD and B'D'
To prove that A ABD ~ A A'B'D', and & DCB ~ A D'C B,
Outline of proof. Show that A ABD ~ A A'B'D' by showing
that £ A=2 A" (§§158,174.)

180. Corollary 1. Auy two similar polygons may be sub-
divided into corresponding paivs of similar vight triangles.

Nore. Division of a trangle into right triangles i1s often
useful.

Exampre. In Fig. 129, sappose =10 in, £ 4 =30°%
Z B =85 Find £ (), and sides a and 4.

Sorvriox » First find £ C=05°  Then h=cxcosine of 30°=10x{=5.

=

Hence a = h = gine of € =5 + 000 = 5.52, Again 4D = ¢ x cosine of
30°=8.60 ; and DC=q x cosine of 65"=2.33; hence b=AD+ DU=10.99,

EXERCISES

1. The base of a certain isosceles triangle is 10 in., and the
angle at the vertex is 40°. Find the size of one of the equal
angles; find the length of one of the equal sides (a) by measure-
ment, (b) using the table, p. 155.

2. The diagonal of a certain rectangle is 4 ft. One side is
2 ft. Find the angle the diagonal makes with that side, (a) by
measurement, (b) using the table, p. 155
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MISCELLANEOUS EXERCISES. CHAPTER III

[The Exercises that involve the use of the trigonometric ratios are
starred, %.]

1. A building casts a shadow 64 ft. long. A lamp-post § ft.
high at one corner of the building casts at the same time a
ghadow 0 ft. long. How high is the building ?

2. Show how to find three fifths of a given line; five
sevenths.

3. A circle is inseribed in an isosceles triangle. Prove that
the triangle formed by joining the points of contact is also
isosceles.

4. If each of two polygons is similar to a third polygon,
they are similar to each other. Frove this statement.

5. Prove that in an inseribed quadrilateral the product of
the segments of one diagonal is equal to the product of the seg-
ments of the other,

B
6. In the adjoining figure, AB rep-
resents a vertical pole, and C'D a ver- D~
tical stake, so that [ and B are in the ¢ /]
same line of sight from a point £ on C A

the level ground ECA. What measurements must be taken
to find AB?

7. If the non-parallel sides of a trapezoid are extended to
meet in a point P, the lengths of the extensions are propor-
tional to the lengths of the original sides. State a proof.

8. If in any triangle, a line is drawn parallel to the base,
any line through the vertex divides the base and the parallel
into segments that ave in the same ratio. State a proof.

9. Show that any two altitudes & and 2' of a triangle are
inversely proportional to the sides a and «' to which they are
perpendicular; that is, 2 %' =a'/a.
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10. Let AE and BD be the tangents at the ends of a diam-
eter AB of a circle 0. Draw any line
through A, and suppose it cuts the cirele
at ¢ and meets BD at D. Let I be the
point of intersection of AE and BC pro-
duced. Show that three similar right tri-
angles are formed; and show that AB is
a mean proportional between AL and B

E

11. Construnet a fourth proportional to
three lines, 3 in, 5 in, and 1 in. long,
respectively.  Show that the resulting line must be ? in, long.

12. In general, constrnet a fonrth proportional fo two given
line segments ¢ and b and the unit line segment. Show that
the resulting line has a length b/¢ in terms of the unit. [Geo-
metric construction for division, ]

13, Show how to construct a cirele through two given points
and fangent to a given line. oD c

[Hisr, Draw a line through the given points A
and B, meeting the given line at ¢, Then find a
mean proporiional €D between A€ and BC.  Two
circies are possible according as C.D is laid off from '
in one direction or the other along the given line.]

14. Show liow to constuet a cirele A
tangent to two given lines and pass-
ing through a given poini P. B
[Hixt. Draw BD hisecting £ ABC.
Draw throngh the given point P & line E
PD L BD and extend it to E, making © _
DE = PD. Now apply Ex. 13 to draw a circle through P aml E and
tangent to 4B. How many solutions are possible ]
15. Show how to inscribe in a given circle a triangle similar
to a given triangle.

16. Show how to cireumseribe abont a given cirelg a triangle
similar to a given triangle.
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17. Construet a fourth proportional to three lines, 1 in,
2.5 in, and 85 in. long. Show that the resulting line must
be 2,5 x 8.5 in. long.

18. Give a geomefric construction for multiplying any two
nuwimbers.
[Hiwr. If @ =ab, then 1/a = b/z.]

19. Give a geometric construction for enlurging any line
segment in the ratio 5: 7. Use this construction to draw a tvi-
angle similar to a given triangle, with its sides enlarged 5: 7.

20. Show how to enlarge (or reduce) any line segment in
the ratio of two given numbers (or two given line segments),

21. Show how to construct, on a given line segment as one
side, & polygon similar to a given polygon,

22. Show that if two circles are tangent externally, any line
through their point of tangency forms chords of the two circles
that are proportional to their radii.  State and prove the anal-
ogons theorem when the eireles arve tangent internally.

23. In order to find the distance between two islands
and B in a lake, what distances and
angles must be measured in the ad- c
joining figure? Compare Ex. 6, p.
142, Show that the figure can be
extended, so as to find A8 by measar-
ing distances only, D

24. If a line is drawn parallel to the parallel bases of a
trapezoid, show that the segment cut off on it between one side
and one diagonal is equal to that cut off by the other side and
the other diagonal.

25. The bases of a trapezoid are 10 in. and 15 in. long,
respectively, and the altitude is 8 in.  Find the altitude of the
triangle formed on the smaller base by extending the non-
parallel sides until they meet. Ans. 16 in,
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26. Construct a mean proportional to two lines 3 in. and
4 in. long, respectively. Construct a mean proportional to two
lines, each of which is 2 in. long.

27. Construct a mean proportional to two lines 1 in. and
5 in, long, respectively. How long is it ?

28. Show how to construct the square root of any given
number # by finding the mean proportional between a line of
unit length and a line » units long. [Geometric construction
Jor square root.]

29. The total length of a certain secant drawn from a point
P to a civele is 10 in. ; its external segment is 4 in. Find the
length of the tangent drawn from P.

30. Taking the radius /2 of the earth as 4000 mi., find how
far from a lighthouse 130 ft. high the light is visible. A closer
value of B is 3963 mi.; is the answer changed seriously by
using this more accurate value of Y

#21. If one side of a right triangle is double the other, in
what ratio is the hypotenuse divided by the altitude drawn to
it? What ave the angles of the triangle ?

32, If one chord of a circle is bisected by another, show
that either seqment of the first is 4 mean proportional between
the segments of the other,

33. The greatest distance from a chord 10 in. long to its
intercepted are is 3 in. Find the radius of the cirele.

34. A curved pane of glass to fit a window in a round tower
is bent in the are of a eivcle. 1f the width of the frame is
30 in. and if the greatest distance from the glass to a horizontal
line joining its edges is 1.5 in., find the radius of the arc.

# 35, The radius of a civele is 7 ft.  What angle will a chord
of the ecircle 11 ft. long subtend at the eenter? Check by
measurement in a reduced figure,

86. A railroad curve is to have a radius of 250 ft. What
is the greatest distance from the track to a chord 190 ft. long ¥
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87. A railroad curve turns in the are of a cirvele; the greatest
distanee from the track to a chord 100 ft. long is 7 ft. ; find the
radius of the are. Ans, 182% ft.

* 38, The width of the gable of a house is 34 ft. The height
of the house above the eaves is 15 ft.; find the length of the
rafters and the angle of inclination of the roof. Find the pitch
of the roof. See Ex. 2, p. 43, and Ex. 9, p. 154.

*39. To find the distance across a lake 2
between two points A and B, a surveyor
measured off 80 ft. on a line AC perpen-
dieular to AB; he then found £ ACB=16°,
Find A8,

*40. A kite string is 250 ft. long and
makes an ungle of 40° with the level
ground.  Find (approximately) the height of the kite above
the ground, neglecting the sag in the string.

*41. The shadow of a vertical 10-foot pole is 14 ft. long.
What is the angle of elevation of the sun? Ans. About 85.5°%

*42. A chord of a cirele is 21.5 ft, long, and the angle which
it subtends at the center is 41%  Find the radius of the circle,

*43. The base of an isosceles triangle is 524 ft., the angle at
the vertex is 64° 40,  Find the equal sides and the altitode.

*44. The base of an isosceles triangle is 245.5 and each of
the base angles is 68°22. Find the equal sides and the
altitude.

*45. The altitnde of an isosceles triangle is 32.2 and vach of
the base angles is 32° 42/; find the sides of the triangle.

*46. Find the length of a side of an equilateral triangle eir
cumseribed about a circle of radins 15 in.

*47. Show that the sine of the angle A in Fig. 129 is =+ e,
and that the sine of ("is h+a. Hence show that the sines of
the angles A and O are proportional to the sides a and ¢ opposite
them, [Sixe Law.]

M



CHAPTER IV

AREAS OF POLYGONS. PYTHAGOREAN THEOREM

181. Area of a Rectangle. The fundamental prineiple, men-
tioned in the Introduction (§ 25), that the area of a rectangle is
equal to the product of its base by its height, will be presupposed
in what follows in the present chapter.

The prineiple states that {f the base and the height of o rectangle
are, respectively, @ and b, then its area (in terms of the correspond-
ing square wiil) is a - b.

The following corollaries result from this principle:

182, Corollary 1. The area of a square is equal to the square
of its side.

183. Corollary 2. The areas of two rectangles are to each
other as the products of their buses und altitudes.

184. Corollary 3. 7Wwo rectangles thut have equal altitudes are
to each other as their bases; two rectangles that fave equal bases
wre to each other as their altitudes,

185. Definition. Whenever two geometrie figures have the
same area they ave said to be equal in area, or equivalent, The
equality in arvea of two figures is denoted by the symbol =.
Thus, the equation AABC = A A'B'C" means that the two
trangles have equal areas.

EXERCISES

1. How many tiles each 8 in. square will it take to tile a
Hoor 30 fi. long and 18 ft. wide ¥

2. On a sheet of squared paper ranled in tenths of an inch
(see p. 23), how many small squares are there in one square
inch ? '

162
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3. Compare the areas of two rectangles whose altitudes are
equal but whose bases are respectively 10 in. and 7 in.

4. The avea of a rectangle is 400 sq. ff. 3
and its altitude is 20 ft. What is the alti- | B3
tude of another rectangle having the same

ol =t

—

base but whose area is 300 sq. ft. ?

5. The accompanying figure represents — —
the cross seetion of a steel beam. The dimen-
sions in millimeters are: b=96, w=12, h=192, {=8. Find

the area of the ¢ross section, £ £ b
6. Show that the adjoining figure il- ‘| . }
lustrates the algebraic identity p N e
a(h 4 )= ab + e _gE it e i
Ar——b— —2——c»C

7. Show that the following figures
illustrate the algebraic identities
(1) (a+bd)a—b)=a*—b* (2) (a+ b)) =a*+2ab4 b7
3) (a—by=a"—2Z ab 4 17

—T
()
8. Draw a figure to illustrate each of the identities
(1) a(b—c)=ab—ac: (2) (w4 (2 + by=a2"+(a+D)e+ab.
9. Draw a rectangle 5 in. long by 6 in. wide. Show that
either diagonal divides the rectangle into two congruent right
triangles. Find the area of each of these triangles,
Ans. 15 sq. 1n.
10. Find the area of a right triangle whose two sides are 4
in, and 7 in. long, respectively,
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186. Theorem I. The area of a parallelogram is equal to the
product of its base by its altitude.

Fig. 10

Given the paml]elugram ABCD with b its base and a its
altitude.

To prove that the area of the parallelogram ABCD is equal
to a - b.

Proof. Draw AFL D prolonged. Then ;I.HGF is a rec-
tangle having the base & and the altitude a.

In the right A AFD and BGO we have AF= B6G and AD
= BC. Why ?

Therefore A AFD = A BGO. Why ¢

Taking away A AFD from the figure ABCF, the parallel-
ogram ABCI remains.

Taking away A BEC from the same fignre, the rectangle
ABGF remains.

Therefore [J ABCD = rectangle ABGF.
But rectangle ABGF = ab, § 181
whence, = ABCD = ab.

187. Corollary 1. (a) Two parallelograms are to each other
as the products of their buses and altituies.

(b) Two parallellograms that have equal buses and equal alti-
tudes are equal in ared.

188. Corollary 2. 7wo parallelograms that have equal alti-
tudes are to each other as their bases; two parallelograms that
hawve equal bases are to each other us their altitudes. »
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EXERCISES

1. In a certain parallelogram the acute angle ineluded be-
tween the sides ig 307, 1f the base and altitude are respec-
tively 14 in. and 10 in., what is the area? Answer the same
guestion in case the ineluded angle is 60°,

2. In the accompanying €2, G 0 D.D, D. D
figure arve u number of par- r| = 3 Bt 7 4
allelogramns each having the A2 & 5/ \3 ¥,
game base and altitude. V // /
Compare their areas. Does .

the area of the parallelo-
gram depend upon the angles included by its sides ?

3. Prove that the lines joining the middle poiuts of the
opposite sides of a parallelogram divide it into four parallel-
agrams that arve equal in area.

4. Construet a parallelogram double a given parallelogram
and equiangular to it.  How many solutions are possible ?

5. Construet o parallelogram double & given parallelogram
and having one of its angles equal to a given angle.

6. What 1s the loous of the intersection of the diagonals
of & parallelogram whose base is fixed and whose area is
constant ¥

7. ABCD is a jointed parallelogram frame, that is, it con-
sists of four pieces of stiff material D
Linged at each of the points A, B, o -
€, and D, and such that side AD
= yide BC' and side AB = side DU /
1f the base AB is hLeld fixed while @ o
D' is vaised and lowered into vari-
ous positions, will the areas of the various parallelograms be
changing ? If so, what will be the greatest area obtainable and
what the least, provided that 4B=46 in, and BC=4 in.?
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189. Theorem II. The area of a triangle is equal to one
half the product of its base and its altitude.

Fia, 151

Given the triangle B¢, having the base & and the altitude A.
To prove that the ares of the triangle ABC is equal to L Ab.
Proof. Construct the Z7 ABCD.

Then T ABCD = hb. § 186
But A ABC =4 [0 ABCD. § 82
Therefore A ABC =} Wb

190. Corollary 1. (u) Two triangles wre to each other as the
products of their bases and altitudes.
(b) Two triangles that have equal buses are to cach other as

their altitudes.

(¢) Two triangles that have equal altitudes are to each other s
their bases. ]

(d) Two triangles that have equal bases and equal altitudes
are equal in area.

EXERCISES

1. What is the area of a right triangle whose sides are
respectively 3 in. and 5 in, ?

9. Draw several triangles having equal bases and equal
altitudes, as an illustration of § 190 (d). Are such triangles
necessarily congruent ? k

3. Compare two triangles with equal altitudes if the base

of the tirst is two thirds that of the second,
»

——
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4 BShow that any median of a triangle divides it into two
equal triangles. Is the same true of any altitude ? Give reason.

5. What is the locus of the vertices of all triangles having
a common base and the same area?

6. An ovdinary elastic rubber band is stretched out and
placed around two pins A and B which are stuck into a board.
The pins are placed at the extrem-
ities of a diameter of a circle, as
indicated in the figure. One of the
halves of the band is now thrust
aside by means of a pencil point so
that the band becomes stretehed out
into the form of an elastic triangle having one of its vertices
on the cirele at ¢ If the pencil be now moved about on the
circumference, the band meanwhile slipping over the point, va-
vious triangles are formed, such as those indicated by dotted
lines in the figure. Do these triangles all have the same area ?
If not, what is the greatest avea obtainable for any triangle,
and what the least, provided that the distance between the
pins is 6 in. ?

Ai' - 8) ~%B

7. Show that the diagonals of a parallelogram divide it
into four equal triangles.

8. If a line is drawn from the vertex of a triangle to any
point P in the base, show that the areas of the two triangles
formed are to each other as the segments of the base made by P.

9. Prove that if the middle points of two sides of a tri-
angle are joined, a triangle is formed whose area is one fourth
the area of the given triangle.

10. Show that the area of a rhombus is equal to one half the
product of its diagonals.

11. Prove that the arvea of an isosceles right triangle is equal
to one fourth of the arvea of the square erected upon its
hy potenuse.
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191. Theorem III. 7%e area of a trapezoid is equal
to the product of its altitude and one half the sum of
ils bases.

Fra, 152

Outline of Proof. Draw the diagonal B

Then AABD =ah/2 and & BCOD =bh/2; Why ?
hence ABCD = Vb 4 ‘L?“—") .
i g

192. Corollary 1. The area of a trapezoid is equal to the prod-
wel of its altitude and the line joining the mid-poiuts of the non-

parallel sides.
E \ F
il Al
A ! B

Fra. 153

[Hisr. To prove area of ABCD =} EF. It may be easily shown
that EF = (AR 4 D()/2. See § 80.]

Nore, The median of a trapezoid is a straight line that joins
the middle points of the non-parallel sides. Thus, in Fig. 133,
EF is the median of the trapezoid ABCD.

The corollary of § 192 is frequently stated in the following
form s The area of o trapezoid s equal to the product of its alti-
tude and its median.
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EXERCISES

1. Find the area of the trapezoid whose bases are 6 in and
4 in. respectively and whose altitude is 3 in.  Jdns. 15 sq. in.
2. Find the area of a trapezoid whose median is 8 in. and

whose altitude is 6 in. 120"

3. An excavation for a railway \ i3 /
track 1s 28 ft. deep, 130 ft. wide 3
at the top, and 90 ft. wide at the 90’

bottom. What is the area of it8 eross section ?

193. Theorem IV. Two (triangles that have an acute
angle of the one equal to ain acute angle of the other are
to each other as the products of the sides including the
equal angles.

C B/ B D
FiG, 134

Given the A ABC and A'B'C having the £ ' common.

A ABC AC - BC
T that: EERL . OU
OPROVe RS AABCG T A0.BC
Proof. Draw AB'. Then,since the triangles ABC, AB' ("have

the same altitnde f,
AABC _ BC

§ 190, ()

AABC _AC
ANABC AC
A ABC AC - BC

Multiplying, we obtain ———. = =“—"—_,
& p - L’ n & ;1?[;!0 “!!(.t ~ ch’f

and likewise
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194. Theorem V. Similar triangles are to each other
as the squares of any two corvesponding sides.

c
/\ CF
A 8 A’/\B’

Fra, 15

Given the similar A ABC and ' B,

A ABC A

To prove that A e
AABC 457

Proof. Ld= LA Why 7
A ABC AT AB

Tl 2 f " S, - 5 195

1erefore AABO -0 AT § 193
ACQ AB

But o [l Bt Fawr O
L O AR Why ¢

Therefore AABC _ AB.AB _ AB -

AABC AB-AB 7

195. Corollary 1. The areas of two similar polygons are to
edach other as the squares of any two eorresponding sides.

[Hrst. Divide the polygons up Into the same number of similar trian-
gles, as in Fig. 120, § 165, then apply Theorem V, together with § 144,
Theorem H.]

Nore. Since any two corresponding lines in two similar
figures are proportional to two carresponding sides, it follows
that the areas of any two similar polygons are to each other as
the squares of any two corresponding lines. Compare, in par

ticular, Exs. 4 and 6, p. 171. d
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EXERCISES

1. Compare the areas of two similar triangles whose corre-

sponding sides are in the ratio 3:4. Ans. 9:16.

2. Draw on heavy cardboard two triangles whose sides are
in the ratio 1:2. Cut these triangles out and weigh each of
them. Show that their weights should be in the vatio 1: 4.

3. The areas of two similar triangles are 100 square feet and
64 square feet respectively. Compare the lengths of their cor-
responding sides, Answer the same guestion when the given
areas are respectively 31 square feet and 17 square feet.  What
distinetion is to be made between the two cases ?

4. Prove that the arveas of two similar triangles are to each
other as the squares of any two corresponding altitudes.

5. One side of a polygon measnres 8 feet and its aren is
120 square feet. The corresponding side of a certain similar
polygon measures 20 feet, What is the area of the second
polygon ?

6. Prove that the areas of any two similar polygons are to
each other as the squares of any two corresponding diagonals.

7. If one square is double another, what is the ratio of their
sides ?

F.s
8. In the figure, BE is per- 0l ¢
pendicular to O while BF is A
perpendicular to A0, Prove / - /
that AB - BE = AD . BF. A B

9. In what ratio must the altitude of a triangle be divided
by a line drawn parallel to the base in order that the area of the
triangle may be divided into two equal parts ?

Ans. 1: ('\/'2— 1).

[Hist. Call & the altitnde of the given triangle and let = be the altitude

of the small triangle eut off by the parallel to the base, Form an equation
between k and x, solve for x and then form = / (h — 2).]
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196. Theorem VI. The Pythagorean Theorem. The square
on the hypotenuse of a right triangle is equivalent to the sum of
the squares on the two sides.

Fig. 136

Given the rt. A ABC having AB as its hypotenuse.

To prove that AR = AC" + BC

First Proof. Draw C'F_L AB and prolong it to meet FIH at 6.

Draw CF and BE.

Since £ ACD and ACB are rt. £, DCE is a straight line.

Similarly, ACS is a straight line.

In & ABE and AFC, AF = AB and AE = AC. Why ¢

Also £ BAE = £ CAF, since each cousists of a right angle
plus the angle BACT Therefore A ABE > A AFC, Why ?

But the rectangle AFGP = 2 . A AFC, since both have the
same base A F and the same altitude FG (or AP).

Likewise, the square ACDE =2 . A ABE, since each has the
same base FE and a common altitude A,

Therefore rectangle AFGP = square ACDE. Ax. 9
Show similarly that rectangle BPGH = squave CBLT.
Therefore, AFGP + BPGH = ACDE + CBLT. Ax. 1
That is, AR =AC" + BC,

i
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Second Proof. | DBy § 163,
AC* = AB- AP; snd OB = AB- PB;
henee AC' + OB = AB(AP + PB) = AP

Note 1. Thig second proof is the same in principle as the
first, for AC° = square ACDE, and AB. AP = rectangle
AFGP and AB .- PB=rectangle PGHB. Each proof consists
essentially in showing that OB = AB . PBand AC*=AB- AP.

The second proof might have been given in connection with
§ 163.

Note 2. It should be observed that Theorem VI, though re-
lating specifically to areas, furnishes at once a rule for finding
the length of the hypotenuse of any right triangle when the
lengths of its sides ave known. Thus, if a and b ave the sides,
the hypotennse & will be determined by the formula k= /a4 0%
Similarly, the theorem furnishes a rule for finding either side
of a right triangle when the hypotenuse and the other side are
known, the formula then being a =+//* — % These two formu-
las are of great value in mathematies,

Nore 8. Aside from its seientific value, Proposition VI is
of great interest historically. Thongh ifs origin is not known
exactly, it is supposed to have been first proved by the Greek
mathematician Pythagoras, who died about 500 p.c. Pythag-
oras in his later life settled in Ttaly and was identified with
a gronp of mathematicians and philosophers known as the
Puthagorean School.  The school itself was disrupted after
about 200 years, owing to political disturbances; but its influ-
ence continned a strong factor in the study and development
of mathematics.

197. Corollary 1. 7The square on either side of « right triangle
is equivalent to the square on the hypotenuse diminished by the
square on the other sitde,
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EXERCISES

1. A baseball diamond is a square 90 ft, on a side. What
is the distance from home plate to second base? (Extrach
square root correct to two decimal places.) Ans. 127.27 &

2. A ladder 30 ft. long is placed against a wall with its
foot 8 ft. from the wall. How far is the top of the ladder from
the ground ¢

8. A tree is broken 20 ft. from the ground. The fop strikes
the ground 20 ff. from the foot, while the other end of the
broken part remains attached to the trunk. How high was
the tree ?

4. Two columns 60 fi. and 40 ft. high respectively are 30 ft.
apart. What is the distance between their summits ?

5. Show fhat it is possible to have a right triangle whose
hypotenuse and two sides have the respective values 5, 4, 3.
In general, can a right triangle be found whose hypotennse
and two sides have any three given values as b, a, b7 1f not,
when is it possible ?

8. Find the altitude, and then the area, of an equilateral
triangle having a side equal to 6 in.

7. ¥ind the area of an equilateral triangle whose altitude is
6 in.

8. Prove the theorem stated in Ex. 11, p. 167, by means § 196,

9. Show that the square of the diameter of a cirele is equal
to the sum of the squares of any two chords drawn from a
point on the eirele to the ends of the diameter. (§ 133.)

10. A Kkite (see Ex. 21, p. 123) is inscribed in a circle whose
diameter is 24 ff. If the length of one of the two longer sides
of the kite is 18 ft., how long is one of the shorter sides ?

11. Show that the sum of the squares of the four sides of any
kite (Ex. 30, p. 87) is equal to twice the sum of the squares of
the four segments of the cross formed by its diagomals.

1V, § 195] PYTHAGOREAN THEOREM 175

12. Show that the square of
the length of the tangent AF
to a eircle from a point P plus
the square of the radius of the
cirele is equal to the square of
the distance OP from P to the
center of the circle,

13. In the figure of Ex. 12, let OP =p, Od=r, AP=L.
Show by means of Ex. 12 that

P=p—r'=(p—r)(p+7r).
Since p 4+ is the length of the whole secant from P through O
to the opposite side of the cirele, and since p— 7 is the external
segment of this secant, show that the preceding equation also
results from § 169,

14. In any right triangle ABC (see Fig. 126, p. 151), draw
a cirele with radius OB about ! as center, Using the lettering
of Fig. 126, veprove Th. VI by means of § 169, by showing that
AB* = AE - AD=(ACQ— EC)(AC+ CD)
= (AC—CUB)(AC+ OB)
=AC*— OF,
or AC*= AB* 4 OB

198. Definition. The projection of a line A B upon another

8
A / /iB B
| | N
C 4 4 3 - I ?‘ —D

|
1
N M N PR I
' I/B
A
line ('D is the portion of ("D cut off between the perpendicu-

lars drawn from the extremities of AB to C'D. Thus, in the
figure, MY is in each instance the projection of AB upon C'D,

: —————

Fra. 137
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199. Theorem VIL [Tn any triangle the square on Ui
side opposite the acute angle is equal to f’fu: sum of ’-'.hf‘-
squares on the other two sides diminished lby.i’wice
the product of one of those sides and the projection of
the other upon it.

A
A
¢ b :
h
1
!
c T B c
ke = | .
] L I ._____p-_..__.._.—.,.l
o p==_i I R i
Fio. 138 Fra, 159

Given the A A B(in which €' is an acute angle: Tet a, b, ¢
be the sides opposite the angles A, B, U respectively and let
p represent the projection of b upon o.

To prove that  ¢*=a® 4 0" — 2 ap. _

Proof. Draw the altitude & upon the base a. Then, in
Fig. 138,

ot = I (0 — p) “:]1_\' '

But =0 —pt; “'hy :

hence Te=R—pa—-2ap+p Why !
or G=u 0 —2ap

Likewise, in Fig. 189, we have ¢ =h"+(p — a)*. The re-

maining details in this case are left fo the student.
EXERCISES )

1. Show that if b=e¢ in Fig. 188, a'=2ap, or a=2p.
Compare § 43.

2. Show that if ¢ = a in Fig. 138, i* =2 ap.

3. Show, from Ex. 2, that the base of any isogceles tria.n;]e
is a mean proportional between one of the equal sides and twice
the projection of the base upon it. ¢

S

1V, § 200} PYTHAGOREAN THEOREM 177

200. Theorem VIIL 7Tiu any obtuse triangle the square

~on the side opposite the obtuse angle is equal to the sum

of the squares on the other two sides increased by twice
the product of one of those sides and the projection of
the other wpon it.

Given the obtuse A ABC A
in which ' is the obtuse
angle. Let a, b, ¢ be the b
sides opposite the angles |
4, B, O yespectively and |
let p represent the projec-
tion of & npon .

To prove that G =045 42 ap.

[The proof, being similar t that of § 199, is Jeft to the student, ]

a

Fia, 140

EXERCISES

[The symbol * means that the exercise vequires the use of trigono-
metric ratios, | ;

1. How does the square on any side of a friangle opposite
an acute angle compare with the sum of the squares on the
other two sides? Auswer the same question for the side
opposite the obtuse angle in an obtuse angled triangle.

2. Show that either Theorem VIL or VIII when applied
to a right triangle gives Theorem VI.

3. Find the area of an isosceles triangle whose side is 11 in.
and whose base is § in.

4. Prove that the sum of the squares on the diagonals of a
parallelogram is equal to the sum of the squares on the four sides.

*5. Show that the projection of any line AB on another
line C'D (Fig. 137) is equal to the product of that line and the
cosine of the angle between .48 and a parallel to €D through ..

F6. By means of Ex. 5, show that Theovem VII gives
¢ =0+ —2ab x (cosine of (). [Tur Cosize Law.]

N
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201. Problem 1. 7o construct a square whose ureq shall be
equal to the sum of the areas of biwo given squares.
E

R . M s S e
Fig, 141

Given the squares 2 and S having respectively the sides 7
and &

Required to construct a square 7' whose area shall be the sum
of the areas of R and S.

Construction. Draw a right A having » and s as sides.

Upon the hypotenuse & of this triangle construct a square 7%
This is the square desived.

The proof follows immediately from Theorem V1 and is
therefore left to the student.

EXERCISES

1. Show how to construet a square equal in avea to the sum
of three given squares. (eneralize your answer to the case of
any number of given squares.

2. To construet a square equal in area to the difference of
two given squares.

3. Show that a square erected on the diagonal of a given
square is equal to twice the given square.

4. Show that the square evected on half the diagonal of a
square is equal to half the given square.

5. Construet a square equal to a given triangle.

[Hixr. ‘The side of the square is the mean proportional between the
base and half the altitude of the triangle. Why V) |
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202. Problem 2. 7b construct a triangle whose area shall be
equal o that of a given polygon.

Given the polygon
ABODE,

Required to construet
a triangle equivalent to
ABCDE.

Construction. Draw
£ and throngh % draw
EF|I DA and meeting
BA prolonged at F Fia, 143
Iwaw DF.

Then the polygon FBCD has one side less than the polygon
ABCDE, but is equivalent to if.  (See proof below.)

This process may be continned until the last polygon reached
is the triangle desired,

Proof. A AED=A AFD, since each has the same base A0
and their altitudes are equal. § 190, d

Adding polygon ABCD to both members of this equation, we
obtain Polygon FBCD = Polygon ABCDE.

Similarly we have Polygon FBCD = A FGD.

Therefore A FzD is the triangle required.

EXERCISES

1. Construct a triangle equivalent to a square whose side is
2in. Is your triangle the only such triangle ¢

2. Construct a square equivalent to a given parallelogram.

[Hixr. The side of the square is the mean proportional between the
base and aliitnde of the parallelogram,  Why ?]

3. How could a square he constructed that would be equiva-
lent to a given pentagon ?

[Hrxr. Construct a triangle equal to the giyen pentagon ; then pro-
ceed as jn Ex. 6, p. 178, ]
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MISCELLANEOUS EXERCISES. CHAPTER IV
[The symbol * means that the exercise involves Trigonometric ratios. ]

1. Find the area of a square whose diagonal is 30 ft. long.

2. Find the difference in boundary between a rectangle
whose base is 16 ft. and a square equal to it whose side is 12 ft.

3. Prove that the diagonal of a trapezoid divides it into two
triangles whose areas are proportional to the bases.

4. Show, by Ex. 3, that the perpendiculars let fall upon
one diagonal of a trapezoid from the ends of the other diagonal
are proportional to the parallel bases.

5. Show how to find, from proper measurements, the area of
a vacant lot bounded by four streets, only one pair of which are
parallel,

é. A field of the form of a right triangle containing 9 acres
is represented on a map by a right triangle whose sides are 17
in. and 25 in. On what scale is the plan drawn ¢ [1 acre =4840
sq. yd.]

7. What is the locus of all points such that the sum of the
squares of the distances of any one of them from two fixed
points is equal to the square of the distance between those two
points ?

8. Obtain the formula for the area of an isosceles right
triangle whose hy potenuse is % '

9. Obtain the formula for the area of an isosceles triangle
whose base is b and whose side is a.

10. From Ex. 9 derive a formula for the area of an equi-
lateral triangle.

11. If one side of a right triangle is three times the other,
how long is the hypotenuse as compared with the shorter side ?

12, In Ex. 11, what are the lengths of the segments of the
hypotenuse made by a perpendicular from the vertex of the
right angle, in terms of the smaller side of the triangle ?

—
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13. A channel for water has a cross section which is of the
form of a trapezoid ABCL.

If AP and BC are known and the total height A of the
channel 15 known, find the area of the
cross section.

If the depth of the water is A, find
the avea of the ¢ross section of the water
in the channel; (1) when A= H/2; g
(2) when k= H/4; when h=2 /3.

IFind the length of CD in terms of I if the angle A0 is 43°,

If the water level is EF, find CF in terms of %, if the angle
ADC is 457,

14. Do the areas mentioned in Ex. 13 change if BC, H, and
AD remain tixed, but the angles at B and € are changed as
represented in the figure? Explain your answer

15. The area of a field may be found in the following way :
un  (stake out) a line
(base line) AL From
certain  points in  the
boundary of the field the
distances to this line are
measured, as a, b, ¢, d, e,
1. gy and the distances, j,
k, &, m, n, 0, are also meas-
ured. Complete the de-
seription of how to proceed.

=

16, To lay off a right angle, carpenters frequently use three
sticks 3 fr., 4 ft., and 5 ft. long, respectively. Show that
these sides form a right triangle.

17. Show that any multiples of 3, 4, 5, may be used in plice
of 3, 4, 5 of Ex. 16,

18. Can yon discover any three integral numbers a, b, ¢, not
wultiples of 3, 4, 5, for which @ 4 #* = 27
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19. Prove that if the middle point of one of the non-parallel
sides of a trapezoid is joined to the extremities of the other
non-parallel side, the arvea of the triangle thus formed is equal
to half that of the trapezoid.

20. W is a wall having a round corner
upon which a gutter is to be placed, and it
18 desired to find the radins of the civele of
which ABC is a quadrant. If the line AC
measnres 24 ft., show that the desired radius
will be about 17 ft.

21. Find the diagonals of a rhombus whose side is 6 {f. 1 in,
and whose area is 9 sq. ff.

22. Find a formula for the altitude & of an equilateral tri-
angle in terms of one side ¢, and find the ratio of this altitude
to (1) the whole side, (2) one half of
one side,

* 23. From Ex. 22 show that the sine
of 60° is equal to v3/2. Show also
that the cosine of 60° is equal to 1
and that the tangent of 60° is equal
to V3, (See § 177.) Check by means
of the table, p. 155.

* 24. By means of an isosceles right triangle, show that the
sine of 45° and the cosine of 45° are each equal to vV2/2, Check
by the table, p. 155, :

* 26. Turning the figure of Ex. 23
into the new position shown below,
find the sine, the cosine, and the tangent
of 30°.  Check by the table, p. 155.

*28. Ex. 11 may be restated as fol-
lows : if the tangent (§ 177) of an angle
is 3, what is the cosine of that angle? Show, by Ex. 11, that
the cosine of the angle is 1/7/10. Check by the table, p. 155.

C

[~]
=]

A

o AT S

-
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27. How much leather is required to cover a window seat,
in the shape of half of a regnlar hexagon, if the length of each
of its three sides is 5 ft. ?

28. Show how to construet a line parallel to the bases of a
given parallelogram or triangle that shall divide the figure
into two parts that are equal in area.

29, Prove the Pythagorean theorem by means of some one
of the adjoining figures,

.

(a)

Nore. Figure (a) is said to be the one used by Pythagoras,
whao discovered the theorem.

Fignre (b) is due to Bhaskara, a native of India, abont
1150 a.n.

The figure used in § 196 is that nsed by Euclid, who wrote a
famous treatise on Geometry about 250-300 n.c.

30. Prove the fact stated in Ex. 9, p. 157, by means of § 189.

31. A room is 18 ft. long, 14 ft. wide, and 10 ft. high.
Find the length of one diagonal of the floor. Then find the
length of a string stretched through the center of the room
from one corner at the foor to the farthest opposite corner at
the ceiling. Ans. 24,9 ft.

32. If n is any integer, show that 2, #»*—1, and n 41 are
infegers that arve proportional fo the three sides of a certain
right triangle. Find these three integers when n=2: when
n=4.
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33. Any polygon described on the
hypotenuse of any right trangle as
one side is equal to the sum of the
two similar polygons drawn on the
sides, respectively, with the corre-
sponding side as one side of the
polygon. Prove this statement.

[Hixr. Suppose the similar polygons
are triangles, as in the figare. Then

PiQ = a?/c¢® B/Q = b%/c?; hence @ ="'+ R.]
34. Show how to construct the side of an equilateral triangle
whose area is the sum of two given equilateral triangles.
85. Inany triangle ABC let us write
s=(a+b+4c)/2, where a, b, ¢, are the
three sides. Show that

Area A ABC =+/3(s — a)(s — b)(s — ¢).

Outline of Proof. Let A be an acate
angle, aud let & be the altitude from €'; then we have

M=a'— ALV,

but V=a'+c¢"—2¢- 4D, by § 199,
3 w4t — T date —(a®+ e — b5
hence & =u.’~—|: T = T

=[Ract(a®*+ & —)][2ac—{a" 4 & — )] +4c%
But a4 (@4 =) =(a*+2ac+ %) —b*
)
= (a + oY =P =(a+c+ b}(l{ 40— ?.l)

o=y (’iﬂﬁ) (f"_,‘t___i’__"_f_':: 332 !)) =4 s(s—D).

Likewise
2ac— (@4 =) =b—(a—c)P=4(8—c)(s—a).
Hence WP=da(s—a)(s—bls—e)+¢
and Aren A ABC=h+¢/2 =Vs(s—a)(s = b)(s—e)

15 in. long.
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86. Find the area of a triangular field whose sides are, re-
spectively, 80 rd., 220 rd., 200 rd.  [1 acre = 160 sq. rd.]

87. Find the area of a parallelogram whose sides ave, re-
spectively, 8 in, and 10 in, long, and one of whose diagonals is
Ans. 74.0 sq. in.

38. Tind the area of a triangle, given two sides 15 ft. and
25 ft., and their intluded angle 30°,

* 39. Find the arvea of a triangle, given two sides 15 ft. and
25 ft., and their included angle 40°, Ans. 1205 1.

40. Show that the area of any triangle is s.r, where
s=(a+b+c)/2, as in Ex, 35, and r 18 the radius of the in-
seribed civele, (See § 124))

41. Bhow that the area of any polygon cirenmseribed about
a circle is half the sum of its sides times the radius of thg
cirele.

42. Comparing the fwo results of Exs. 35 and 40, show that
the radius of a cirele inseribed in any triangle is

43. Show that in any triangle one of whose angles is 120°,
the square on the side opposite the larger angle equals the sum
of the squares on the other two sides plus the product of those
sides.

44. Show that in any triangle one of whose angles is 60° the
square on the side opposite that angle is equal to the sum of
the squares on the other two sides diminished by the produet
of these two sides.

* 45. Show, in Figs. 138 and 139, that & = b x (sine of £ C);
hence show that the area of the triangle AB( is

Area A ABC =) ab X (sine of £ (),

* 46. Prove Theorem 1V, § 193, by means of Ex. 45,
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CHAPTER V

REGULAR POLYGONS AND CIRCLES

203. Regular Polygon. A polygon that is both equiangnlar
and equilateral is ealled a regular polygon. (See § 96.)

EXERCISES

1. Construet a quadrilateral that is equilateral but not
equiangular. What are such quadrilaterals called ?

2. Construct a quadrilateral that is equiangular but not
equilateral. What are such quadrilaterals called ?

8. Draw a guadrilateral that is neither equiangular nor
equilateral.

4. Construct a regular polygon of four sides. What are
such quadrilaterals ealled ?

5. Is an equilateral triangle a regular polygon? Why ?

6. What is the size of each angle of a regular polygon of
seven sides 7  (See § 97.)

7. If three eqnal rods are hinged together at their ends in
the form of an equilateral triangle, is the framework rigid ?

8. If four equal rods are joined together at their ends by
hinges, is the framework formed necessarily a sqnare? Can
the angles be changed withont changing the lengths of the sides?

9. If five equal rods are hinged together at their ends in
the form of a regular pentagon, is the framework rigid ?

10. Will the framework of Ex. 8 be rigid if a stiff rod is in-
serted along one diagonal? Along how many diagonals must

rods be inserted in the framework of Ex. 9 to makg it rigid ?
180
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204. Theorem I [ a circle is divided into a number
of equal arcs :

(a) the chords joining the points of division form a
reqular inseribed polygon ;

(b) tangents drawn at the points of division form o
reqular circumscribed polygon.

e, 143

Given the circle divided into the equal aves AB, BC, €D,
DE, and EA by the chords AB, BC, CD, DE, and EA; and
given the tangents PQ, QR, RS, ST, and TP, touching the
circumference at the points B, (!, D, E, and A, respectively.

To prove that () ABCDE is a regnlar polygon:

(b) PQRST is a regular polygon.

Proof of (a). Since ,ﬂf:{iﬁ('sr;’rf)=!)ﬂ£‘=ﬂ‘?). Given
Aves ABC, BCD, CDE, DEA, and EAB are equal.  Why ?
Hence £ ABU = £ BCD = £ CDE, ete. Why ¥
Also AB=BC=CD= DE, ete. Why ?
it follows that ABCDE is a regular polygon. § 203

Proof of (b). Show that A APE > A BQC by showing that
AB=BC, Z PAB = 2 QBC (§ 137), and £ PB4 = £ QOB.
Likewise A APB >~ A CRD, ete, Then show that PQ = QR
—ete.; and £ P =24 Q=ete.; and thus prove the polygon
PQRST a regular polygon.
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205. Theorem IL (a) A circle may be circumscribed
about any reqular polygon ;
(b) a circle may also be inscribed in il.

Given the regular poiygon ABCDE.

To prove that (a) a eivele may be civenmseribed about it ;
() a eirele may be inseribed in it.

Proof of (a). Pass a cirele through the points A, B, and C.

£ 120

Join the center O with the vertices of the polygon.

Then OB = 0, and AB= CD. §§ 103, 203

Moreover £ OBA =4 DOB, § 203
and ZC0BO =42 0CB, § 40

Therefore Z0BA= £ 00D, Ax. 2
so that AQAB=A OOD; § 35
hience 04 = O, and the circle passes through D. Why ¢

In like manner show that the eivele passes through E.
Hence the cirele is cirenmseribed about the polygon. § 114
Proof of (b). The sides of the regular polygon are equal
chords of the circumseribed circle. Therefore they are equally
distant from the center. §109
The cirele with O as a center and the perpendicular from the
center to any side as radius is inscribed in the polygon. § 114
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206. Definitions. The common center of the eirenmseribed
and inseribed eirvcles is ealled the center of the reqular polygon,

The radius &£ of the eircumseribed eirele is ealled the radins
of the regular polygon.

The radius » of the inscribed cirvele is called the apothem of
the vegular poliygon.

The perimeter of a polygon is the sum of the lengths of ifs
sides.

207. Theorem III. 7'he arca of a reqular polygon is
equal to half the product of ils apothem and perimeter.

Given the regular polygon ABCDE ..., Fig. 145. Let its
perimeter be denoted by p and its apothem by .

To prove that ABCD ... =pr/2.

Proof. Draw the radii 04, OB, OC, ete., Fig. 145, thus
making as many triangles as the polygon has sides,

The altitude of each triangle is the apothem r, and each base
is a side of the polygon: hence, the area of each triangle is
half the product of » and one side of the polygon. § 189

Since the sum of all the bases is the perimeter p of the poly-
gon, and the sum of the areas of the triangles is the area of
the polygon, it follows that

Area of ABCD - = pr/2.

Compare this result with Ex. 41, p. 185,
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EXERCISES

1. If n represents the number of sides of a regular polygon,
show that the angle at the center subtended by one side is 4 /n
right. angles.

2. Find the angle at the center subtended by one side of an
equilateral triangle; of a square: of a regular pentagon; of a
regular hexagon. Draw these figures by meaus of a protractor.

3. Prove that any angle of a regular polygon is supple
mentary to the angle at the center subtended by one side,

4. Find the number of degrees in the angle at the center
subtended by one side of a regular octagon. Find the size of
one angle of the octagon by means of Ex. 3; and then check
your answer by § 97. Draw the figure,

5. How many sides has a regular polygon if the angle at
the center subtended by one side is 40°7

6. If one angle of a regular polygon is 140° what is the
number of its sides ?

7. Find the area of a regular hexagon whose side is 6 in.

8. Two squares have for their sides 8 and 11 in., respec-
tively. Find by § 207 the ratio of their areas.

9. Two squares have arveas of 144 sq. in. and 225 sq. in,
respectively. What is the yatio of their perimeters ?

10. Find the ratio of the perimeters of squares inseribed in
and circumscribed about the same cirele. Ans. 1:V2.
11. The perimeter of a regular inscribed hexagon is 30 in.
Find the perimeter of a regular hexagon circumseribed about

a circle of twice the dimmeter. Ans. 69.28 in.
12. T'ind the area of an equilateral triangle circumscribed
about a eircle whose radius is 12 in. “Ans. T48.25 sq. in.

13. Find the apothem of an equilateral triangle of which one
side is 6 in. (Use Th. XXXIII, § 102.) Hence find its area
by Theorem ITL. Compare with the result of Ex. 6, p. 174.
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208. Areas of Inscribed and Circumscribed Regular Poly-
gons. 'The arvea of a vircle is evidently greater than the area
of any regular polygon inseribed in
it. (17, § 31.)

By doubling the number of sides,
we obtain regular inscribed poly-
gons whose areas are more nearly
equal to that of the cirele, as in-
dicated in the figure,

Thus the area of a regular in-
seribed octagon, for example, 15 evi-
dently more nearly equal to the
area of the circle than is the area
of an inseribed square.

The area of a cirele is also evidently less than the avea of
any cirenmseribed polygon.

Fio. 146

209. Perimeters. The perimeter of any inseribed polygon
is evidently less than the length of the civeumference (Post. 3,
§ 28); we shall also assnme that the length of the eircumfer-
ence is less than that of any cireumscribed polygon.

210. Areas and Lengths of Circles. Since the regular
nseribed and regnlar ciremmseribed polygons approach, both in
length and in avea, vearer to one another and to the cirele,
as the number of sides is doubled, we may say:

1f the number of sides of the regular inseribed and vegular
cirenmseribed polygons is repeatedly doubled,

(@) their ureas approuch the wrea of the civele as o common
limit ;

(b) their perimeters approach the length of the circumference
of' the civele ag a common linit,

It is also obvious that the apothem of the inseribed regular
polygon will approach the radius of the cirele, under the same
circumstances.
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211. Theorem IV. The circumferences of two circles are to
each other as their radii.

A B 3 Al
Fr, 147
Given two circles O and 0' whose radii are r and 7',
To prove that the length of their circumferences ¢ and ¢' are
to each other as their radii; that is,
pfa =
Proof. Draw inscribed regular polygons > and P, of the
same number of sides in each cirele, let the perimeters of these
polygons be pand p', and let the corresponding sides be s and s',

Then P~ P § 166
and p/pt = /¥ § 167
But 3/s' =r/r

since the triangle two of whose sides are s and 7 is similar to
the triangle two of whose sides are s’ and 7',

Henee p/p' =r/r's J Ax. 9

Sinee p and p' approach ¢ and ¢ if the namber of sides is
repeatedly doubled, the ditference p/p' — /e’ can be made as
small as we please by donbling the nnmber of sides repeatedly ;
hence also r/r' — ¢/¢' can be made as small as we please,

But /' and e/¢' do not change at all as we increase the
number of sides of the polygons; hence

. rfr! =c/e,

for if r/r' and ¢/¢' differed from each other, their difference
would be fixed, and therefore not as small as we might please,
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212. Corollary 1. 7heratio of a circumference to its dicmeter
i3 the same for all civeles.

For, sinee e/c'=r/r' (§ 211), we have also, if d and d' are the
dimmeters, d/ad'=2r/2v' =/’ = /¢

Hence by alternation (Theorem D, § 144), ¢/d = ¢'/d".

213. The Number w. The number obtained by dividing the
circwmference of any civele by its diameter, which, by § 212, is the
same for all civeles, is denoted by the (freck letter & (pronounced
pi). This number, which is about 51 (or, more accurately still,
3.1416), will be computed approximately later in this chapter.

214. Corollary 2. In any circle c=rd, or c =2 wr, where r
is the radius, d the dicineter, and ¢ the length of the circumference,

3 O E
For, since . = (§ 213), e ==d; orsince d=27r, c=2xr.
L

EXERCISES

1. Tind the length of the civcumference of a cirele of radius
21t [Take = = B Ans. 4 7 fu,, or 12,67 ft.

2. It the radius R of the earth is 4000 mi., what is its
circumference at the equator? [Take = = 38L] How much
is this result affected by taking the more accurate values
R - 39!".3 ﬂ]i,, - g— 3.1-’-1“.

3. Find the diameter of a civele whose ¢ireumference is 40 in,

4. Measure the circumference of some round ohjeet, such
as a porch column, by stretehing a string around it tightly and
then measuring the string.  Now compute the diameter.

5. How wide must a plece of tin be eut in order to be made
into a stovepipe 8 in. in diameter ? Ans. 8w in., or 251 in.

6. Show how to find qunickly the approximate length of
wire in a coil by measuring the diameter of the coil, and count-
ing the number of strands.

7. What is the length of an ave that subtends an augle of
60° at the center of a cirele whose radius is 5 ft. ?

U
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215. Theorem V. The area of a circle is equal to one
half the product of its radius and its circumference.

 \Ely ad
Fia. 148

Given the circle O, with radius », cirenmference ¢, and
area A.

To prove that A=nrof2.

Proof. Circumseribe a regular polygon about the cirele,
Let 4" denote its area and p/ its perimeter.

Then A= /3 § 207

As the number of sides of the regular civeumseribed polygon
is increased, p’ approaches ¢ as its limite § 210

Hence rp//2 approaches re/2 as a limit.

Also A" approaches 4 as a limit, § 210

Therefore the difference between 4 and re/2 must be as
small as we please, as in § 211. It follows, as in § 211, that
A=re/2.

The stodent should state carefully all of the remaining steps
in the argument.

216. Corollary 1. The area of a circle is equal to T times the
square of its radius, thut is, 4 = =r.
For, by § 215, A =r¢/2; but ¢ =2 7r;: hence 4 = n.

217. Corollary 2. The arcas of two circles are to vach other

as the squares of their radii. :
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Norn, The very famous problem of “squaring the cirele,”
that is, of constructing the side of a square whose area equals
that of a given eirele, depends on determining the value of .
We now know that this construction is impossible with ruler
and compasses; but the ancient Greeks and the Schoolmen of
the Middle Ages spent much time attempting to do it.

218. Sectors. The area of a sector bears the same ratio
to the area of a circle as the angle of the sector bears to 360°
For example, the area of a sector whose are is 36° is 1/10 the
area of the cirele.

219. Circle divided into Sectors. A circle may be cut into
equal sectors and arranged as in the following figure.

FiG. 149, Cirele divided into Sectors

Each sector approximates the shape of a triangle. The area
of each sector is equal to one half the product of its are (base)
by its radins (altitude), Their sum equils one half the whole
eircumference times the radius.

EXERCISES

[Exercises that involve the number » shonld be worked through first
in terms of the symbol & ; then the valne 3} should be substituted for it
Thus the area of 1 of a circle whose radius is 6 inches is 1. 6. » 8q. in.
= U 5q. in. ; substituting = = 3}, we find the resalt 283 sq. in.]

1. Find the area of a circle whose diameter is 14 in.

2. Find the avea of a square circumscribed about a eircle
whose radius is 2 ft. What is the ratio of the area of the
circle to the area of this square ? Ans. 16 sq. ft.; =/4,0r11/14.
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8. The cireumference of a circle is 14 ft. Find its radius
and its area.

4. The area of a circle is 24 sq. in.  Find its radius.

5. What is the cl:auge in 1h| aren of a civcle, if its radins
is multiplied by 22 by 52 by -

8. The eifect of an explosion in a large powder f.]mn-. was
felt for a distauce of 10 mi. wr every direction, How large an
area was affected ?

7. A tinner is to cut the largest possible square from a cir-
eular piece of tin. What proportion of the tin will be left

8. Find the area of a sector in a cirele of radius 3 ft. if the
angle of the sector is 45°; 60°; 307; 80°.

9. If a tinner cuts from the same sheet of tin two civenlar
pieces, one of which is twice as wide as the other, how much
heavier is the larger one ?

10. If it is desired to cut two cirenlar weights ont of a flat
piece of metal, how much wider must the larger be to weigh
twice as much, the thickness being the same ?

11. A steel rod whose cross-section is 1 in. square weighs
3.4 1b. per foot of length. Find the weight per foot of length
of a round rod 2 in. thick of the same material.

12. Find the weight per foot of length of a “aterpipe whose
outer diameter is 3 in., and whose inmer diameter is 2.75 m 3
made of the materal mentioned in Bx. 11.

13. Show that the area of a cirenlar ring
contained between two concentrie cireles of
diameters D and  is

A=’(D’Id})’ s L") d D4d

o

14. How much water per hour (in cubie
feet) will flow through a pipe whose inner diameter is 3 in,
if the water is flowing 3 ft. per second ? |
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220. Problem 1. Gliven the side and radius of a regular in-
seribed polygon, to find the side of @ regular inscribed polygon of
double the wuwmber of sides.

Frg. 156

Given 4B, the side of a vegular inseribed polygon of radius r.

Required to find AC, a side of the regular inseribed polygon
of double the number of sides.

Selution. Draw the diameter OF, and the radius 40. Also
draw AE.

Now OD L AB st its middle point. Why ?

Hence OD =+*—1 4B, Why ?
or OD= V¢ | 4B,
and CD=r— ,I:i AR

Also AQ? cOD=2r.CD: § 163
that is, A0 = \"r'.f wWr — '\/u"_ —-TTI?

= \/J‘(_'.’ r— \/4 ;"?:IB'N).
221. Corollary 1. If r =1, and s = the side of the inscribed
poluygon,
AC=V2_Vi—¢.
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222. Problem 2. To compute approximately the value of .

The perimeter of a regular hexagon inscribed in a circle of
unit radius is 6 units. (Why ?) By nsing the formnla in § 221
and computing successively the perimeters for polygons of 12,
24, 52, « - ., and T68 sides we get the following resulfs:

Numtae or Sinns Lexarn oF oNn Sipe Taxarn or Pemiveres
12 61765809 0. 21165708
24 20106238 1, 26525722
48 1H080626 G.27570041
a6 D6513817 0.282003090
182 03272340 13, 28200510
S84 i 01636248 3, 268311544
68 J0B18126 | 0, 28316041

By continuing this process it is found that the first five
figures in the decimal remain unchanged. Hence 6G.28317 is
a close approximation to the circumference of a circle whose
radius is 1.  Sinece the diameter is 2, the ratio = of the circum-
“ference to the diameter is, approximately,

_ 628317
9

= 3.1415% (usually written 3.1416, or 31).

Nore. A still more aceurate value ean be compnted by con-
tinuing the preceding process. 1t has been proved that the
unmber # cannot be expressed precisely by any finite decimal.

The fact that = cannot he expressed precisely is equivalent
to the statement that the dicmeter and the circumference of o
circle are incommensurable to each other (5 128). DBut we can
obtain, by the preceding process, as great accuracy as we please,

The value is known to over 700 decimal places. To ten
places it is + = 8.1415926536, but such aceuvacy is never neces-
sary inany ordinary affairs. As a cariosity, we quote the value:

= 5. 1A1592653580T9582584 6264338327 U502884 1971693993751,
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223. Problem 3. 7o inscribie a square G
in a given cirele,
Given the ecircle 0, \
To inscribe a square in circle O, b B
Construction. Draw two diameters AC \
and DB perpendicular to each other,
Draw AB, BC, (D, and DA. A
Then ABCD is the square desived. ¥g: 181,
Proof. [The proof is leff for the student, ]

224. Problem 4. 70 inscribe a regular hexagon in a given
cirele.

Given the circle (),

To inseribe a regular hexagon in circle 0.
Construction. Draw the radius 0.1 and O}
with A as a center and radius 04 draw an
are cutting the cirele in B. Then AR is
the side of the hexagon desired. FiG. 162

Outline of Proof. Draw OB and show that AR subtends a
central angle 60°,

EXERCISES
1. Show how to inseribe an equilateral triangle.
2. Show how tfo inseribe a regular polygon of twelve sides.

3. Sinee one side of an iuseribed square subtends a central
angle 907 and one side of a regular inscribed hexagon subtends
4 central angle of 60° show that if one vertex of the square
coincides with one vertex of the hiexagon, the next vertices are
at the extremities of au are of 30°,

4. Show how to inscribe a regular polygon of eight sides.

5. Show how to inseribe a regular polygon of twenty-four
sides directly from an inseribed regular octagon and a regular
inseribed hexagon.
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225. Problem 5. 7o iuseribe o regular decagon,

Given the eircle 0.
Required to inseribe a regular decagon in the given circle.

Fia. 153

Construction. Draw the radius Ol aud divide it in extreme
and mean ratio at ¢, having the larger segment next fo the
venter. § 172

Then O : OG = 0G : GA, and OG is the side of the decagon
required. By applying OG' ten times to the circle as a chord,
the desired regular decagon is formed.

Proof. Draw OB5 and BG.

Sinee 04/06G =06G/GA and OG = AB, Const.
we have OA/AB= AB/GA; Why ?
henee A OAB ~ A ABG. Why ¢

Therefore £ 0= £ ABG and £ AGB = £ ABO. Why ?

But Z OAB= £ ABO; Why?
hence £ AGB=Z GAB, and 4B = BG = (-0, Why ?

Therefore Z 0=2£ GBO. Why ?

But we have shown 2 0= /2 AR,
hence, adding, 2 £0=./ OBAd= 2 0AB.

Now L0+ LOBA+ L OABR=271t. A ~ Why ?
whence b LO=2rt 4 Why ?
or L 0=1/80f 2xt. 4, or1/10 of 4 rt. 4.

Therefore the are AB is 1/10 of the circumference, and the
chord AB, equal to O, is a side of a regular inscribﬁ(l decagon.
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EXERCISES

1. Show how to inseribe a regular pentagon in a eircle,

2 Show how to inseribe regular polygons of 20, 40, ete.
sides in a given circle, !

3. Show that if one vertex of a regular inscribed pentagon
coineides with one of a regular hexagon inscribed in the same
cirele, the uext vertices are extremities of an are of 12°. Hence
show how to inseribe a regular polygon of 30 sides.

4. Show how to inseribs a regular polygon of 15 sides
directly by nsing the regular inscribed pentagon and the in-
seribed equilateral triangle.

MISCELLANEOUS EXERCISES. CHAPTER V

1. The radius of a circle is 2 in. Find the length of the
ciretmference ; the area.

2. The area of a cirele 1s 98 sq. ft. Find the diameter.

3. The diameters of two cireles are 4 ft. and 9 ft., respec-
tively. Find the ratio vf their areas.

4. Tow many people can be seated at a round table 54 in.
in dia.metm_' when it is extended 4 ft., allowing 2 ft. to a person ?

5. Iind the perimeter of a regular hexagon inseribed in a
circle whose radius is 1 ft.; 3 ft.; a ft.

6. The perimeter of a regular inscribed hexagon is 48 ft.
What is the diameter of the cirvele ?

7. Find the pevimeter of a regnlar circumseribed hexagon,
if the radius of the cirele is 1 ft.; 3 ft.: r It

8. If the radins of a cirele is 7, find the area of the in-
seribed equilateral triangle; of the circumseribed equilateral
triangle.

9. Show that the area of the inscribed equilateral triangle
equals one fourth the area of the circnmseribed equilateral
triangle,
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10. A cow is tethered at the end of a 50 ft. rope, which is
fastened to the corner of a barn. The barn is 25 ft. wide and
60 ft. long. Over how much area may the cow graze ?

11. How mauy revolutions per mile does a 28-in. bicycle
wheel make ? Ans, 720,

12. The boiler of an engine has 200 tubes, each 3 in. in
diameter, for conducting the heat through the water. Find
their total cross sectional area.

13. Construct a regular inscribed pentagon, and draw all the
diagonals. Show that the sum of all the angles in the vertices
of the resulting five-pointed star equals two right angles.

14. A circular piece of brass has a radins of 10 in. and it is
desired to cut a hole through it equal in area to one half the
disk. What should be the radins of the hole ?

15. The central angle whose arc is equal to the radivs of
the cirele is called a radian. It is often used as a unit of
measure of angles. Show that 1 radian=180° 4 == 57.3°
approximately. .

16. A circle is eircumseribed about a right triangle and two
others are described with the sides as diameters. Prove that
the large civele equals the sum of the two :
small ones.

17. Semicircles are constructed on the
three sides of a right triangle as in the
adjacent figure. Show that the sum of
the semicireles A0'CD and BO"CE is
equal to the semicircle AOBF.

18. Coustruct a cirele equal to the area of two given circles.

19. If the limit of safety for the surface speed of an emery
stone is 5500 ft. per minunte, what is the diameter of the
largest wheel that ecan safely make 1500 revolutions per

minute ? dns. 11/(3 ) fl;.i or 14 in.
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20. Can a piece of paper 6 in. wide be used to wrap up a
circular mailing roll whose radius is 1 in, ¥

21. How many laps around a cireular running track whose
diameter is 125 yd. are necessary to make up a distance of
8 mi. ?

22. IPind the length of the curved portion of a railroad track
that connects two straight portions at right angles to each
other, given that the curved portion 15 an arc of a cirele of
radins 200 ft., tangent at its extremities to the straight portions
of the track.

Fiud the length of the curved portion if the angle between
the straight portions is 60°,

23. What is the total pressure on the piston of an engine
if the eylinder 18 20 in. in diameter and the gauge shows 76 1b.
per squave ineh 7

24. Four pumps each with a dinmeter of 5 in. are used in a
mine. I one pump were used to remove the same amount of
water in the same time, what would be its diameter, every-
thing else being the same? Anrs. 10 in.

25. When the gange shows a steam pressure of 100 1b. per
square inch, what is the total pressure tending to blow the
eylinder head ouf, if it is 18 in. in inside diameter?

26. If the water in a 3-in. (inside diameter) water main is
flowing at the rate of 5 ft. per second, how much water is
passing u given point per minute? 1 gal. =281 eu. in.

27. A water main of Gin, diameter is continued beyond a
certain point by a pipe of 4in. diameter. If the water in the

6-in. pipe is ruuning at the rate of 2 ft. per second, how fast
is the water in the 4-in. pipe running?
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204 REGULAR POLYGONS AND CIRCLES [V, §225

28. A conduit for carrying water is eivcular in form and is
10 ft. in diameter. Find the area of the total cross section. I
the water level is at EF, find the area of
the cross section of the water if the :
angle EOF is 90°; if EOF is 60°, water lavol

29. Find the amount of water flow-
ing through the conduit of Ex. 28 per
minute if £ EOF=60° and the speed is
2 ft. per second.

30. Find the length EGHF of the
portion of the circular outline, Ex. 28, which is wet when the
water reaches EF if KOF is 45°; if EOF is 60°; if EOF is
equal to 90° (This so-called “wetted perimeter” is of the
greatest importance in determining friction and therefore the
resistance of the pipe to the water flow.)

¥ 81. Find the area of the cross section of the water in the
conduit of Ex. 28 when &£ EOF — 80°, Ans. THAL sq. .

* 82. Find the area of the cross section of the water in
the conduit of Ex. 28 when the distance from O to EF is
4 ft.

33. How fast is the point on the rim of a wheel moving, in
feet per second, if the wheel is 2 ft. in diameter and is rotating
at an angular speed of four revolutions per minute ?

34. How far does a earriage move when one of its wheels
revolves (without slipping) through five complete revolutions,
if the dismeter of the wheel is 4 ft. ¥

35. How many times will the wheel of a bieyele revolve, if
it is 28 in. in diameter, in going 3 mi.? If the bicyelist goes
3 mi. in 20 min., how many vevolutions does the wheel malke
per minute ?

36. Find the angular speed of a car wheel that is 20 in. in
diameter, when the train is going 40 mi. per hour.

V, § 225) MISCELLANEOUS EXERCISES 205

87. The radius of the earth is approximately 4000 ., and
the earth makes one revolution per day. What is the speed,
in miles per hour, of a point on the equator? of a point whose
latitude is 30° ¢

38. Compare the speed of a point on the equator of the
earth, in miles per honr, with the speed of an express train
going 60 mi. per hour. Compare it with the speed of a point
on the vim of a fiywheel 2 ft. in diameter that is making 100
revolutions per seeond.

39. If a hollow pipe hasan inside diameter d and an outside
diameter I, the thickness of its walls ¢ is equal to (D — d)/2.
Show that the area of the cross section of the metal is

Dd
£d

4"1 =

Show that D4 d =2(D —1); hence show that 4 = w (Dl — 7).

40. Show that the area bounded by two concentric circles of
radii # and & and two radii of the larger one, is equal to half
the product of its altitude (R —r) and the sum of its two
cireular sides.  (Compare § 191.)

41. Show how to find the area of a city lot bounded by two
circular streets that have a common center, and two of their

radii, if the lengths of the circalar arcs are 120 ft. and 160 ft.,
and the straight line boundaries are 75 ft. long.
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APPENDIX TO PLANE GEOMETRY

MAXIMA AND MINIMA

226. Definitions. Let P be a fixed point upon the cirenm-
ference of a given circle and let a series of chords be drawn
through thig point. The longest one of all
these chords is the diameter Q) (Lx. 2, p. 91). \P

This fact may be briefly stated by saying: '

OFf all chords through P, the diameter PQ)
is the maximum (greatest). 5

Again, of all regular polygons that can be
inseribed in a given circle, thie one whose Fia. 154
area is least is the inseribed equilateral h'?— '
angle, a fact which may be stated by saying: Of all regular

Fia. 165

palygons inseribed in @ circle, the equilateral triangle has the
minimum (least) area, or simply, is the mintmum.

Likewise, of all the straight lines that can be drawn f’."”,’.’; a
Jized point to a given line, the perpendicular is the minim‘}m (§77).

These and all other similar considerations constitute the
subject of maxima and minima in Geometry. The mﬁrimt:ﬂl
of several quantities is the greatest among them ; the minimum
is the least among them. We shall now state and prove a numn-

ber of theorems related to this subject. '
206

§ 227] MAXIMA AND MINIMA 207

227. Theorem I oy
all triangles that have the
Stune lwo given sides, that
tn  whick these sides in-
clucle « vight angle is the
i,

Given the right A JABC
and any other A EBC con-
structed upon the side BC' and having its side EB= AB,

To prove A ABC > A EBC,

Proof. Draw ED | BC.

Then EB > ED, § 75

But EB=AB. Given

Therefore AB = ED, Why ?

Whence also A ARC > A EBC. (B, § 190
EXERCISES

1. What is the maximum line that can be drawn within a
rectangle and terminated by the sides? What is the minimum
line through a given interior point ?

2. Draw a circle and take any point P withinit. Construct
the maximum line and also the minimum line from P to the
cireumference. Repeat, using a point P outside the circle,

8. In the figure, " is the cylinder of a steam engine, P the
piston, PR the piston rod, L the connecting rod, and W the
driving wheel. As the engine works,
describe the position of the connect-
ing rod when the area of the triangle
RLO is a maximum, (O represents
the center of the wheel W) Answer
the same question for a minimum triangle RLO.
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228. Definition. Figures having equal perimeters ave called
isoperimetric.

229. Theorem II. O all isoperimetric triangles having the
same base, the isosceles is the mazimwm.

Given the isosceles A _ABC and any other 2 DBC constructed
upon BC and isoperimetrie to ABC.
To prove A ABC > A DBC.

AE
1
o‘iJ
s
£ 7 f
1

1

|

: ’;,4/1 ‘I’-‘
l

i

oo

FFus, 157

Proof. Prolong BA to E, making AE = BA, and draw EC.
A cirele having ol as center and BE as diameter can now be

drawn through the points B, €, and E. Why ?
Therefore £ BCE is a vight angle. Why 7
Now draw AG and DF | BC

also draw DH = D, and join B and M.
Then AB+ AC=DB+DC=DB+DH=BE. Given
Bat DB+ DI = Bl Why ?
Therefore BE > BIH.
Whenee also OB > OH. Why ¢
But (G =} CE and CF=} CIL. Why ?
Therefore ca@ > CF; Why?

and hence AN ABC > A DBC. Why?

230. Corollaryl. Ofall isoperimetric triangles, the equilateral
is the mazimun.

§ 231] MAXIMA AND MINIMA 209

231, Theorem IIL. OfF all isoperimetric polygons having the
same number of sides, the maximum is the one that is equilateral.

Fia. 158

Given the maximum polygon ABCDE of all those that can
be drawn isoperimetrie to each other, having the same number
of sides,

To prove that ABCDE is equilateral.

Proof. If ABCDE is not equilateral, at least two of its
sides, as AB and AL, must be unequal; and we may construct
an the diagonal BE an isosceles A BFE which is isoperimetric
with A ABE.

Then A BFPE > A ABE. § 229
Therefore BCDEF > ABCDE.

But this is contrary to hypothesis.
Therefore, AB= AE and ABCDE is equilateral.

EXERCISES

1. Show that of all triangles inseribed in a semicircle, that
is greatest which has the diameter as base and the radius, 7,
as altitude. Tts area is equal to 7%

2. Compare the area of the triangle of Ex. 1 with that of the
semicirele; with the area of a square inscribed in the cirele.

3. Show that of all isoperimetric quadrilaterals, the maxi-
mum is a vhombus; show furthermore that it is a square,

4. Prove that of all parallelograms having given sides, the
rectangle is the maximum. What does this theorem become
when stated with reference to jointed frames? (See Ex.7,p.165.)

P
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232. Theorem IV. OF all polygons with sides all given but
one, the maximwm (in area) can be inseribed in a semicirele
having the widetermined side jor its dicmeter,

Fia. 159

Given the lengths of all sides of the polygon ABCDE,
except B ; and given that ABCDE is the maximum polygon
(in avea) that has the given sides and any other side 4.

To prove that ABCDE can be iuscribed in a semicircle whose
diameter is the remaining side, L

Proof. From any vertex, as €|, draw (4 and CE.

The A ACE must be the maximum of all A having the
given sides (A, OF; otherwise, by inereasing or diminishing
the £ ACE, meanwhile keeping the lengths of €A, C'E un-
changed, as also the form of the figures, ABC, CDE, but allow-
ing A and E to shde along M.N while (" is lowered or raised,
we can inerease the A ACE, while the rest of the polygon
remains unehanged in avea. Hence, unless A JACE is the
maximum, we can by such proeesses inerease the avea of
ABCDE. 'To increase in this way the area of ABCDE is,
however, to deny the hypothesis that ABCDE is the maximum
polygon. Hence, the A ACE is the maximum that can be
drawn, having the sides AC, UK.

Therefore, A ACE is a right triangle, § 227
Henee, also, €' lies ou the semicirenmference of which AE is
diameter. Why ¢

Likewise, every vertex can be shown to lie on the semicir-
cunference whose diameter is AE; that is, the maximum
polygon ean be inseribed as stated in the theorem.,

§ 234] MAXIMA AND MINIMA 211

233. Theorem V. Of all polygons with the same given sides,
that which can be inseribed in a cirele is the moximum.

Fi6. 160

Given a polygon ABCDE inscribed in a circle and mutually
equilateral to another given polygon, A'B'C"D'E’, which can-
not be inseribed.

To prove ABODE > A'BC'IVE,

Proof. From A draw a diameter AF and join F to the
adjacent vertices, D and (. On ("D'(= OD) construct
ACFD>~ACDF and draw A'F'.

Then, ABEDF > AE'DF and ABCF > A'B'C'F'. § 232

Adding these two inequalities,

ABCFDE > ABCF'D'E'.

Take away from the two figures the equal A CFD, CF' D),

and we have, ABCDE > A'BCD'E.

234. Corollary 1. Of all isoperimetric polygons of @ given
number of sides, the moaximumn (s regular.

EXERCISE

1. If in the figure of § 232 we rvegard the sides AB, BC,
ete., as stiff rods and assume that the rod AB is attached to
the rod BC' by means of a hinge at B, with a similar arrange-
ment at each of the joints, we have what is known as a jointed
frame. Considering all the different forms which this jointed
frame ABCDE can assume, what can be said of that one
whose area is the maximum ?
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235. Theorem VI. Of two isoperimetric vegular polygons,
the one having the greater number of sides has the grealer area.

E

g

Fia. 11

Given a regular polygon of three sides (equilateral triangle)
ABC and a regular polygon of four sides (square) @, and let
ABC and @ be isoperimetric.

To prove that () > ABC.

Proof. Draw (D from C to any point in AB, and upon CD
construet a triangle EDC which shall be congruent fo ADC;
that is, such that ED = AC and EC= AD.

The figure DBCE thus formed is an irregular polygon of
four sides whiclh by construetion has the same perimeter as
ABC. and hence the same as €. Also, it has by construction
the same area as ABC.

But @ > the irregular polygon DBCE. § 231

Whenee @ > ABC.

In like manner it can be shown that a regular polygon of
five sides is greater than an isoperimetric square, and so on.

236. Corollary 1. Tlhe circle is the maximum of all isoperi-
metric plane closed figures,

EXERCISES
1. Give the proof that a regular polygon of five sides is
greater than a corresponding isoperimetric square.
2. Show that a round can will hold more than a square can
of the same perimeter, the two cans being of equal height.

§ 238] MAXIMA AND MINIMA 213

237. Theorem VIL Of all regular polygons of the same
area, that which has the greatest number of sides has the minimum
perimeter.

Fia. 162

Given the equivalent regular polygons @ and ', of which ¢
has the greater number of sides.

To prove that the perimeter of @' > the perimeter of Q.

Proof. Construct a regnlar polygom @7 having the same
perimeter as ) and the same number of sides as @

Then @ > @7. Therefore @ > (3", § 235
Whence the perimeter of > the perimeter of Q. § 182
But the perimeter of @' = the perimeter of Q7. Cons.

Therefore the perimeter of @ = perimeter of @,

238. Corollary 1. Of all plune closed figures that are equal
i area, the circle has the minimwin perimeter,

MISCELLANEOUS EXERCISES. MAXIMA AND MINIMA

1. From two given points on the circumference of a circle to
draw two lines meeting on a tangent to the circle and making
a maximum angle with each other.

2. To inseribe the maximum rectangle in a eircle.

8. To inseribe the maximum rectangle in a guadrant,

4. Prove that of all triangles having the
same base and area, the isosceles triangle P
has the minimum perimeter.

A D
[Hixr. Prolong AB to E, making 4E = AC.
Draw ED and AD. Prove that A ACD=AAED
B c

50 that DC' = DE. Now use 3, § 28.]



SOLID GEOMETRY

CHAPTER VI
LINES AND PLANES IN SPACE
PART 1. GENERAL PRINCIPLES

239. Definitions. Solid Geometry, or Geometry of Three Di-
mensions, treats of figures whose parts are not confined to a

plane.

A plane is a surface such that if any two points in it are
taken, the straight line passing through them lies wholly in
the surface,

Fia. 163

Thus, in Fig. 103, if 4 and B are two points of a plane MN, the
entire straight line AR lies in the plane MN.  Any point O on AR lies

in MN.

A plane is said to be determined by certain points and lines
if that plane and no other plane contains those points and
lines.

240. Corollary 1. It is evident from the definition of a
plane that if a line has two of ity points in a plane, it lies wholly

in that plane,
216
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216 LINES AND PLANES IN SPACE  [VI, § 241

241. Assumptions, or Postulates.
1. A plane is walimited in eatent.

2. Through any straight Tine an
wunlimited number of planes may
be passed.  See Fig. 164

3. If a plane is revolved aboul
any straight Hine in it as an azis,
it may be made to pass through
any point in'space.

Fra. 164

4. One and only one plane can be made to pass throwgh three
points not in the swme straight line.

Fia. 165 (a) Fra. 165 (b)

Fig. 165 (a) represents a plane PQ through three points A, B, .
Fig. 165 (b) represents a plane plece of glass resting on the points of
three tacks.

5. Two planes cannot intersect eack other in only a single point.

242. Corollary 1. A plane is determined by two intersecting
lines.

Fia. 166 (a) Fra. 166 (1)

[Hixt. Consider the point where the lines intersect, and two other
points, one on each line ; then apply 4, § 241.] i

VI, § 244] GENERAL PRINCIPLES 217
243. Corollary 2. A line aud a point without the lne de-

termine a plane.,
[Hisr, Used, § 241.]

MN

Fra. 167 (o) Fio. 167 (&)

o
—

244. Corollary 8. Two parallel lines determine a plane.

Fia. 108 (1) Fie. 168 (b))

[Hixr. By the definition of parallel lines (§ 45, two such lines must
lie in a plane. Show that this is the only one.]

EXERCISES

1. Flow many planes pass throngh a given straight line in
space? How many pass through two given points ¢

2. In a earpenter’s plane the knife-edge lies along a straight
line. As soon as any rough surface has been sufficiently planed
off, the whole length of the knife-edge keeps on the surface as
the plane is moved along, Connect this fact with § 240,

3. Why are cameras, surveyors’' transits, ete.,, mounted on
three legs instead of four ?

4. Prove that a straight line ean intersect a plane in but one
point unless it lies wholly in the plane. See § 240,
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245. Theorem I. The intersection of two planes Vs @ straight
line.

Given the two intersecting planes WN ‘
and RS,

To prove that their intersection is a l
straight line. E

Proof. Let .4 and B be any two points L
cotmon to both planes. 5, § 241 Fig. 160

Draw the straight line 8.

Then every point in A8 lies in MV and also in /S, § 240

Therefore, A8 is common to the two planes.

Moreover, no point not on A8 can be common to both planes,
for the two planes would then coincide, 4, § 241

Therefore, the intersection of the planes MA and £IS is a
straight line.

EXERCISES

1. What is the locus of all points common to two intersect-
ing planes ?

2. If a sheet of paper is folded, why is the crease straight ¢

3. In how many points (in general) will three planes inter-
sect ¢ What can be said of the intersection of four or more
planes in space ?

4. Can two pencils be held in such a position that a plane
eannot be passed through them? State the geaeral fact about
a plane that is illustrated by your answer.

5. Can a plane be passed (in general) through four or more
given points in space? Can a plane be passed (in general)
through three lines all of which pass through a common point
in space ?

6. Can there be two straight lines that are not parallel and
that do not meet ?  Find a pair of such lines in Fig. 169,

—

e — ——
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PART II. PERPENDICULARS AND PARALLELS

246. Line Perpendicular to a Plane. The pomt where a
line interseets a plane is called the foot of the line on that
plane.

A straight line is perpendicular fo a plane when it is perpen-
dieular to every straight line in the plane drawn through its

Fia. 170 {a) 1 Fra. 170 (4)

foot. The plane is then also said to be perpendicular to the
line. Thus, in Fig, 170 (a), if Q) is perpendicular to the plane
MN, it is then perpendienlar to all the lines Q4, @B, QC, ete. ;
and 26 is called the distance from P to MN; see Ex. 1 below.

247. Parallel Planes and Lines. A straight line is parallel
to a plane if they never meet, however far produced. Two
planes are parallel if they never meet, however far produced.

It is to be remembered (§ 48) that two lines are parallel only
when they lie in the same plane and do not meet,

248. Corollary 1. I plane that containg one of two parallel
lives is parallel to the other line.

EXERCISES

1. Show, by § 77, that the perpendicular from a point P to
a plane MN (Fig., 170 a) is shorter than any other line that
can be drawn from P to MAN.

2. Show, by § 71, that if two obligue lines from a point
to a plane MN cut off equal distances from the foot of the per-
pendicular from P to MY, they are equal. See Ex. 1, p. 65.
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249. Theorem II. If a line is perpendicular to each of two
lines at their point of intersection, it is perpendicular to their
plane.

Given FB perpendicular at B
to each of two straight lines 4B
and BC of the plane MN.

To prove I'B perpendicular to
the plane MA.

Proof. Draw A€, and through
B draw any line, as BH, meet-
ing AC at H. Fia. 171

Prolong FB to E so that
BE = FB. Join Fand £ to A, H, and .

Then AB and BC ave perpendienlar bisectors of F'E, Const.

whence FA=AE, FC=CE. § 100 °
Therefore AAFC =4 AEC, § 45
whinee L HAF = £ HAE. Why 7

Also AHAF =~ A HAE, Why ?
and HE = HE. Why ?

Hence HB 1L FE or FB. Why ¥

But HB was any line in MN drawn through 5.

Therefore FB1 MN. § 216

250. Corollary 1. At u point in a plane only one perpen-
dicular line can be erected. Ajic

[Hivr. Suppose a second perpen- }

|

digalar line BC' could be erected (Fig.
172). Pass a plane through AB and N
BC. This plane will interseer MN ina M

siraight line, a8 DE. Then AP and

B are both perpendicular to DE at the Fia, 172

same point B, But, since AB, B, and DE il lie in the same plane,

this is impossible, by 7, § 81, ]
.

[T, —
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251. Corollary 2. From « point without o plane, only one
line can be drawn perpendicular to the
plane.

[T, If two perpendienlars, as PB
antd PA, could be drawn from P to the
plane MN, then A PEA would contiin
o right angles so that the sum of the
angles of A PBA wonld be more than
two right angles. Bt this is impossible.
Why ]

Fra. 178

252. Corollary 3. Through a given point in a straight line,
only one plane can be drawn perpendicular to the line.

[Hixr. Draw two different perpendiculars in space to the given line
at the given point, and apply §§ 242, 240. U two such planes exist, their
intersections with  plane through the given line violate 7, § 31.]

253. Corollary 4. Through a given point without a straight
line, only one plane ean be drawn perpendicular to the line.

[Hixt. Prove by reduction to an absurdity, Show that the inter-
sections of t1#o snch perpendicular planes with the plane determined by
the given line and given point would violate §58.7

254, Corollary 5. All perpendicular lines that can be drawn
to a straight line at a given point in it lie in a plane perpendicular
to the line at the given point.

[Hixr. Show that otherwise two perpendicular lines could be drawn
to the given line in the same plane at the given point, thus violut-
ing 7, § 31,]

. EXERCISES

1. Show how to determine a perpendicular to a plane by
means of two carpenter’s squares.

2. Tell how to test whether or not a flagpole is erect,

3. A spoke of a wheel is perpendienlar to the axis on which
it turns. Show by § 254 that it describes a plaue in its
rotation.
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e
. D\?N
255. Theorem IIL. 7wo planes per-

pendicular to the sume line are paratlel.

[Hixy, Show that if the two planes met,
say in a point P, § 2565 would be violated. | R c S

A
Fra. 174

256. Theorem IV. [f a plane
intersects fwo parallel planes, the
lines of intersection ure parallel,

Given the plane /@) intersect-
ing the parallel planes MN and
RS in AR and ('D, vespectively.

To prove AL CD.

[Hixt. Prove, by reduction to an

absurdity, that AB and CD cannot
meet.]

Fio. 1756

257. Theorem V. Two lines parallel to a third line (in
space) are parallel to each other. Compare § 50.

[Hixr. Let BB and C'C' be two lines parallel to a thind line A4’
(Fig. 176), The plane determined by C€' and the point B on BB’ is par-
allel to A4! (§ 248).  Therefore (§48) the line of intersection of this plane
with the plane of the parallels AA' and BB’ is parallel to 447, Hence
show, by § 49, that this line of intersection coincides with BA', so that
BB' and ¢! lie in a plane, Finally, show that BR' and 07 cannot
meet; for, if they did meet, say at a point D, the plane determined by
D and AA" would contain (§ 244) both BB and OC". ] ¢

—
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258. Theorem VI. [ two angles, not in the same plane, hove
their sides respectively paratlel and eptending in the sanwe direc-
tion, they are equal and their planes are parallel,

Fra. 176

Given the angles BAC and BU'(7, lying in the planes MN
and PG, respectively, with AB | A’B’, and AC Il ."C",

To prove that £ A = £.4', and that MN | PQ.

Proof. Take AB= A'B'; and AC = A'C.

Draw A4, BB, OC', (B, and "B

Siuce AB is equal and parallel to ' B,

it follows that ABR A is a parallelogram ; Why ?

henee 44" is equal and parallel to BB Why ¢
Similarly, A4’ is equal and parallel to CC",
Hence BB'is equal and parallel to €O, § 257
Then BE'C'(!is a parallelogram, and OB = C'B". Why 7
Therefore A ABC = AN A BT, Why ?
Henee ZA=L A, Why ?
Now P@ | AB. Likewise P I «LC. § 248

Therefore, PQ Il MN for, if not, the line of intersection of
P@Q and MN wounld meet either AB or A (or both) extended ;
hence P would not be parallel to each of them.

Nore. The similar theorem for angles that lie in the same plane was
proved in §67. As in § 67, the two angles are supplementary to each
other if one pair of corresponding sides extend in opposite directions from
the vertices.
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259. Theorem VIL. A plane perpendicular to one of two
pavallel lines is perpendicalar to the other also. .
Given the two parallel lines AB D
and CD, and a plane MN perpen- . B
dicular to 0D at (.
To prove that M\ is perpendicu- N
lar to AB. M
Proof. The parallel lines AB

and CD determine a plane (§ 244 Fra. 177

which intersects MN in some line AC, § 245
NowA( is perpendicular to 0D ; § 2406

whence A(C is perpendicular to AB, § 60

Draw any line A in the plane MN through 4.
Draw OF in MN parallel to AE through C.

Then CF is perpendicular to CD. § 246
Hence AE is perpendicular to AB, § 268
Therefore AB is perpendicular to N, i 246

260. Corollary 1. Two lines perpendicnlar to the same plane

are parallel,

[Hixt. Leét AB and CD (Fig 177) be perpendicular to the plune JLV.
Imagine a parallel €0 to A% through €. Then €0 is perpendienlar to
MN, by § 250, Hence C'D' coincides with C'D, by § 260.]

EXERCISES

1. The legs of a table lie ulong parallel lines in space. What
preceding theorem or corollary is illustrated here? Mention
other similar illustrations,

2. How many lines can be drawn through a given point
parallel to a given plane ?  If there is more than one such, what
is the locus of them all ¢

3. Given a plane and two points without it. When will the
line through the two points be parallel to the plane‘i;
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261. Theorem VIIL [/ fwo straight lines are inter-
sected by three parallel planes, the corresponding sey-
ments of these lines are proportional.

Given the straight lines
AB and OD eut by the
parallel  planes L, M,
and V.

To prove that

AL/ EB=CF/FD,

Proof. Draw B( meet-
ing the plane M i G.
Draw EF, EG, FG, BD,

and AC. Fio, 178
Then GF | BD, and EG | AC. § 256
Now AR/EB=CG/GB, and OF/FD=CG/GB §145
Therefore AB/BB= CF/FD. Why ?
EXERCISES

1. Show that if parallel planes intercept equal segments on
one line, they will intercept equal segments ou any other line.

2. In Fig. 178, AE =5, EB=4, and CF=6. What is
the value of FD?

8. Two ordinary blocks €'
and D having the respective
heights H and & we placed
upon each other as shown in
the figure.  Show that any line
AB drawn from the upper sur-
face of (' to the lower surface
of D will be divided in the
ratio J1: 4 by the point P where
<AB intersects the common surface of the two blocks,

Q

4

.,
i
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262. Perpendicular Planes. Two planes MN and PQ are
said to be perpendicular to each other when any line €D drawn
in the one perpendicular to their intersection is perpendicular
to the other plane.

Fia, 179

263. Theorem IX. If a straight line is perpendicular
to a plane, every plane containing this line is perpen-
dicular to the given plane.

Given the line C'D perpendicular to plane MN; and given
any plane P@ containing the line /D,

To prove that plane P is perpendicnlar to plane MN.

Proof. Let A/ be the line of interseetion of thé two planes
MN and P Lwagine any line ("4 in the plane PQ perpen-
dicular to the line AB.

Then D is parallel to 'L, § 52
But (D is perpendienlar to MV ; Given
hence D' is perpendienlar to MN. § 259
Since €'V is any ling of the plane PQ perpendicular to -8,
it follows that /°Q is perpendicular to MN. § 262

264. Corollary 1. The line perpendiculur to w given plane
at a given point lies in any plane through that poiat perpendicular
to the given plane.
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265. Theorem X. I each of two intersecting planes is per.
pendicular to a thivd plane, their line of intersection is perpen-
dieular to the (hivd plise.

Fia. 150

Given the planes PQ and RS perpendicnlar to plane MN
and intersecting each other in AR.

To prove that .1 B is perpendienlar to N,

Proof. Suppose that A8 s not perpendienlar to MN, but
that some other line as C'F through € the point common to the
three planes, 1s the perpendicular to M.

Then CF lies in RS and in P(Q. § 264
Hence CF comeides with AB. § 245

Therefore AB is perpendicular to MV at C.

EXERCISES

1. The blades of a side paddle wheel of a steamboat are all
perpendicular to the side of the boat. Connect this fact with
one of the preceding theorems. Do the same with the fact
that the upright edge of any building is vertical.

2. How mauy planes can be drawn perpendicular to a given
plane and passing through a given line in space ?

[Hisw, Select a point in the given line, draw the perpendicular line

thirough that point to the given plane, and consider all the planes that can
be passed through this perpendicular., |
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PART III. DIHEDRAL ANGLES

266. Dihedral Angles. The fignre formed by two inter
seeting portions of planes bounded by their line of intersection
is called a dibedral angle. The planes forming the dihedral
angle are its faces and the line of intersection is its edge.

A dihedral angle may be designated by the two letters on
its edge, or by the two letters on its edge togevher with an
additional letter on each fnce.

Thus, in the figure, the planes ADand AB are the faces and
A is the edge of the dihedral angle B-CA-D,

The plane angle of a dihedral angle is an angle formed by
lines in the two faces perpendicular to the edge at the same
point. Thus, GFE is the plane angle of the dihedral angle
B-CA-D.

The magnitude of a dihedral angle does not depend upen
the extent of its faces. If a plane be made to revolve from
the position of one face about the edge as an axis to the posi-
tion of the other face, it tarns through the dihedral angle, and
the greater the amount of turning, the greater the angle.

267. Measure of Dihedral Angles. The plane angle of a
diliedral angle is taken as its measure, so that two dihedral
angles are always in the same ratio as the magnitudes of their
plane angles. In partienlar, two dihedral angles are equal
when their plane angles are squal. '
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Dihedral angles ave right, acute, obtuse, ete., aceording as
their plane angles arve right, acute, obtuse, ete. Similar defi-
nitions exist for complementary dihedral angles, supplemen-
tary dihedral angles, vertical dihedral angles, ete. The faces
of a right dihedral angle are perpendicular to each other.

EXERCISES

1. Read the adjucent dihedral angles in the following figure.
Read the vertical, the complementary, the supplementary di-
hedral angles.

2. If two planes intersect each other, show that the op-
posite or vertical dihedral angles thus formed are equal.

[Hixr. Use §267.]

3. Show that the dibedral angle throngh which a door is
opened is measured by the plane angle through which the
bottom edge of the door moves.

4, Make an instroment for mens-
uring dibedral angles by cutting
and folding a piece of heavy paper
or cardboard in the manner shown
in the figure.

5. What is the number of degrees in one of the dihedral
angles of a bay window, it being understood that the bay win-
dow consists of three equal npright plane sections, and that
their bases form three sides of a regnlar oetagon ?
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268. Theorem XI. Ewvery point in a plane that bisects o di-
hedral angle is equidistant from the fuces of the angle.

Fia. 182

Given the plane TR bisecting the diledral angle formed by
the planes 7'M and 7'N, so that the dihedral angles M-7TS-R
and N-TS8-R arve equal; and given P-1 and PB perpendicular
to TM and T'N, respectively, from any point 2 in TR.

To prove that PA = PR.
Proof. Pass a plaue through PA aud PB and let X be its

point of intersection with S7'; let AX, BX, and PX be the
intersections of plane PAB with planes 7'M, 7N, and TR.

Plane PAB 1 planes TM and 7'V, § 263
Then plane PAB 1 ST, § 265
whence ST' L AX, BX, and PX, Why ¥
The angles AXP and BXP are the plane angles of the
dihedral angles M-ST-R and N-ST-R. Why ?

Since the diliedral angles are given equal, their plane angles
are equal, that is,  / 4xp= 2 pxp.
whenee it A AXPx>rt. A BXP, Why ¢
and therefore Pi= PB. Why ?
L]
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269. Corollary 1. . Any point not in the bisecting plane of a
dikedral angle is unequally distaut from the two fuces,

270. Corollary 2. The plane bisecting a dihedral angle is the
locus of all points equally distant from the faces of the angle.
See Nortg, § 99.

EXERCISES

1. To what theorem in Plane Geometry does § 268 cor-
regpond ¥

2. From any point within a dihedral angle perpendiculars
are drawn to the faces. Bhow that the angle formed by these
perpendienlars is supplementary to the plane angle of the
dibedral angle.

3. Prove that the twoadjacent dihedral angles formed by one
plane meeting another are supplementary.

[Thxn. At some point on the edge of the dihedral, orect a plane
perpendioular to its edge, and consider the plane sugles formed .

4. What is the locus of all points equidistant from two
intersecting planes, each of indefinite extent ?

5. What is the locus of all points in space equidistant from
two given points ¢

6. What is the locus of all points in space equidistant from
the circumference of a cirele ?

7. What is the locus in space of all points equidistant from
two intersecting lines ¥

8. What is the locus of all points equally distant from two
parallel lines ?

9. Prove that of the dihedral angles formed by a plane inter-
secting parallel planes, the alternate and corresponding angles
are equal, and the interior angles on the same side of the trans-
versal plane are supplementary.

10. Prove that all plane angles of a dihedral angle are equal.
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PART IV. POLYHEDRAL ANGLES

271. Polyhedral Angles. 'The figure formed by three or
more straight line segments that end in a common point, to-
gether with the V-shaped portions of :
planes determined by pairs of adjacent v
lines, is enlled o polyhedral angle.

The point at which the lines all meet
is called the vertex of ihe angle,

The lines in which the planes meet
are its edges: and the V-shaped portions
of the planes between these edges are
its faces. i

The plane angles in the faces at the g, 183, Porymepran
vertex are called the face angles of the ANGLE
polyhedral angle.

A polyhedral angle is read by naming the vertex and a point
in each edge.  Thus, in Fig. 185, the polyhedral angle is read
V=ABCDE,

Two polyhedral angles are congruent if they can be placed
go that their vertices coincide and their corvesponding edges
coincide. v

A trihedral angle is a polyhedral angle
that has three faces,

Thus, in Fig. 184, the three planes "4 B,
VBC, VAC, which meet at ¥ form the
trihedral mngle V-ABC,

Two tribedral angles are congruent if
the three face angles of the one are equal, Fro, 18l Tumepraw
respectively, to the three face angles of ot
the other, and are arranged in the same ovder. This can be
shown by methods similar to those of § 45. SBee also §5 561, 374,

If the intersections of a plane with all the faces of a poly-
hedral angle is a convex polygon, the polyhedral angle is a
conver polyhedral angle. i
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972. Theorem XIL. The sum of two fuce angles of a
trihedral angle is greater than the third.
v

A c

e

B
. Fia. 185

Given the trihedral angle V-ABC.

To prove that £ AVB + LBV > L AVCO.

Proof. If £ AVCis equal to or less than either of the other
angles, we know the proposition is true without further proof.

If Z AV( is greater than either of the other angles, lay off
any lengths 74 and VO on the sides of £ AVC, and draw AC.
Then draw VD in the plane AVC, making ZAVD =2£ AVB.

Lay off VB= VD, and draw 4B and C'B.

Then A AVB=AAVD. Why ?

Therefore AB = AD. Why ?

Now AB+ BO > AD + DC. Why ?
"Whance, subtracting, LBC > DO Ax. G

Therefore £ BVQ > £ DVC. §79

By construction £ AVB = Z AVD.

Adding, L AVB+ L BVC > L AVC.

EXERCISES

1. If in the trihedval angle V—ABC, £ AVB = 60°% and
Z BV(O = 80°, make a statement as to the number of degrees
inZAVC

2. Show that any face angle of a trihedral angle is greater
than the difference of the other two.
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273. Theorem XIIL. 7he sum of the face angles of

any conver polyhedral angle is less than four right
angles.

Fra, 186

Given the polyhedral angle 1™ A1BUDE with the edges enf
by any plane in the points A, B, ¢, D, E.

To prove that the sum of the face angles of the polyhedral
angle is less than four right angles.

Proof. Connect any point O in the polygon ABCDE with
the vertices A, B, (, D, E.

The number of triangles with the common vertex O is the
same as the number having the vertex V-

Now L VBA+ Z VB('>Z ABO+ £ OBC, §272
and L VABA+ ZLVAE > £ BAO+ £ OAE, ete.

Therefore the sum of the base angles of the triangles having
V" for a common vertex is greater than the sum of the base
angles of the friangles having O for vertex.

But the sum of all the angles of all the triangles whose
vertex is V7is equal to the sum of all the angles of all the tri-
angles whose vertex is 0. Why ?

Therefore the sum of the angles about the vertex V7 is less

than the sum of the angles about O, that is, less than four right
angles. .

VI, §273]  MISCELLANEOUS EXERCISES 235

MISCELLANEOUS EXERCISES ON CHAPTER VI

1. Lean one book ina slanting position against another book
that lies flat on a table, and hold a stretched string parallel to
the cover of the slanting book. Can the string have more than
one position ?  Can the string be horizontal 7 Vertical ?

2. Show that if a half-open book is placed on a table, rest-
ing on its bottom edges, the back edge of the book is perpen-
dicular to the plane of the table, and the lines of printing ave
parallel to that plane.

8. Show that the dihedral angle between the pages of an
open book is measured by the plane angle between opposite
lines of type on the two pages,

4, What is the shape of the end of an ordinary plank affer
it has been sawed off in a slanting divection, assuming that the
opposite faces of the original board are parallel planes ?

5. Prove that the segments of two parallel lines included be-
tween parallel planes ave equal,

[Hesr. Pass a plane through the parallel lines and then prove thal the
given segments form the opposite sides of @ parallelogram.

6. Prove that a plane perpendicular to the edge of a dihe-
dral angle is perpendicular to both its faces.

[Hixe, Use § 263, ]

7. What is the locus of all the points eguidistant from the
three faces of a trikedral angle

8. Show that the locus of any given point on a line seg-
ment of fixed length, whose ends tonch two parallel planes, is
a third plane parallel to the given planes.

9. Prove that if three lines arve perpendicular to each other
at a common point in gpace, each line is perpendicular to the
plane of the other twn, and that the planes of the lines (taken
in pairs) are perpendicular to each other. Note how this is il-
lustrated on a cube, or in a corner of a room, or in a corner of
an ordinary box,
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10. The trihedral angle formed when three planes meet each
other, so that each is perpendicalar to the other two is called
a trirectangular trihedral angle.

Prove that the edges of a trirectangular triledral angle are
mutually perpendicular by pairs. See §§ 24, 265.

11. Prove that the spaee about a point is divided into eight
congruent trirectangular trihedral angles by three planes mutu-
ally perpendicular by pairs at the point.

12. Prove that if a line is parallel to the intersection of two
planes, it is parallel to each of the planes,

[Hixr, Suppose that the line is not parallel to one of the planes and
thius argue to an absurdity. ]

13. Prove that if a line is parallel to each of two intersect-
ing planes it is parallel to their intersection,

14. Prove that if a line is parallel to a plane, any plane
perpendicular to the line is perpendicular to the plane.

[Hisr. Pass o plane throngh the given line perpeniicalar to the given
plane and use § 267.]

15. Can a trihedral angle be formed by placing three equi-
lateral triangles so that one vertex of each lies at the vertex
of the trihedral angle ? [Hisr. Use §273.]

16. Can a convex polyhedral angle be formed as in Ex. 15
by placing at its vertex one vertex of each of four equilateral
triangles? Can this be done with jive equilateral friangles ?
With six?  With more than six ?

17. Can a convex polyhedral angle be formed by placing at
its vertex one vertex of each of three squares?  Four squares ?

18. Can a convex polyhedral angle be formed by placing at
its vertex one vertex of each of three regular pentagons ?
Four ?

19. Show that just five different convex polyhedral angles
can be formed as in Exs. 15-18 by plaving at a single point
one vertex of sach of several similar regular 1)u1yquns

VI, § 273) MISCELLANEOUS EXERCISES 237
20. Show that the sum of the dihedral angles of a trihedral
angle lies between two and six right angles.

21. Is there (in general) a point in space that is equidistant
from four given points not all of which lie in the same plane ?
Give reason for your answer.

. . Q Pz
22. Given any line [ and a plane MN,
drop a perpendicular 724 from any point i N
Pinlto MN. Prove that { and P (e- T A_;
M

termine a plane perpendienlar to MN.

[This plane is called the projecting plane

of I on MN. Itsintersection AB with MV is called the pro
jection of 7 on MN. Define similarly the projection of the
segiment PQ.)

23. Prove that the projection on a plane MN of the line
segment joining two points P and @ (Ex. 22) 1s the line joining
the feet A and B of the perpendicalars dropped to the plane
from P and @, respectively, -

24. If a line 7 meets a plane MN at ‘-ZP' N
a point B, prove that the projection of / -
on MXN is the line joining B to the foot
A of a perpendicalar let fall from any
point Pin 2. [The angle ABP between the line ¢ and its pro-
jection is called the aungle between the line and the plane, or the
inclination of the line to the plane.’|

25, Prove that the sides of an isoseeles triangle make equal
angles with any plane containing its base.

*26. Show that the length of the projection of any line
sexment £6) on any plane 1s the length of P times the cosine
of the angle between the line and the plane.



CHAPTER VII
POLYHEDRONS  CYLINDERS CONES
PART 1. PRISMS

274. Polyhedrons. A polyhedron is a limited portion of
space completely bounded by planes, The intersections of the
bounding plaunes arve called the edges; the intersections of the
edges, the vertices; and the portions of the bounding planes
bounded by the edges, the faces, of the polyhedron.

A
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Fia. 187

A polyhedron of four faces is called a tetrahedron; one of
six faces (for example, a cube), a hexahedron; oue of eight
faces, an octahedron; one of twelve faces, a dodecahedron; one
of twenty faces, an icosahedron.

A diagonal of a polyhedron is a straight line joining any two
vertices not in the same face.

275. Prisms. A prism is a polyhedron, two of whose faces,
called its bases, are congruent polygons in parallel planes, and
whose other faces, called lateral faces, ave parallelograms whose
vertices all lie in the bases.

A triangular prism is one whose base is a triangle,

The sum of the areas of the lateral faces of any prism is
called the lateral area of the prism.

208

VII, § 275] PRISMS 239

The intersections of the lateral faces are the lateral edges
of the prism,

The altitude of a prism is the perpendicular distance between
its bases.

1

Rigut Prisss OBLiQUE Prisms
1. 188

A right prism is one whose lateral edges are perpendienlar fo
its bases.

An oblique prism is one whose lateral
edges are oblique to its bases,

A regular prism is a right prism whose
bases are regular polygons,

Any polygon made by a plane which
cuts all the lateral edges of o prism, as
the polygon A'B'C"IVE' in Fig. 189, is
called a section of the prism, A right
section is one made by a plane perpen-
dicular to all the lateral edges of the prism, as ABCDE.

Fia. 1589
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276. Theorem L. 7%he sections of a prism made by

parallel planes cutting all the lateral edges are con-
gruent polygons.

Fui, 190

Given ABCDE and A'B'C'D'E’, sections of the prism JMN,
made by parallel planes.

To prove that ABCDE =~ A'BCDE.

Proof. The sides of the polygon ABCDE are parallel to the

sides of the polygon A'B'C"D'E. § 256
Thevefore the polygous are mutually equilateral. § 51
Also the polygons are mutnally equiangular, § 258

Therefore polygon ABCDE ~ polygon A'B'C D' E'. §33

EXERCISES

1. How many edges has a tetrahedron A hexahedron ?

2. How many diagonals has a hexahedron? A tfetrahedron ?

8. Provethat any two lateral edges of a prism ave equal aid
parallel.

4 Prove that any lateral edge of a right prism is equal to
the altitude.

5. Prove that all vight sections of a prism are congrueut.

6. Prove that a section of a prism parallel to the base is
congruent to the base. ’
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277. Theorem II.  7Ve lateral area A of a prism is
equal to the perimeter p, of « right section multiplied
by the lateral edge ¢ ; that is, A=p, x e.

Fia. 1901

Given the prism AD' with a right section PQRST; let p,

.denote the perimeter of the right section, e the lateral edge,

and 4 the lateral area.
To prove that A=p X e
Proof. 'The lateral area consists of a number of parallelo-
grams, each of which has a line equal to 44" for its base, Why ?
Each of these parallelograms has one of the sides of the

right section PQRST for an altitude. . Why?
Therefore the areas of these parallelograms = the perimeter

of PQRST multiplied by 1" Why ?
That is A=p Xe

278. Corollary 1. The luteral area A of a right prism is equal
to the perimeter of its base multiplicd by a lateral edge ; or 4 =
Py Xe, where p, denotes the perimeter of the base, and e de-

nuotes a lateral edge.

EXERCISES

1. Find the altitude of a regular prism, one side of whose
triangular base is 3 in. and whose lateral area is 195 sq. in.

2. Show that the lateral area of a regular hexagonal right
prism is 4+/3 . ahk, where & is the altitude and « the distance

from the center of the base to one of the sides,
14
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279. Congruent Solids. Any two solids, in particular any
two prisws, are said to be congruent when they can be made
to coincide completely in all their parts.

J
T T

A D A .}
B C B Cf
Fra, 192, CosaruisT Prisss
280. Theorem III. 7wo prisms are congruent if three fuces
that include a trikedrol angle of one are congrient vespectively,
and similarly plaeced, to three fuces that include a trikedral angle
uf the other.
Given the prisms 47 and A'7' with face A.J == tace A'J', face
Al = face A'(Y, and face AD = face A'D'.
To prove that prism AJ =~ prism A'T"
Proof, £ EAF, FAB, and EAB are equal respectively to
SEAF, PPA'B, and E'A'B', Why ?
Then trihedral £ .1 = trihedral £ A, §271
Place the prism A7 on the prism 7' so that the trihedral
Z A voineides with its congruent trihedral £ A%
Then the face AJ will coincide with the congruent face
ALT'y A6 with the congrment face A'G'; and AD with A'1)';

and points (' and £ will fall on O and 1), §
Since the lateral edges of a prsm are parallel and equal,
CH coineides with C"H', and DI with D'T'. §§ 257, 49

Therefore the upper bases coincide, and the prisms coincile
throughont and are congruent.

281, Corollary 1. Two right prisms having congruent bases
and equal altitudes are congriuent, :
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282. Truncated Prisms. A truncated prism is a portion of
a prisin included between the base and a section ablique to the
base.

Tt

Fro., 193 (a) Fra, 195 (b)

283. Corollary 2. Two truncated prisms wre congruent if
three foces including o trihedral angle of the one are eongruent
respectively to three faces including a trikedral angle of the other.

EXERCISES

1. A wooden beam 10 ft. long has a rectangular right cross
section whose dimensions are 12 in. by 16 in.  If the beam be
sawed lengthwise along one of its diagonal planes, show that
the resulting triangular prisms are congruent,

2. What will be the lateral area of one of the triangular
prisms of Ex. 1? TIts fotal area ?  Ans. 40 sq. t.; 41} sq. ft.

3. A carpenter is to saw from a given square piece of timber
a portion of which one end is to be perpendicular to the lateral
edges, while three given lateral edges are to be 3 ft. 6 in., 3 ft.
4 in, and 3 ft. long, respectively. Show that these measure-
ments are sufficient to enable him to saw off the desired portion.

4. Show that to make a right prism of any desired shape, it
is sufficient to have a pattern of a right section of the desired
prism, and the length of one lateral edee.

5. Show that to make a truneated prism of any desired
shape, of which one end is a right section, it is sufficient to
have a pattern of that end, and the len gths of three given eon-
secutive lateral edges.
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284. Theorem IV. An oblique prism s equal in
volume to a right prism whose base is a right section
of the obligue prism and whose altitude is a lateral
edge of the oblique prism.

FiG. 194

Given the oblique prism AD': and given a right prism PS'
whose base PS is a right seetion of the prism AD', and whose
altitnde 1s equal to a lateral edge AA' of the prism AD'".

To prove that prism A= prism PS'.

Proof. The lateral edges of the prism P8' equal the lateral

edges of the prism AD". Const.
Therefore AP=A'P, BQ = B, ete. Why ?
Moreover PQ = P'()', and the face angles at P, @, P, @' are
right angles. Why ?

Hence, by superposition,
Face AQ == Face A'Q'",

Likewise, Face BR >~ Face B'R!, ote,

Now, Section PRRST =~ Section P'Q'R'S'T", 276

Whence, truncated prism 4R =~ truncated prism A'R'. § 283

Therefore, truncated prism AR + truncated prism PD' =
truncated prism A'R' + troneated prism PD". Ax. 1

It follows that prism AD' = prism PS', '
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285. Equivalent Solids. 'T'wo solids that have the same
volume are said to be equivalent, or equal in volume,

Thus we proved, in § 284, that any oblique prism is eguivo-
leat to a right prism whose base is a right section of the obligne
prism and whose altitude is equal to the lateral edge of the
oblique prism.

286. Parallelepipeds. A parallelepiped is a prism whose
bases are parallelograms,

A right parallelepiped is a parallelepiped whose lateral edges
are perpendicular to its bases,

RECTANGULANR v, OpLIGUE
PARBALLELEPIFEN PARALLELEPIPED

F1e, 195
A rectangular parallelepiped is a right parallelepiped whose
bases are rectangles.
A cube is a purallelepiped whose six faces ave squares.
An oblique parallelepiped is one whose lateral edges are
obligue to its bases.

EXERCISES

1. Show that the lateral faces of a right parfmelepiped are
rectaneles,

2. Find the sum of all the face angles of a parallelepiped.

3. Find the diagonal of n cube whose edge is 4 in.; 20in.; @
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287. Theorem V. The plane passed through two diagonally
oppusite edges of a parallelepiped divides the parallelepiped into
two triangular prisms tha! are equal in volwme,

Fia, 11k

Given the plane ACGE passing through the opposite edges
AE and CG of the parallelepiped AG.

To prove that the pavallelepiped AG is divided into two
equal triangular prisms, ABC-F and ADC-I,

Proof. Let LJAL be a right section of the parallelepiped.

Frow the definition of parallelepiped, the opposite faces, AF
and DG, and A and B, ave parallel and congruent. §§ 258, 88

Therefore IJ | LK, and IL | JK, § 256

Then IJKL is a parallelogram. Why 7

The intersection /K of the right section with the plane
ACGE is the diagonal of the 7 LIKL.

Therefore A TJK>~AIKL, Why ?

But the prism ABC-#is equal in volume to the right prism
whose base 1s LJK and altitude AZ, aud the prism ACD-I is
equal in volume to the vight prism whose base is JLA and al-
titnde A X, § 284

But since these vight prisms are congruent, § 281
it follows that prism ABC-F=prism ADC-H.

Nore. If the faces EFGH and ABCD (Fig. 196) are perpendienlar
to the edges AE, BF, ete,, it Is easy to see that the diagonal plane AECG

divides the parallelepiped into two congruent triangular prisms, This

happens for any rectangular parallelepiped. ¢
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EXERCISES

1. Prove that the diagonals of a rectangular parallelepiped
are equal, and that the square of the diagonal is egual to the
sum of the squares of the three edges that meet in any vertex.

{ [Hivr.  The diagonal is the hypotenuse of a right triangle whose sides
are one of the edges and a diagonal of one face ; the dingonal of the lace
i the hypotenuse of a right triangle whose sides are two of the edges. ]

2. Find the length of the diagonal of a rectangular parallel-
epiped whose edges are 8, 10, 12.

8. Tind the edge of a cube whose diagonal is 64 in.

4. Prove that the diagonals of a parallelepiped bisect each
other. 5 7

[Hixr, Consider each pair of diagonals separately, and apply §87 to
the disgonal plane in which they lie, |

5. Prove that if the right seetion LKL (Tig. 196) of a par-
allelepiped is a rectangle, the two diagonal planes ACGE and
BOIF divide the parallelepiped into four triangular prisms
that are equal in volome.

6. A tank in the form of a reetangular parallelepiped that
Tolds 100 gal. is divided into four compartments by two vertical
diagonal planes. What is the capaeity of each compartment ?

7. A cube each of whose edges is 1 ff. long is called a wnit
enbe; its volume is one cnbic foot. If six such cubes are
placed side by side in two rows of three each, they form a rec-
tangular pavallelepiped 2 ft. wide, 1 ft. high, and 3 ft. long.
What is the volume of this parallelepiped ?  What is the vol-
ume of each of the triangolar prisms into which it is divided
by a diagonal plane ?

8. How many unit cubes are there in a cube ‘each of whose
edges is 5 units long ?

9. How many unit cubes are there in a rectangular par-
allelepiped 3 units long, 4 nnits wide, and 2 units high ¥ What
is the volume of this parallelepiped ?
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288. Volume of a Rectangular Parallelepiped. The three
edges of a vectangular parallelepiped which meet at a common
point are called its dimensions.

In Chapter IV (§181), we assumed
(withont proof) the well known principle
that the area of a rectangle is equal to
the product of its two dimensions. Simi- B 1
larly, we shall now assume that the vol- Fia. 107
ume of a rectangnlar parallelepiped is
equal to the produet of its three dimensions, that is, to the
product of its length, breadth, and height; ie.

For any rectangular parallelepiped the volume V is

V=1xbxXh
where I, b, h denote the length, breadth, and height of the
parallele piped. : B
The stndent is reminded that o2l &
the meaning of the principle is T ALY
that, if the three dimensions ave ~ s g

each measured in terms of the same
unit of length, then the volume
in terms of the corresponding unit
cube is the product of the three A D
dimensions. Fia, 108

The following corollaries result at once from this prineiple :

TN

=)
oD

=

289. Corollary 1. Two reclangular porallelepipeds having
congruent bases are to each other
as their altitudes.

[Hist. If 2, B, and % represent
the dimensions of the one parallele- ' !
piped, then 7, b, and &' will represent
the dimensions of the other. The cor-
responding volumes will therefore be |/ b b
1o each otherin the ratio (1bh) /(16R"), 1 ]
that ig, in the ratio A/h'.] Fra. 199
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290. Corollary 2. Two rectangular parallelepipeds having
equal altitudes are to each other as their boses.

291. Corollary 3. The volume of a cube is equal to the cube
of ils edge.

292. Corollary 4. The volume V of any rectangular paralléle-
piped is the product of the area of its base B and itz altitude b;
that is, V=B x k.

EXERCISES

1. Tworectangular parallelepipeds with equal altitudes have
bases containing 10 sq. in. and 15 sq. in., respectively. The
volume of the first is 56 cu. ft. Find the volume of the
second. Ans. 84 en, ft.

2. Compare the volume of the rectangular parallelepiped
whose dimensions are 8 in., 10 in., 11 in. with the one whose
dimensions are 1 ft., 1 ft,, and 16 in.

3. Inalot 120 ft. long and 66 ft. wide a cellar is to be
dug for a building. The cellar is to be 44 ft. long, 36 {1, wide,
and 7 ft. deep. The earth removed is to be used to fill the
surrounding yard. What depth of fill can be made ?

4. A standard (U.S) gallon confains 231 cu. in.  How many
gallons can be put in a tank of the form of a rectangular par-
allelepiped that is 2 ft. high, 1} ft. wide, and 3 ft. long ?

5. How many gallons (see Ex. 4) are there in 1 en. ft. ?

6. Find the size of a eubical tank that will eontain 50 gal.

7. Find the edge of a ¢ube whose volume is 1728 cu. in,;
of a eube whose volume is 1500 eu. in,

8. Find the diagonal of a cube whose volume is 521 en. in,

9. If the volume of one cube is twice that of another, how
do their edges compare ? Ans. V/2: 1.

10. Find the edge of a cube whose total surface is 60 sq. £t
11. The edge of a cube is a. Find the area of a section
made by a plane throngh two diagonally opposite edges.
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293. Theorem VI. The volume V of any parallelepiped is
equal to the product of its base I and its altitude ) ; that is,
V=2Bxh

Fia. 200

Given the parnllelepiped I with its volume denoted by V,
its base by B, and its altitude by A,

To prove thatl V=583

Proof. Produce AC and all the other edges of [ that are
parallel to A€,

On the prolongation of AC take DE = AC, and through 1)
and £ pass planes perpendicular to AFE, forming the right
parallelepiped £7 whose base is B'.

Then F=Ir § 284

Prolong FE and all the other edges of I that are parallel
to I,

On the prolongation of F'E take MN = FE, and through M
and N pass planes perpendicular to FVN, forming the rec-
tangular parallelepiped 777 whose base is B,

Then EE—FIT Why 7
Therefore LTl Why ?
Moreover Bi=Bl — Bifs Why ?

and k, the altitude of 7, is equal to the altitnde of JII. Why ?
But the volume of 77 is B'' % k, by § 288; hence the vol-

ume of [ is V=5B"xh=DBxh
')
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294. Theorem VIL. The volume V of any triangular prism
is equal to the product of ifs base B and its altitude I ; that
i5,¥=3B x h

Fia, 20

Given the triangular prism LMN-N' whose base B is the
trmangle LMN, and whose altitude is .

To prove that the volume Vof LMN-N'= B x k.

Proof. Complete the parallelepiped LMPN-P,

[The remuinder of the proof is left to the stadent,  Use § 208.]

295, Corollary 1. The volume V of any prism is equal (o
the product of its buse B awd its altitude h; that is, V=1 x h.

|
—
Fra. 202

[Hixr, Any prism may be divided into triangalar prisms by disgonal
planes, ]

296. Corollary 2. Privms having equivalent buses und equal
altitudes wre equal.
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EXERCISES

1. Deseribe one or more ways in which a parallelepiped
may be distorted and yet have its volame remain unchanged.

2. The base of a parallelepiped is a rhombus one of whose
diagonals is equal to its side. The altitude of the parallele-
piped is @, and 1s also equal to a side of the base. Find the
volume of the parallelepiped. Ans. a* V3 /2.

8. The altitnde of a pavallelepiped is 3 in., and a diagonal
of a base divides the base into two equilateral triangles, each
side of which i3 6 in. Find the volume of the parallelepiped.

4. The volume of a rectangular parallelepiped is 2430 cu. in,
and its edges are in the ratio of 3, 5, and 6. Find its edges.

5. The altitude of a prism is 6 in. and its base 18 a square
each side of which is 3 in. Iind its volume.

6. Show that two prisms with equal bases are to each other
as their altitudes; and that those with equal altitudes are to
each other as their bases.

7. A clay cube having a 2-in. edge is molded info the form
of a triangular prism of height 3 in. What is the area of its
base? Does it make a difference in the answer whether the
prism is made right or oblique ¥ Explain.

8. Assuming that iron weighs about 450 1b, per cu, ft., find
the weight of a rod 3 ft. long, whose cross section is a rectaugle
14 by 2 in.

9. With the data of Ex. 8, ind the weight of an iron rod 2 ft.
6 in. long, whose cross section 1s a regular hexagon 1 in. on
each side.

10. What must be the length of the side of an equilateral
triangle in order that a triangular prism erected upon it and of
height 1 ft. shall haye a volume of 1 en. ft.? Solve the same
problem, when it is assumed that the base is a regular hexagon.

VII, § 207] PYRAMIDS 253

PART II. PYRAMIDS

297. Pyramids. A pyramid is a polyhedron bounded by a
polygon, called its base, and several triangles that have a
common vertex.

The triangles are called the lateral faces, the common vertex
is called the vertex of the pyramid, and the perpendicular dis-
tance from the vertex to the base is called the altitude.

Fia. 205, Pynamip

A pyramid is triangular, quadrangular, ete., according as its
hase is a triangle, a gquadrilateral, ete,

A regular pyramid is one whose base is a regular polygon and
whose vertex lies in the perpendicular erected at the center of
the base.

v

F16. 204, RreaurnAr PYrAMID

The slant height of a regula. pyramid is the altitnde of any
one of its triangular faces (V4 in Fig. 204).
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A truncated pyramid is the portion of a pyramid inclnded
between the base and any section made by a plane cutting all
the lateral edges,

A frustum of a pyramid is a portion included between the
base and a section made by a plane parallel to the base.

e

Fia. 205, Frustrm oF A Pyrami

The wltitude of @ frustwin is the length of the perpendienlar
between the planes of its bases.

The Iateral fuces of a frustum of a regular pyramid are con-
gruent trapezoids.

The slant height of the frustum of a regular pyramid is the
altitude of one of the trapezoids forming its faces.

EXERCISES

1. Of which type are the celebrated Egyptian pyramids ?

2. Prove the eqgnality of the lateral edges of a regnlar
pyramid. Of those of a frustum of a regular pyramid,

3. Prove that the faces of any frustum of a pyramid are
trapezoids.

4. Prove the statement made in § 297 that the faces of a
frustum of a regular pyramid arve congruent trapezoids.

5. Prove that the lateral faces of a regular pyramid are con-
gruent isosceles triangles; hence show that the slant height,
measured on any face, is the same as that measured on any other
face.

8. Prove that any triangular pyramid is a tetrahedron.
State and prove the converse. i
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298. Theorem VIII. The lateral area A cf a regular pyra-
mid is equal to one half the product of the perimeter of its base
p, and its slant height | ; that is, A =p X /2.

Fia. 200

Given the regular pyramid V=ABCDE with the slant height
I, the lateral area A, and the perimeter of the base p,

To prove that A=pxl/e

Proof. A= the sum of the areas of the triangles VAR,
VB, ete.

Hence A=[AB+BC+ -] xl/2=px1/2. Why ¥

299. Corollary 1. The lateral area of the frustum of o
reqular pyramid is equal to one half the produect of the sum of
the perimeters of the bases wnd its slant height,  [See § 191.]

\
EXERCISES '

1. The glant height of a regular hexagonal pyramid is 10 ft,
Fach side of its base is 8 I't. What is its lateral avea ?  Also,
what is its total avea ? Ans. 240 sq. f; 406,27 sq. £t

2. The altitude of a regular quadrangnlar pyramid is 4 in.
One side of its base is 6 in.  What is ifs lateral area ? What
i8 its total area ? Ans. 60 sq. n.; 96 sq. in.

3. Find the lateral area of the frustum formed by a plane
hisecting the altitude of the pyramid mentioned in Lx. 2
Find its total area.


http:frn::;l.lI

256 POLYHEDRONS [VII, § 300

300. Theorem IX. [Jf a pyramid is eut by a plane pir-
allel to the base,

() The altitude and the lateral edges are divided
proportionally ;

(b) The section is a polygon similar to the base.

Fra. 207

Given the pyramid V-ABCDE cut by a plane A'D' parallel
to the base AD.
To prove (a) that
VS/VS8'= VA/FA' = VB/VB' = ., etec.
(b) that the section A'B'C'D'E' is similar to the base.
Proof of (a)
Pass a plane throngh V¥ parallel to the base and apply § 261.
Proof of (1)
A VAB~ A VA'B'; A VBC~ A VB'(!, ete. Why?
Therefore
AB/A'B'=VB/VB'; VB/VB = BC/B', ete.; Why!
and hence AB/A'B' = BC/B' ("' =CD/ C') = . . Ax. Y
Thus, the polygons ABCDE and A'B'C'L'E' have their cor-
responding sides proportional.
Moreover, the same polygons are mutually equiangular. § 2535
Hence ABCDE ~ A'BCDE, i § 163
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301. Corollary 1. Parallel sections of a pyramid are to each
other us the squares of their distances from the vertes.

Proof: In Fig. 207, ABCDE/AB' C'D'E' = d._b"'t/;i'B' « 4§ 195, 800

But ABfA'B = VB VE, Why ?
and also WLVS =FB/VB; (a), § 800
lience AB/AE = V8/ TS, Ax. O

Whence, squaring, AR/ A'BF = V& 787,
Hence ABCDE/A'B'('D'E' = V& TS*

302. Corollary 2. If two pyramids that have equivalent bases
and equal altitudes wre cut by planes parvallel lo their bases und
at equal distances from their vertices, the sections are equivalent.

[Hixr. Represent by B and R the areas of the two sections, and by B
and B’ the areas of the bases. Lot & be the common altitude of the pyra-
mids, and & the distance from the vertex of either pyramid o the section
made in it. Then K/ B = k4/h* and R'/B' = k22 (§3801) ; hence R/B
= R'/B'. But B = B by hypnothesis ; henee B = R'.]

EXERCISES

1. Compare the areas of two seetions of a pyramid whose
perpendicnlar distances from the vertex ave 3 in. and 4 in
respectively. Does it make any difference in your answer
whether the pyramid is of one shape or another?  Ans. 9: 16.

2. The altitude of a pyramid with a square base is 16 in.,
the area of a section parallel to the base and 10 in. from the
vertex is 561 sq. in.  Find the arvea of the base.

3. The bases of the frustum of a regular pyramid are eqni-
lateral triangles whose sides are 10 in. and 18 in. respectively ;
the altitude of the frustumn is 8 in,  Find the altitude of the
pyramid of which the given figure is a frastum.  drs. 18 in,

4. The altitude of a pyramid i8 . At what distanee from
the vertex must a plane be passed pavallel to the base so that
the section formed shall be (1) one half as large as the base?
(2) one third ? (3) one ninth ¥
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303. Theorem X. 7o triungular pyramids having
equivalent bases and equal altitudes are equivalent.

Given the pyramids V=ABC and I"-A'B'C" having equiva-
lent bases ABC, A'B'C, and a common altitude A H.

To prove V=-ABC=V"-A'B'C",

Proof. The proof of the theorem consists in showing that
the pyramids V=ABC and P'—'B'C" eannot différ in volume
by as much as any given amount, however small. This means
that the two volumes are actually equal, for if they were
unequal, they would differ by as much as some fieed amount, —
in fact, that is what unequal means.

We proceed, then, to show that V-ABC and V'—A'B' (" cau-
not differ by as much as any given amount, however small.

Divide the altitude A1 into a number of equal parts, and
through the points of division pass planes parallel to the plane
of the bases.

The corresponding sections made by any one of these planes
in the two pyramids ave equivalent. § 302

Now inseribe in each pyramid a series of prisms having the
triangnlar sections as upper bases and the distance between

the sections as their common altitode. "
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Each pair of corresponding prisms in the two pyramids are
then equivalent. '§ 296

Therefore, the sum of the prisms inscribed in V—ABC is
equivalent to the swm of the prisms inscribed in V"-4' B'C".

If the number of divisions into which A/ is divided is taken
sufficiently large, the sum of the prisms in P=AB(C may be
made to differ from the volume of T-ABC by less than any
given amount. Likewise, by taking the number of divisions
in AH sufticiently large, the sum of the prisms in V'-A'B'C
may be made to differ from the voluine of F'—A'B'(" by less
than the same given amount, however small it has been taken.

Since, by taking the number of divisions in AH sufficiently
large, the volumes of P=ABC and V'-A'BC” differ by less
than any given amount from these equal sums, the pyramids
must differ from each other by less than the smine given amount,
and this is what we were to show, Compare § 211.

304. Corollary 1. Any two pyramids having equivalent bases
and equal altitudes are equivalent.

Fra. 209
[Hixr. Divide each pyramid into triangular pyramids.]

EXERCISES
1. What is the locus of the vertices of all pyramids whose
bases and volumes are the same ?
2. Prove that if the base of a pyramid is a parallelogram, the
plane determined by its vertex and either diagonal of its base
divides it into two equivalent triangular pyramids.
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305. Theorem XI. The volume V of a triangular pyramid
is equal to one third the product of its base I3, and its altitude
h; thatis, V=1 xh/3.

Fie. 210

Given the triangular pyramid O-LJN.

To prove that the volume Vof O-LMN equals | its base B
times its altitude A; thatis, V=B x k/3.

Proof. Constraet a triangular prism M having LMN for
its base, and its lateral edges equal and parallel to the edge O

The prism MP is made up of the triangnlar pyramid
O-LMN and the quadrangular pyramid O-LNPQ.

Pass a plane through OQ aud ON dividing the guadran-
gular pyramid into two triangnlar pyramids, O-LN@ and

O-NQP.
Pyramid O-LNQ = pyramid O-NQP. § 303
Pyramid O-NQFP may be vead N-QOP,
Pyramid N-QOP = pyramid O-LMN. § 303

Therefore, the three triangular pyramids are equal and
O-LMN is one third the prism.

But the volume of the prism 1s equal to the product of its
base and its altitude. §204

Therefore, pyramid O-LMN =} the product of ifs base
and its altitude. .

VII, § 307] PYRAMIDS 261

306. Corollary 1. The wolume V of any pyramid is equal
to one third the product of its base B and its altitude h; that is.
V= Bk/3.

—\

Fra. 211
{Mxr.  Divide the pyramid into trigngalar pyramids and apply § 505,

307. Theorem XIL If a frustum of a pyramid has bases.
B and B' and altitude by and is eut from a pitramid P achose base
8 B and whose altitude is I, the volume V of the Jrustum is
given by the formula :

y —BH_B(H—1)
b 5

Given the pyramid P with base B and
altitude 77, and a frastum of it with bases
Boand B' and altitnde A.

To prove that the volume V of the frus-
tum is &

y BH_BUT-I),
o o

Fug, 212

Proof. The frustum is the difference
between the two pyramids P and 7, where P' has the base &'
and the same vertex as P.
The volume of Pis BH/S, Why 7
Since the altitude of P is H — &, its volume is
B(H— )
3
Hence Ve iPe P E;'_’ . BH—1)
5 N

Why ¢
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308. Corollary 1.  The volume |'Uf|! frustum of o puramid
of bases B and B' and altitude h is given by the foraala :
V=(B+B +VBE) /3
Outline of Proof. By § 301,
BB =(H— h)*/H*,
using the notation of § 507,
Hence VB!/NE =(H - h)/H=1—W/H,
whenee H=hvVB(vVHI—VEH).
But, by § 307,
V=BHS— B'(H — )/3
(B— B'YH'S + B'h/8,
Substituting the value of A just found, we
have Fig, 213

— PR : B
v=[E=ENE, plas =18+ VEE + B/,
VB—VE

EXERCISES

1. Find the altitude of a triangular pyramid whose volume
is 50 cu, in. and whose base is 12 sq. in. Ans. 124 in.

2. If a prism and a pyramid have a common base and alti-
tude, what is the ratio of their volumes?

3. If the base of a pyramid is a square and its altitude is
3 ft., how long must each side of the square be in order that
the volume may be 16 cu. ft.?

4. Show that the volume of the tetrahedron, all of whose
edges are equal to a, is V¥ /12,

[Hisr. See Th, XXXIIT, § 102.]

5. Find the volume of a frustumn of the pyramid of Ex. 1
cut off by a plane 6 in. from the base.

6. Find the volume of each of the parts into which the pyr-
amid of Ex. 3 is cut by two planes parallel to its base which
trisect the altitude.

‘
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PART III. CYLINDERS AND CONES

309. Cylinders. A cylindrical surface is a curved surface
generated by a moving straight line, called the generatrix,
which moves always parallel to itself and constantly passes
through a fixed curve called the directriz. The generatriy in
any one position is called an element of the surface. One
element and only one can be drawn through a given poiut on
the eylindrieal surface.

A cylinder is a solid bounded by a cylindrical surface and
two parallel planes. The two plane surfaces are called the
bases, and the cylindrical surface is called the lateral surface.

The altitude of a cylinder is the length of the perpendienlar
between the bases.

A right section of a eylinder is a section made by a plane
perpendienlar to all its elements,

CYLINDRICATL SURFACE Rignr CYLIXpeER Oprmgue CyrniNprr
Fra. 214

A circular cylinder is one whose bases are circles.

A right cylinder is one whose elements are all perpendicular
to its bases; otherwise, the cylinder is said to be ebligue.

A right circular cylinder is a right eylinder whose base is a
circle. Such a ¢ylinder can be generated by the revolution of
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a rectangle about one of its sides as an axis; for this reason a
right cirenlar eylinder is sometimes called a eylinder of revo-
tution.

310. Postulate. A prism is inscribed in a cylinder when its
lateral edges are elements of the oylinder and its bases are
inseribed in the bases of the eylinder.

Fra. 215

In order to study the properties of the eylinder the following
postulate is needed :

A eylinder and « prism fseribed within it may be made lo
differ by as little as we please, both in lateral area and in volwmne,
by makiug the nwmber of sides of the base of the prism sufficiently
great. while the length of eack of those sides becaomes sufficiently
amall.

The length of an edge of the inscribed prism is equal to the
length of an element of the eylinder (see Ex. 5, p. 235); and,
by increasing the number of sides of the inscribed prism,
the base of the prism approaches, both in area and in the
length of its perimeter, as nearly as we please to the base of
the eylinder. This latter fact we assume, as in § 210.

We shall now proceed to show that the theorems already
proved for prisms can be extended to eylinders by the use of
the preceding postulate.
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311. Theorem XIIL. 7'he lateral area A of any cylinder
is equal to the product of an element 1 and the perim-
eter p of a right section ; that is, A=1x p.

Fra. 216

Outline of Proof. [n order to prove the theorem, inseribe in
the cylinder any prism whose base is a polygon of n sides.
Then, for this prism, by § 277
(1) A'=1xp,
where A’ and p’ ave, respectively, the lateral area and the pe-
rimeter of the right section of the prism; and where { is the
length of an edge of the prism, which is equal to an element of
the cylinder. As the number »n of sides increases so that
the length of each side approaches zero,

A’ comes to differ from 4 by as little as we please;  § 310.

1% comesto differ from Ix p by as little as we please, § 310,
Henee, by (1), 4 comes to differ from < p by as little as we please.

1t follows, as in § 303, that 4 =1x p.

312. Corollary 1. The luteral area of a wight cireular
eylinder is equul to 2 wrh, where r is the radius of the elrcular
base and I is the altitude of the cylinder. See § 214,

313. Corollary 2. The lateral arec of any eylinder whose
right section is « cirele is equal to 2 arrl, where v is the radius of
the right section, and 1 is the length of on element.
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314. Theorem XIV. T7%e volume Vof any cylinder is
equal to the product of its base B and its altitude ) ;
that is, V=B x h.

[The proof is left to the student, Inscribe a prism of » sides in the cyl-
inder and use § 205 and § 810,  Follow the steps sugzested by § a11.]

315. Corollary 1. The volume of a civeular cylinder is equal
to wrth, where ris the radivs of the base and h is the altitude of
the eylinder, See § 210,

EXERCISES
[In these exercises, use the approximate valie r = 22/7.)

1. In a steam engine 65 flues, or cylindrical pipes, each 2 in.
in outside diameter and 12 ft. long, convey the heat from the
fire-box through to the water. How iuch heating surface is
presented to the water ? Ans. 4084 sq. ft.

2. Negleeting the lap, how much tin is requived to make a
stovepipe 10 ft, long and 8 in. in diameter?

3. A right circular eylinder has the radius of its base equal
to 3 in. How great must ite altitude be in order that it shall
have a lateral area of 30 sq. in. ?

4. Tind the total area, including the ends, of a covered tin
can whose diameter is 4 in. and whose height is 6 in.

Ans. 1004 sq. in,

5. Derive a general formula for the total area (ineluding the
bases) of a right eiveular cylinder whose height is & and the
radius of whose base is r.

6. What fraction of the metal in a tin can 5 in. wide and
& in. high is used to make the top and bottom ¥ What to make
the circular sides ?

7. If the diameter of a well 1s 7 ft. and the water is 10 ft.
deep, how many gallons of water are there in it, reckKoning
74 gal. to the cubic foot ? Ans. 2887.5 gals,
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8. Wken a body is placed in a eylindrical tambler of water
3 in, in diameter, the water level rises 1 in. What is the
volume of the body? Note that a method for finding the
volume of a body of any shape is here illustrated.

9. Show that the volume 7 and the lateral area A of a right
circular eylinder are connected by the relation 7= A x r/2.

10. One gallon is 251 cubie inches. At what heights on a
cylindrical measuring can whose base is 6 in. in diameter will
the marks for 1 gallon, 1 quart, 2 quarts, 3 quarts, be made ?

11, Find the total area of the gallon mensuring can of
Ex. 10.

12. Having given the total surface 7" of a right eivenlar eylin-
der, in which the height is equal to the diameter of the base,
find the volume V7

[HixT. — Call the height 5.7

18. Find the volume of metal per foot of length in a pipe
whose onter diameter is 31 in., and whose inner diameter is
3 in. Hence find the weight per foot of length if the pipe
ig irom, it being given that iron weighs (about) 450 lb. per
cubie foof.

14. If the outer and inner diameters of a
tube are D and d, respectively, show that the
volume in a length 1is «{(LF — @®) /4. 1f the
thickness of the tube is denoted by f, show
that ¢ = (D —d)/2, and hence that the volume
in a length 1 is

#U(D + d) /2.

15. Show that the volume of the fube of Ex. 14 can also be
represented by the formula #lt(d+t); ov by the formula
#lt( ) — 1), in the notation of Ix. 14

16. What is the volume of the largest beam of squave cross
gection that can be cut from a circular log 16 in. in diameter
and 10 ft, long ¥  What fraction of the log is wasted ?
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316. Cones. A conical surface is a surface generated by a
moving straight line B, called the generatrix, which passes
always through a fixed point V| called the vertex, and constantly

Fia. 217

intersects a fixed curve, called the directrix. A conical surface
thug consists of two parts, which are called the upper and
lower nappes. The generatrix in any one position is called an
element of the surface.

A cone is a solid bounded by a conical surface and a plane
which cuts all its elements. The plane is then called the base
of the cone: and the conieal surface is called the lateral surface
of the cone. The altitude of a cone is the perpendicular dis-
tance from its vertex to its hase.

Fia, 218

A circular cone is one whose base is a civele, The axis of a cir-
cular cone is the line joining the vertex to the center of the base.
i
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A right circular come is a cireular cone whose axis is perpen-
dienlar to the base., Such a cone is also called a cone of revolu-
tion, since it may be generated by revolving a right triangle
about one of its sides as an axis.

Fi. 219, RiaHT Citovrar Coxe AND RECTION PARALLEL T BAsk

The slant height of a cone of revolution is the length of one
of its elements,
A frustum of a cone is the portion of a cone inclnded bhe-

tween the base and a section parallel to the base and cutting
all the elements.

Fia. 220, FrustoMm or A Coxe

The lateral surface of a frnstum of a cone is the portion of
the lateral surface of the cone included between the bases of
the frustum.

The slant height of a frustum of a cone of revolution is the
portion of any element of the cone included between the bhases.
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317. Postulate. A pyramid is inscribed in a cone when its
lateral edges are elements of the cone and its base is inseribed
in the base of the cone,

The following postulate, corresponding to that of § 310, is
needed in the study of the cone :

A cone and pyramid inseribed within it may be made o qifer
by as Tittle as we please, both in lateral area and in voliume, by
waking the nwmber of sides of the pyramid sufliciently great, while
the length of each side of the base becomes sufiviently small.

Fic. 221. Coxg wiTH Ixscrinenp Pyrasin

The base of the inseribed pyramid approaches, both in area
and in perimeter, the base of the cone (§ 310); and the alti-
tude of any face of the pyramid approaches an element of the
cone, as the pyramid approaches the cone. '

If the cone is a right eireular cone, fhe pyramid can be made
avegular pyramid; then the slant height of the pyramid ap-
proaches the slant height of the cone.

318. Restriction. The word eone as used hereafter in this
book will be understood to refer to a eirewlar cone only. The
preceding postulate applies, however, to any kind of cone:
and it may be used to obtain results for cones of any form in
the manner illustrated below for eirenlar cones only.

We proceed to extend to cireular conmes certain theorems
already proved for pyramids. '
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319. Theorem XV. 7lhe lateral area A of a right
circular cone is equal to one half the product of its
slant height 1 and the circumference P of its base;
that is, A=1x p/2.

Outline of Proof. Inscribe a regular pyramid of » faces in
the cone (see Tig. 221); then, by § 298, the lateral area 4’ of
the pyramid is equal to one half the product of its slant height
 and the perimeter p’ of its base; that is,

A=y
and this formula is correct no matter how large # may be.

By taking n sufficiently large, 4’ comes to differ by as little
as we please from 4; while 7 and p’ come to differ by as little
as we please from ! and p, respectively. § 317,

Whenece, as in § 311,

A=%}1xp.

320. Corollary 1. 7Whe lateral area of a right eiveular cone
is r « I, where v is the radius of the base and 1 is the slant height.
See §§ 519 and 214,

321. Corollary 2. The lateral area of a jrustum of @ right
cireular cone is equal to one half the product of ils slant height
and the suni of the viren mferences of its buses.

¥, 222

[The proof is left to the student, TInseribe & frustum of a regular
pyramid in the given frustum of a cone, and nse §3817 and § 200, ]
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322. Theorem XVI. _duy section of a cirenlar cone parallé
to its base iz a cirele whose area is to that of the base as the square
of ils distance from the vertex is to the square of the altitude of
the cone,  [Hisr, To prove that the section is a cirele, pass any two
planes through the axis of the eylinder, and show that their intersections
with the section ave equal. Then inscribe a regular pyramid and proceed
as in § 319, using §§ 301 and 817.]

323. Theorem XVIL 7he wolume V of a cone is
equal to one third the product of its base B and ts
altitude h ; that is, V = Bh/'3.

[Hixr. Use §5317, 300, and proceed as in § 314.]

324. Corollary 1. If jfrom uny cone whose buse is B and
whose altitude is I, a frustum is cut, whose upper base is B' and
whose altitude is h, the volume V of the Jrustum is
_BH_B(H-1),
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Fig. 224

325. Corollary 2. The volume of a frustum of any cone is
equal to the sum of three cones whose conemon altitude is the alli-
tude of the frustum and whose bases are the two bases and a mean
proportional between them.

[Hisr. Use §§ 822, 324, noting also § 308.]
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EXERCISES

1. The altitude of a right circular cone is 12 in. and the
radius of the base 9 in. Find the lateral area and the total
area of the cone, Ans. 4243 sq. in.; 6788 gq. in.

2. How many square yards of canvas are there in a conical
tent 12 ft. in diameter and 8 ft. high ?

8. The total area of a right circular cone whose altitude is
10 in. is 280 sq. in. Find the total area of the eone cut off
by a plane parallel to the base and 6 in. from the vertex.

4. The altitude of a right civeular cone is I, How lar from
the vertex must a plane be passed parallel to the base so that
the lateral area of the cone cut off shall be one half that
of the original cone ? Ans., Hf~/2,

[Hisz, First prove that the area of the cross section made by the
plane will be one half the area of the base.  Then apply § 822,

5. The slant height and the diameter of the base of a right
sirenlar eone are each m‘luﬂ.] to L. Find the total area, includ-
ing the base.

6. The cirenmference of the base of a cireular cone is 11 ft.

and its height is 8 ft. What is its volume ¥
249
Ans. ':—4: , or 253 cu. ft.
] li ™

7. 1f the height of a circular cone is 10 ft., what must be the
radius of its base in opder that the volume may be 30 cu. ft. ?

8. A frustum of a cone is 1 ft. high and the radii of its
bases are respectively 9 ft. and 4 ft.
Find its volume.

9. If r and R are the radii of the
bases of the frnstum of a cone and is
its slant height, find the formula for its
volume,
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PART IV. GENERAL THEOREMS ON POLYHEDRONS
SIMILARITY REGULAR SOLIDS VOLUMES

326. Theorem XVIII. Two triangular pyramids that have
a trikedral angle of the one equal to a trikedral angle of the other
are to cach other as the products of the edges including the equal
trihedral angles, H

Fia. 224

Given the triangnlar pyramids O-FGH and O'-FG'H', with
the trihedral £ O = trihedral £ €', and with volumes denoted
by Vand V', respectively.

To prove that V/V' =[OF . OG - OH/[O'F . 0'G" - O'H').

Proof. Place pyramid O'—F"G'H' so that trihedral £ O' will
coincide with triliedral £ O. ;

From H and H' draw HK and H'K' perpendicular to the
plane OFG.

Then V/V' =[AOFG . HK]/[A OF'G - H'K']
=[A OFG]/[A OF' G - [HE/H'K'. Why ?

AOFG _ OF. OG
AOFG ™ OF' . 0C"

Again, let the plane determined by A and H'K' intersect

plane OF@ in line OK'K.

But § 193

Then rh & OKH ~1t. A OKH. Why ?
Therefore HK/H'K'= OH/OH' Why
Therefore v OF.0G  OH _ OF.0G.0If

VT OF .06 OH' OF.QG.0H
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327. Corollary 1. Two triangular prisms that have o tri-
hedral angle of the one equal to a trikedral angle of the other are
to each other us the products of the edges including the triledral
ngles.

[Misr.  Break the prism up into trinngular pyramids, and nse § 326
and Theorem FI, § 144.]

328. Corollary 2. Two parallelepipeds that have a trikedral
angle oF the one equal to o trikedral angle of the other are ta each
other as the products of the edges inclhuding the trihedral angle.

329. Similar Tetrahedrons. Two tetrahedrons (that is
triangular pyramids) are said to be similar if their faces are
similar each to each and similarly placed.

330. Theorem XIX. The volunies of two similar tetrahe-
drons are to each other as the cubes of any two corresponding
erdges, H

Wy

Fic. 235

Given the similar tetrahedrons O-FGH and O'-F'G'H' with
the volumes denoted by ¥ and ¥, and with OF and OF two
corresponding edges.

To prove that % V/V'=0F O'F", §8 158, 271

Proof, Trihedral £ O = trihedral £ (. § 329
Therefore

OF . 06 .0 oFr 0 OoH g

V/ V= — e — St e ol P oS |

/ 0'1'" - r)l('u < r}:!l.f r)[!’lf (,l(_;} {,t;}‘l § 3 (‘I

Buat ()F/O'F’ =0(/0'G"=0H/0'H'. Why ?
Therefore

V/V' =(OF/0'F') (OF ) O'F") (OF) O'F") = OF" ) O'F,
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331. Similar Polyhedrons. In general, similar polyhedrons
are polyhedrons which have the same number of faces similar
each to each and similarly placed, and their corresponding
polyhedral angles equal.

In the case of similar tetrahedrons, the trihedral angles of
the one are necessarily equal to those of the other, if we know
only that the faces ave similar each to each, since the simi-
larity of the faces makes the three face angles at each vertex
equal in the two tetrahedrons, by § 158,

By § 330 and Theorein £, § 144, we can show that any two
similar polyhedrons are to each other as the cubes of any two
corresponding edges.

332. The Regular Solids, A regular paljhedrcn is one whose
faces are all congrnent regular polygons and whose polyhedral
angles are all likewise congruent. Five types of such poly-
hedrons are represented helow.

Inosanmengon  Doproaneoroy  OOTauEnmeN Cenr TETRANEDRON

Fig. 24, —Tak Five Reaurar SoLips

We shall now show that the above types are the only pos-
sible types of regular polyhedrons, Y
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333. Theorem XX. There exist only five different types of
;'ﬂyn‘ht T pr':{l.fﬂwlfri_m 8.

Proof. The proof is based upon two facts: (1) that any
polyhedral angle has at least three faces and (2) that the sum
of the face angles of any convex polyhedral angle must be
less than 360° (See § 273.)

Suppose first that each face is to be a triangle.  Then, from
the definition of a regular polyhedron, the triangle must be
equilateral. LEach of its angles will therefore be 60%  Con-
sequently, by statement (2) above, polyhedral angles may be
formed by combining three, four, or five such angles, but no
more than five can be thus used, since six sueh angles amount
to 360°, while seven or more of them exceed S60°

Therefore, not more than three regular polyhedrons are
possible having triangles as fuces. The three that are possible
are the regular tetrahedron, regular octahedron, and regular
icosahedron. (See Fig. 226.)

Suppose secondly that epch face is to be a square. Each
face angle must then be 90° and, the sum of four such angles
being 360°, it follows that but one regular polyhedron is pos-
sible having squarves as sides. The cube is the vne that is
possible.

Thirdly, suppose that each face is fo be a regular pentagon.
Sinee each of the angles of such a figure is 1087 it follows
that no more than one regular polyhedron is possible whose
[aces ave pentagons, The one that is possible 15 the dodecs-
hedron,

We can proceed no farther, for the sum of three angles of a
regular hexagon is 360°%, while the sum of three angles of any
regular polygon of morve than six sides is greater than 360°,

Hence the theorem is proved.

Nork. These regular solids ocenr in natare in the forms of a variety
of erystals; but not all erystals are regulir solids.
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334. Models. Models of the five possible vegular polyhe-
drons can be easily constructed as follows:

Draw diagrams on cardboard as indicated in the figures below.
Cut these ont and then cut half way through the dotted lines
50 as to make it easy to fold along these lines.

AN =
-

e €T i

INININS

¥

&

Fia. 29

Fold on the dotted lines so as to bring the edges together, sub-
sequently pasting strips of paper over the edges to hold the
solid in position. Models of the tetrahedron, octahedron, and
icosahedron may also be made very quickly by hinging to-
gether short nmbrella wires by means of strong copper wires
strung through the end holes, joining together at each corner
the proper number of rods. The student may show that each
of these models will be quite rigid when completed.
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335. Theorem XXI. Cavalieri’'s Theorem. If two solids
are included between the same puiv of parallel planes, and if
enery section of one of the solids by any plone parallel to one of
these pavaliel planes is equal in area to the section of the other
solid by the same plane, the volunes of the two solids ure equal.

1

Fra. 228

Outline of Proof. The two solids may be divided into a large
number of thin slices by sections parallel to the two including
planes.  These slices may be thought of as approximately
cylindriecal, and the sum of all the slices in either case is the
volume of the solid.

The bases of two corresponding slices of the two solids
between the same two planes ave equal in area, by hypothesis,
1t is therefore apparent that the wolumes of the two correspond-
ing slices differ as little as we please if their thickness is suffi-
ciently small. If can be shown in a precise manner that the
total volume V of one of the solids, which is the snm of all
such slices, differs from the total volume ¥' of the other solid
by as little as we please.

Henee, as in §§ 303, 311, it follows that V¥ =V".

Nore. Observe also that §§ 203, 303 are essentially special cases of
what precedes,
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336. Theorem XXII. The Prismoid Formula. /1 any
solid S of any of the Einds considered in this Chapler is bownded
by two parallel plane sections B and T, and { M denotes the area
af another section parallel to aud widway between B and T, the
wolume V of S is given by the formulo :

V=(B+T+4)-0/6,
where B, T, and M denote the areas of the sections, and h denotes
the distance betieen BB and T

The proof of the preceding formula consists in showing that
it reduces in every case to the very formula for volume that
has already been proved in the articles above.

Outline of Proof for Prisms and Cylinders. [u these cases, all
parallel sections are eqnal (§§ 276, 310). Hence B= T= M;
and the formula to be proved becomes V= Bk, which we
have already proved to be correct (§§ 296, 314,

Outline of Proof for Pyramids and Cones. In these cases we
know that the area of any section parallel to the base B is pro-
portional to the square of its distance from the vertex (§§ 301,
322), Hence, sinee M is at a distance £/2 from the vertex,

MBI L e Bl W
B h 4
The top section 7'is zero, since the top bounding plane meets
a pyramid or a cone in just one point on the vertex,
Hence the formula to be proved becomes, in this case,

V=[B+T4+4 M| . h/6=(B+40-+ B): h/6= Bh/3,
which we know to be correct, §5 306, 323

Outline of Proof for Frustums. Given a frustum of a pyramid or of
a cone, let A be the distance from the vertex O to the larger of the two
bounding seetions,  Let B vepresent this lavger seetion.  Then 8 — b is
the distance from O to the other bounding section T, and H — A/2 is the
distance from O to the middle section M,

We know that the volume ¥ of the frastum is

V =[BH- T(H-h))/3. §§ 507, 824
Or, since T/B=(H— h)/ 12, §§ 801, 822

we know that
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V=B[H—(H—h)¥H)/3= }f;'s“‘ H2— 3 Hh + W¥h/3.

Since T/ B = (H — hy*/H2 and M/ B = (Il — 2@/ 13
the formula to be proved may be written,
(H—h)*,, . (H—=h/2)? h
b Ry R TR ) S e AL By

Fi I

= + ¥, | == ik b
V=[B+ T+ 43 R 4 7 18

' " gy M
=313 FE— G TR + 5] 2

ik Fhg
This is equivalent to the formuls that we kneve o be eorreet ; henee the
theorem is proved,

337. Uses of the Prismoid Formula. The prismoid formnla is a con-
ventent means of remembering the volimes of a varviety of solids.  We
ghall see in Chapter VIIT that it holds for spheres and frastams of spheres
as well as for the solids of this chapter.

Lt also holds for any solid bounded by two parallel planes, made up by
joining tozether pyramids, prisins, ete,, bounded by the same two planes ;
such a solid is ealled a prismoid.

1. 224

The formuls is used very extensively by engineers to estimate the
volumes of various objects, such as the volume of a hill, or the volume
of a metal easting,  Since the same formale holds for such a large variety
of solids, it is reasonably safe to use Iv withont even stopping to see
which of these solids really resembles the objeet whose volume iz desired.

It is shown in more advaneed books that the same formula holds when-
ever the area of the section by awy plane parallél to the hounding planes
is proportional to the square of the distance from some Jized poiat to that
plane.  Many solids not mentioned otherwise in elementary geometry
satisfy this requirement.,
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MISCELLANEOUS EXERCISES. CHAPTER VII

1. Show that every section of a eylinder made by a plane
passing through an element is a parallelogram. What is the
section when the cylinder is a right eylinder ?

2. Show that every section of a cone made by a plane
through the vertex is a triangle. What is the section when
the cone is a right cone ?

3. If @, b, and ¢ are the dimensions of a parallelepiped,
ghow that the length of its diagonal is Va* + 0% 4 %

4. How long an umbrella will go info a trunk measuring
32 in. by 17 in. by 21 in,, inside measnre, («) if the umbrella
is laid on the bottom ? (4) if it is placed diagonally between
apposite eorners of the top and bottom ?

5. Find the volume of a pyramid whose base is a rhombus
6 in. on a side and whose height is 6 in, if one angle of the
rhombus is 60°

6. The Great Pyramid in Egypt is about 480 ft, high and
its base is a square measuring about 764 ft. on a gide. Find
approximately its volume in cubie yards.

7. Water is poured into a cylindrical reservoir 25 ft. in
diameter at the rate of 300 gallons a minute. Find the rate
(number of inches per minute) at which the water rises in the
reservoir (1 gal, = 231 cu. in.),

8. A copper teapot is 91 in. in diameter at the bottom,
8 in. at the top, and 11 in, deep.  Allowing 42 sq. in. for locks
and waste, how much metal is requived for its constrnetion,
excluding the cover ?

9. A conical spire has a slant height of 60 ft. and the
perimeter of the base is 50 ft. Find the lateral surface.
10. How many cubic inches of Jead are there in a piece of

lead pipe 2 yd. long, the outer diameter being 2 in. and the
thickness of the lead being | of an inch ¢
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11. The chimney of a factory has approximately the shape
of a frustum of a vegular pyramid. Its height is 74 ft, and
its upper and lower bases are squares whose sides ave 5 ft.
and 8 ft. respectively. The flue is throughout a square whose
gide is 3 ft. How many cubic feet of material does the
chimney contain ?  Assuming that a brick is 8 in. long, 3% in,
wide, and 2} in. thick (as is ordinarily the case), estimate the
number of bricks in such a chimney.

12. Compare the lateral areas, the total aveas, and the
volumes of (1) a right cireular eylinder and a right cireular
cone having equal bases and altitudes, (2) a regular pyramid
and a regular prism having congruent bases and equal altitudes,

13. A standard rain-gauge is made by inclosing a tube B
in the interior of a can ACDE and eonnecting the mouth of
the tube to the mouth of the can by a fun-
nel FGHL The amount of water, measured
in inches (depth), that bhas fallen in the
vicinity of the gauge is determined by read-
ing the height of the water in the tube B.
Find a formula for the amount of rain that
has fallen in terms of the height & of the
water in the tube B, the radius r of the tube,
and the radius R of the can. ns. hr®/ 12

14. If one of the edges of a tetrahedron is 1 in. long, how
long will be the corresponding edge of a similar fetrahedron
of 8§ times the volume? Answer the same question for the
case in which the new tetrahedron is to have kalf the volume
of the ariginal. Ans. 2in; 1/3/2 =79 in.

15. It is nsual to state the diameter d of a tube in inches,
and the area 4 of its surface in square feet. Show that the
formula used by engineers:

A = 0.2618dl
gives very nearly the correct value in square feet, if d is meas-
ured in inches, and the length 7 is measnred in feet.




CHAPTER VIII
THE SPHERE
PART I GENERAL PROPERTIES

338. Spheres. A sphere is u portion of space bounded by a
surface such that all straight lines to it from a fixed point
within arve equal.

The fixed point within the sphere is called its center; a
line segment joining the center to any point on the surface is

Fio. 230

& radius; a line segment drawn through the center und ter
minated at both ends by the surfuce is a diameter.
It follows from these definitions that :
(@) The radii of @ sphere, or équal spheres, are equal.
(b) The diameters of a sphere, or of equal spheres, are equal.,
(€) Spheres having equal yadii, or eqieal dicinelers, are equal.
(d) A sphere may be generated by the revolution of @ semicircle
whout its dicipeter,

284
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EXERCISES

1. What is the locus of the points that are 2 in. from the
surface of a sphere whose radins is 4 in.?

2. Show that the distance from the center of a sphere fo
a point ontside the sphere is greater than the radius. (Use
Ax. 10,) State the converse. 18 it true ?

3. If two spheres have the sume center, they ave called
concentric. Show that one of two concentric spheres lies
wholly within the other.

4. Show fhat if the eenter of each one of two given spheres
lies on the surfuce of the other, their radii ave equal.

5. Show by § 77, that a plane perpendicular to a diameter
of a sphere ab its extremity has only one point in common
with the sphere.

339. Tangent Planes and Lines. A plane that has only
one point in common with a sphere 1s called a tangent plane to
the sphere. A line that has only one point in common with a
sphere is ealled a tangent line to the sphere. In either case,
the single common point is called the point of tangency.
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340. Theorem I. _.{ plne peependienlar to o dicmeter of a
sphere at one of its extremitios is tangont to the sphere,

Outline of Proof. Let WN be a
plane perpendicular to a dinmeter P27
at P Connect any point A of MAN 10
the center of the sphere 0, Show, by
§ 77, that 0A > OP; whenee, by § 3385,
A cannot be on the sphery, so that P
8 the only point of the plane on the
sphere,

341. Corollary 1. (Clonverse
aft Theorem 1) If « plane is
langenl to a sphere, il iz perpen-
dicular to the yadivs dreown o the
potnt af contoet,

Fia, 211

[Hixr. Show, by Ax. 10, that the radius is shorter than any othor line
drawn from the center to thy plane.  Then nse §77.]

342. Corollary 2. . straight line perpendiculur to o diameter
of a sphere at one of its extremitivs is dangent to the sphere; and
conversely. [Hisr. Use §8 254, 340 for direct, and § 116 for converse. |

343. Corollary 3. Al of the straight lines tangent to a sphere
al @ given point le in the plane tangent to the sphere al that
point. [Hixr. Use§ 254.]

EXERCISES
1. What is the loeus of a point in space at a given distance
from a given point ?
2. Prove that if two lines are tangent to a sphere at the
swne point, their plaue is tangent to the sphere.
[Hixr. Cannect this with one of the corollaries on this page, ]

3. All lines tangent to a sphere from the samwe point are
equal.

[Hrsr. Connect the center of the sphere with the given point and with
two or more points of tangency, |
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344. Theorem IL Fvery section of a spheve made by
a plane is a circle.

Fia. 252

Given the sphere whose center is O, cut by a plane in the
seetion AMBN

To prove that gection AMBY is u circle.

Proof. Draw 0@ L section AMBN; join @ to €' and D,
any two points in the perimeter of the section; draw OC and
O,

In the vt. & OQC and OQD,

0 =0, and 0C= 0D, Why ?
Thevefore AOQU = A 0QD, Why
- Therefore Q' = (D. Why ¢

Sinee (f and D are any two points on the perimeter of the
section, all points on the perimeter of the section are equally
distant from . Therefore section AMBC is a circle,  § 103

EXERCISES
1. If, in Fig. 232, the radius of the sphere, OC, is 10 in.,
and the distance OQ from the center O to the plane AB is
6 in., find the radius (@ of the circle.
2. If, in Fig. 232, the distances €@ amd OC are given, show
how to find the distance OQ.
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345. Great and Small Circles. A cirele on the sphere whose
plane passes through the center is called a great circle of the
sphere, as CD, Fig. 233,

Fra, 233

A cirele on the sphere whose plane does not pass throngh the
center is called a small circle of the sphere, ns AB, Fig. 233,

The axis of & circle of a sphere is the diameter of the splere
which is perpendicular to the plane of the cirele.

The poles of a circle of a sphere are the extremities of the
axis of the eivele.

346. Corollary 1. Through any three points on the surface
of @ spheve one and only one civele of the sphere muy be drawn.
[Hixr., Use 4, § 241.]

347. Corollary 2. Through any two points on the surfuce of
a sphere a great civele wuay be dreawn, 1t follows from 4, § 241,
that there is one and only one such great civele through the two
given points, unless they lie at the opposite ends of a diameter.

348. Distance on a Sphere. By the distance between two
points on the surface of a sphere is meant the length of the
shorter arc of the great cirele joining them. It ean be shown
that this is the shortest path on the surface of the sphere be-
fween the two points.
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EXERCISES

1. If we consider the earth as a
sphere, what kind of circles are
the parallels of latitude? the
equator ¥ the meridians ¥

2. Prove that the axis of a small
cirele of a sphere passes through
the center of the cirele; and con-
versely, a dinmeter of the sphere
through the center of a small eirele
iz the axis of that small eircle.

- . ‘I'l
— by
8. Prove that in the saume sphere, or in equal spheres, all

great circles are equal.

4. The radins of a sphere is 10 in. Find the area of a
section made by a plane 5 in. from the center.

5. The area of a section of a sphere T in. from the center
is 288 s in. Find the avea of a section 4 in, from the center.

6. P'rove that in the same sphere, or in equal spheres, if two
gections are equal, they ave equally distant from the center, and
conversely. ]

7. Prove that any two great eircles of a sphere hisect each
other.


http:lllen.nt
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349. Theorem IIL. Al points in the circumference of a cirele
of a spheve are equally distant from either one of its poles.

Fia, 23 (a) Fra. 254 ()

.Given any two points A and B in the ciremnterence of the
circle ABC, and P and P, the poles of AB(,
To prove that FJ = f;ﬁ, and Ff'ff = f”_;";.
Proof. Draw the great civeles PAP and PBP.
Let D be the intersection of the axis P/ with the plane
ABC.  Draw the straight lines A2, BD, PA and PB.

Now PD=PD, and DA= DB, Why ¢
and L PDA=2 PDB = 90", Why ?
Henee chorld PA =chord PB, Why ?
Therefore Pi=PB. Why

- 5 —
In the same way it may be proved that 7' .4 =7'B.

Nore. The manner in which circles muy be drawn on 4 sphere is
illustrated by Fig, 234 (4). I one end of o string Is held st any point on
the sphere, while a pencil attached o the other end is moved around the
sphere, keoping the string taut, the end of the pencil deseribes a cirele on
the sphere, by Theorem 111,

The various fignres drawn iu this chapter can be reproduced on the
surface of an setunl sphere, by this method of drawing the circles.

.
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350. Polar Distance. The polar distance of a ecircle of o
sphere is the distance on the sphere (§ 348) {rom its nearest
pole to any point of the eircnmference, as £4 or 2B in Fig. 231,

A quadrant is one fourth part of the circumference of a
great eivele; ie an are of 90° on a great cirele.

351. Corollary 1. The polar distance of o great circle is a
guadrant.

Fra. 235

[Hixt. Let ABC be a great circle. Then its center O is also the
center of the great eivele PBEF. Hence the are PB measures the right
angle POR. ]

EXERCISES

1. What is the locus of all the points on the surface of the
earth at a quadvant’s distance from the north pole? from the
south pole ? from the equator ¥ See the figure for Ex. 1, p. 289,

2. The distance of the plane of a certain small cirele from the
center of a sphere is one hall the radins of the sphere.  If the
diameter of the sphere is 12 in., find the polar distance of the
small cirele in degrees and in inches. Ans. 60°5 27 in.

3. Show that a great circle on the earth whose poles lie on
the equator passes through the north pole.
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352. Problem I. 7 determine the vadius of a given material
spliere. '

PJ

D A"

Fra, &5 (a) Fra. 236 (b)

Given any material sphere, OPQ.

To find its radius.

Construction. Take any point 7? on the surface of the sphere
as a pole, and describe the cirele ABC

Take any three points on this eivele, as A, B, (.

By means of the compasses construct on paper or on the
blackboard the friangle A'B'C' congruent fo the triangle
ARBC.

Jirenmseribe a cirele avound A A'B'CY, and let I be the
center of this cirele.

Draw D"A" equal to the radins DF.4'.

Through 0" draw an indefinite line /¢ perpendicular to
'ar,

From A" lay off with compasses A"/ equal to line AP

At A" erect a perpendicular to " and extend it to meet
P@Qat Q.

Then P'Q) is the diameter and P'Q'/2 is the radius of the
given sphere,

[The proof is left to the student. |
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353. Problem II. 7o construct w spherve through jour given
points not all in the same pline.

Fr. 257

Given the four points A, B, ¢, D not all in the same plane.
To construct & sphere that passes through A, B, €, and .

Construction. At [, the middle point of B, exect a plane
QEP perpendicular to AB. Likewise, let PFR be a plane
perpendicular to BC at its middle point £ and let QG be a
plane perpendicular to 8D at its middle point .

Let O be the point common to all three planes QEP, PER,
and QG K.

With O as center, and 0.1 as radius, draw a sphere,

This is the required sphere passing throngh <, B, €} and D.

Proof. 'The plaue QEP is the locus of all points equidistant
from A and B. Why 2
Likewise, PFIR is the locus of points equidistant from B
and C; and QG is the loens of points equidistant from B
and 1.
The planes QEP and PFR meet in a line OF, Why
The line OP meets the plane QG R in a single point 0.
Why ¢
Therefore 0 is equidistant from .1, B, € D. Why ?
Moreover, O is the only point equidistant from A, B, ¢\, D.
Why ?
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.354‘ Inscribed and Circumscribed Spheres. A sphere is
said to be cireumscribed about any polyhedron when the ver-
tices of the polyhedron all lie on its surface,

F1G, 28, CincoMscRIBED SPFMERE

A sphere is said to be inscribed in any polyhedron when it
is tangent to each of the faces of the polyhedron.

=

Fia, 239, Isscrinep SeHERE

355. Corollary 1. Oue and ouly one sphere may be circum-
scrthed about any given tetrakedron (triangudar pyramid).

[Hixe. Pass a sphere through the fonr vertices as in § 853, Notlee

that the fonr vertices eannot all lie ih one plane, |
.
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356. Problem III. T ingcribe a sphere in o given letrahe
dron (trivngular pyraneid).

Given the tetrahedron A BCH, Fig. 250,

To construct the sphere inscribed iu it

Construction and Proof. Bisect the dihiedral angles whose
edges are B, CD, and DB, by the planes BOC, CED, and
DEB, respectively.

The plane BOC is the locus of the points equidistant from
the faces BOD and BAC; the plane C'£D is the locus of the
points equidistant from the faces BCDand CAD; and the plane
DEB is the locus of the points equidistant from the faces BCD
and DB, Why ?

The intersection O of these planes is équidistant from the
four faces of the tetrahedron. Ience the sphere whose center
is 0 and whose radius is the perpendicular distance OF from
O to the face ABC, is tangent to ench of the faces: it is
therefore inseribed in the tetrahedron.

No other sphere exists that is inseribed in the tetrahedron,
for no other point than 0 is equidistant from the fonr faces.

Why ¢
EXERCISES

1. By means of an instrument ealled a spherometer, the
distances AD and DP, Tig. 236, can be measured directly.
Show, by § 162, how to find the radins from these values.

2. Show that the process of § 352 can be used to find the
radius of a sphere, if only a piece of the sphers is available, as
in the case of a glass lens.

3. Show that four points in space determine a sphere, pro-
vided they do not lie in one plane.

4. Show that a sphere is determined if any circle that lies
oneit and one pole of that cirele are given.

5. Show that any two circles of a sphere completely de-
termine the sphere,
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PART II. SPHERICAL ANGLES — TRIANGLES
POLYGONS

357. Spherical Angles. The line tangent to a great circle
of a sphere at any point 18 a tangent to the sphere at that
point; for it tonehes the sphere in only one point (§ 339).

The angle formed by the intersection of fwo greal cireles is
ealled i spherical angle. It is defined to be equal to the angle
formed by the tangents to the two great cireles, at their point
of intersection, us the angle CPD, Fig. 240.

358. Theorem IV. 7he angle belween two yreat cireles
is measured by the are of a great civele deseribed from
its vertex as a pole and included betiween its sides.

Fri. 240
Given the greaf civeles PP and PRP intersecting at 2, and
B the are of a great civele deseribed with 7 as a pole,
To prove that AR is the measure of 2 APB.

Proof. Draw the radii 04, OB, and the tangents PC, PD.

Then 04 | PC and OB | PD, Why ¢
Hence Z AOB = £ CPD. Why ?
But £ AOB is measured by the are AB; henge £ C'I’!J‘ is
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pieasured by the arc AB. It follows that the spherical angle
APB, which is equal to £ CPD by definition (§ 357), is meas-
ured by the are AB,

359. Corollary 1. The sphevical ungle between bivo great civoles
is equal to the plane angle of the diledral ongle jormed by the
planes of the two greal civeles,

360. Spherical Triangles and
Polygons. A spherical polygon is
a portion of a spherical surfave
bounded by three or more ares of
great circles; as ABCDE, Fig. 211.

The bounding arcs of great eir-
cles are called the sides of the
spherical polygon; their intersec-
tions, the vertices; and the angles
formed by the sides at the ver-
tices, the angles of the spherical Fia, 241
poly gon.

A diagonal of a spherical polygon is an are of a great cirele
joining any two non-adjacent ver-
fices.

A spherical triangle 1s a sphevical
polygon of three sides, as ABC,
Fig. 242. _

The worids isosceles, equilateral,
acute, right, and obtuse are applied
to spherical triangles in precisely
the same way as to plane triangles.

Thus, in Fig. 242, the spherical
triangle ABC is isosceles if the
two sides, as 4B awl BC, ave
equal ; the triangle is equilateral if AB= B(' = AC; the tri-
angle is a right triangle if any one angle is a right angle; ete.

Fin. 242
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361. Relation to Central Polyhedral Angles. The planes
of the aves of the great eireles forming the sides of a spher-
ical polygon meet at the center of the sphere and form a paly-
hedral angle, as O-ABCD,

Fua. 245

This polyhedral angle and the spherical polygon are so
closely related that the student can easily prove the following
statements

() The sides of a spherical polygon have the same measures s
the corresponding fuce angles of the pobyhedpal angyle.

(h) The angles of the spherical polygon have the same measures
as the corvesponding dihedral angles of the polyhedral angle.

Thus, sides AR, BC, ete., of the spherieal polygon ABCD
have the same measures as face 4 AOB, BOC, ete., of polyhe-
dral £ 0-ABCD; and spherical 4 ABC, BOD, ete., have the
same measures as the dihedral 5 whose edges are OB, 0, etc.

(&) Any angle of a sphervical polygon (or, the corvesponding
dikedral angle of the polyhedral angle) is measured by the are of
@ greal circle described with the verter of the angle as pole and
terininated by the sides.  See §§ 358, 359

In general, any fuct proved for the sides and the angles of «
spherical polygon is true also for the carvesponding face angles
and dikedral angles of the corresponding central polyhedral angle.

VIIIL, § 363] TRIANGLES AND POLYGONS 209

362. Theorem V. The sum of any two sides of a sphericui
triangle is greater than the thivd side. [Compare § 272.]

Fia, 28

Given the spherical A ABC,

To prove that ;ﬁ} -+ fz'r?- = é]

Proof. ZAOB + £ BOC > £ C0OA § 272
Z AOR is measured by .‘ﬁ},
Z BOC is measured by BC,
Z (0 18 measured by (A Why ?

—

o~
Theretore j}} 4 BC > {14

363. Theorem VI 7%e sum of
the sides of any cowvex spherical
polygon is less thun 3607, [Com-
pare § 273.]

Given the spherical polygon
ABCD,

To prove that

AB + BC+ €D + DA < 360°,

{Hixt. Make use of § 273,
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EXERCISES

1. Show that any side of a spherical polygon is less than 1807,

2. In the spherical A ABC, 4B = 35° and BO = 75°. Be.
tween what limits must (21 lie ?

8. Three of the sides of a spherical quadrilateral are respec-
tively 88° 17!, 70° 36/, and 50° 83", Between what limits must
the fourth side lie 7

364. Polar Triangles. If from the vertices of a spherical
triangle as poles ares of great circles are drawn, these ares
form a second triangle which is called the polar triangle of
the first.

Thus, if 4, B, €, the vertices of the spherical A ABC, ave
the poles of the ares B'CY, A'CY, AR, forming the spherical
A A'B, then A'B'(" is the polar triangle of ABC,

If the eutire circles be drawn, they will intersect so as to
form eight spherical triangles, but the polar of the given
triangle ABC is that oue of the eight triangles whose vertices
lie on the same side of the ares of the given triangle as the
corresponding vertices of the given triangle, and no side of
which is greater than 180°
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365. Theorem VIL. If one spherical triangle is the polar of
anather, then the second is the polar of the first.

ol B _-_-j
Fre. 247
Given A A'B'(", the polar of A ABC,
To prove that A ABC'i5 the polar of A A'B'C.
- o > P
Proof. A is the pole of B'C", and (' is the pole of A'B';

Given.
hence B’ is at a quadrant’s distance from A and €, so that B’ is
the pole of AC . § 249

Similarly, .1’ is the pole of B0, and €' is the pole of AB.
Therefore AB(' is the polar triangle of A'B'C". § 364,

EXERCISES

1. Show that if one side of a spherical triangle on the earth’s
sarface is on the equator, one vertex of the polar triangle is either
at the north pole or at the south pole,

2. Show that if one vertex of a triangle on the earth is at
the north pole, one side of the polar triangle is on the equator.

8. Show that if one vertex of a triangle on the earth is at
the north pole, and if one side of the triangle is on the equator,
the polar triangle also has one vertex at the north pole and
one side along the equator.
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366. Theorem VIIL. 7n two polar triangles, each angle of
the one is measured by the supplement of the side opposite to it in
the other.

Fra, M8

Given the polar triangles ABC and A'B'(Y, with the sides
denoted by «, b, ¢, and o/, ¥, ¢, respectively.
To prove that
(@) £ A4 a' =180° LB+ 1=180° £ O+ =180°;
(hy LA +a =180°% LB +bh=180% £ C" 4 e=180°
jraof. Let AB and AC (prolonged, it necessary) intersect
BC" at D and F, respectively.

Then CD=90°, and BB = 90°, Why
Therefore (D4 EB' =180, Why *
That is CE+ED+ ED+ DB = 180°

or, ED + o' = 1807,
But £D is the measure of £ . (6) § 361
Therefore LA+ a' =180°

In a similar manner £ B+ 3'= 180°% and £ C+ ¢' =180°.
The proof of (b) is left for the student.

EXERCISE
1. If the angles of a spherical triangle are 70°% 90°, and 807,
respectively, find the sides of the polar triangle (in degrees).
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367. Theorem IX. The sum of the angles of a sphevical tri-
angle is greater than 1807 and less than 50°.

Given the spherical A ABC with the sides «, b, and e.

To prove that £ A+ £ B+ 2 (' > 180° and < 510°,

Proof. Let & A'B'(CY, with its sides denoted by ', b/, and ¢/,
be the polar of & ABC.

Then £ A+ a’ =180°, £ B+b'=180° L0+ « =180

Therefore £ 4+ 2L B4 £ O+ a’ + U ¢ =540° Why ¥

But a 4 b e << BO0°. § 363
Therefore LAFLBYL QIR0 Why ¥
Again w40 > 0%

Therefore L4 £B4LO<540% Why?

368. Corollary 1. [u « spherical triungle there ean be e,
two, or even three vight angles; theve can be one, two, or three
ubtuse angles.

EXERCISES

1. Show that a triangle ou the eartl’s surface whose sides
are the equator and two meridians, has two of its angles right
angles, and two of its sides quadrants,

2. If, as in Ex. 1, two of the angles of a spherical triangle
are right angles, between what limits must the third angle lie 7
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369. Birectangular and Trirectangular Triangles. A
spherical triangle having two vight angles is called a birectangu-

Fio. 250

lar spherical triangle. A spherical triangle having all of its
aungles right angles is ealled a trirectangular spherical triangle.

It £ P in the figure is either acute or obtuse, while /4 A and
B are right, A ABP is birectangular; 1f £ P is also a right
angle, A ABP is trivectangular, as in Fig. 230, p. 284,

EXERCISES

1. The sides of a spherical triangle are 80°% and 126° and
175°%  How large are the angles of its polar triangle ¥

2. Show that in a birectangular friangle the sides opposite
the right angles are quadrants,

3. Show that fhree mutually perpendicular planes through
the center of a sphere divide its surface into eight congruent
trirectangular triangles.

4. Show that the area of a trirectangular triangle on a sphere
is one eighth of the area of the sphere.

5. Show that each of the sides of a trirectangular triangle is
a quadrant. Hence show that the polar of a trirectangnlar tri-

angle coincides with it,
L]
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370. Symmetric Triangles. T'wo sphevieal triangles are
symmetric when their parts are equal each to each, but are
in opposite order. Thus, inthe A ABCand A'B'C" (Fig. 251),

Fia, 251

if angles A=4', B= 8, (= (", and sides AB=A'B', BU=
RO CA = ('A", but the order of arrangement is oppogite in
the two figures, the triangles arve syminetrie.

In general, two symmetrie triangles cannot be superposed
and hence cannot be said to be congruent.

Thus, if A ABC is woved so that side A8 coincides with its
equal, A'B', in the symimetric A A'B'C then the vertices C and
¢ lie on opposite sides of A'B'. Iu plane triangles, A AB(
could be revolved about A B till it coincided with A A'B'("';
but this is in general impossible with spherical triangles.

371. Corollary. Two isosceles synunetric spherical triangles

are congrient.
EXERCISES

1. Prove that the base angles of an isosceles spherical tri-
angle are equal.

[Hixr, Draw an are bisecting the vertieal angle, thus forming twn
symietrie triangles.]

0. Show that if two sides of a spherical triangle are quad-
rants, the triangle is birectangular.

X
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372. Theorem X. Two triangles on the sume sphere, or on
equal spheves, are vither congrneat or symmetric, if tiwo sides
and the included angle of the one are equal, respectively, to lwo
sides and the included angle of the other.

Fia. 262 (a) Fra. 252 (b))

Given the spherical A ABC and B¢ on the same sphere
or gqual spheres, having AB=A'B, AC=A'C, L A =2 A'.

To prove that A ABC and A'B(" ave either congruent or
else symmetric,

Proof. If the equal parts of the two triangles are in the
same order, A ABC can be placed on & A'B'C” as in the corre-
sponding case of plane triangles.  See Fig. 252 (a).

If the equal parts of the two triangles are not in the same
order, construet A A" B'C" symometrie to A A" BCY (Fig, 252 (0).)

In & ABC and LB, AC=A'C" AB=A'B,amd £ 4
=/ B'A(". Rince these parts are arranged in the same order,
A ABC and A'BC" are congruent.  Therefore spherieal A 4B
18 symmetrie to spherical & A'B'(”, Why ¥

373. Theorem XI. Two triangles on the same sphere, or on
equal spheves, are either congruent or symmetriv, if two angles and
the included sitde of the one are egual, respectively, to two angles
aid the ineluded side of the other. [Proceed as in § 872.]
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374. Theorem XII. Two triangles vn the same sphere, or on
equal spheres, are cither congrient or symmelvic, if° the three sides
of the one are equal, respectively, to the thyee sides of the other.

[The proof is left to the student. |

375. Theorem XIIL. Tion [riangles on the same spheve, or
on equal spheres, are either congruent or spovmetvic, (' the three
angles of the one ave egual, vespectively, o the three angles of
the other.

F1a. 258

Outline of Proof. I[f AB( and A'B'C" are the two given
spherical triangles sothat L A=ZL A\ L B=4L B, £ C=2(",
their polar triangles ZMN and L'M'N' have the three sides
of one equal to the three sides of the other, respectively.

§ 566

Then, by § 374, A LMN and I/ M'N' are either congruent or
symmetric. In either case, the three angles of A LMN are
equal to the three angles of A L'M'N', respectively ; and there-
fore the three sides of A ABC are equal to the three sides of
A AIB'C", vespectively. § 366

It follows, by § 374, that A ABC and A" B'C’ are either con-
gruent or symmetric,

Nore. Theorems analogous to those of §§ 41, 43, 44, ete., may be
proved in a manner similar to §§ 872-375.
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EXERCISES

1. Show that fwo trihedral anglés are congruent 1f they
intercept congruent triangles on the surfaces of two equal
spheres whose centers are at their vertices, respectively.

2. If two tribedral angles intercept symmetric spherical tri-
angles on the surface of a sphere whose center is at their ver-
tices, respectively, show that the face angles and the dihedral
angles of one trihedral angle are equal to those of the other,
but taken in reversed order.

[Such tribedral angles are called symmetric. )

3. Prove the following theorem, which states for trihedral
aungles (§ 361) a theorem analogous to that of § 372:

Two trihedral angles are eithiey congruent or symmetrie if two
Juce angles and the tucluded diliedral angle of the one are respec-
tively equal to two face angles and the included dikedval angle of
the other.

[Hixt: Consider the spherical triangles ent out by the two trihedral

angles on the surfaces of two equal spheres whose centers lie at the ver-
tices of the two tribedral angles, and apply § 372.]

4. Prove the following theovem, analogous to § 373:

Two trihedral angles are cither congruent or symmetrie i tivo
dikedral angles and the tncluded face angle of the one are yespee-
tively equal to two dihedral angles and the included fuce angle of
the other.

5. State and prove theorems for trihedral angles similar to
Theorems XITT-XT1I, § 874-375.

6. Prove Theorem XI, § 373, by first considering, as in
§ 375, the polars of the given triangles, and applying § 372,

7. Show that any trirectangular triangle on the earth’s sur-
face is congruent to the trirectangular triangle formed by the
equator and two meridians whose longitude differs by 90°,
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PART IIL. AREAS AND VOLUMES

376. Theorem XIV. The area of the surfiwe generated by at
straight line revolving aboul an axis in its plane is equal to the
product of the projection of the line on the axis and the length of the
elvele whose radivs is a perpendicular erected at the middle point
of the line and terminated by the aris. "

(o]
¥

A Cc
X \ Y
E DO F

Fia, 254

Given FF, the projection upon X'} of 1B revolving about
XY, and OP L AB at its wmid-point, and meeting XY at O.

To prove that the area generated by AB = EF X 270P,

Proof. Draw PD 1L XY, and AC I XY,

Since the surface generated by A5 is the lateral surface
of the frustum of a cone, the area generated by AB is

A% 2ME+hBF):.-mx?w-('lﬂj*,‘M')

=AB X 27+ PD. §321
Now A ABO ~ A POD. § 1467
Therefore AB : OP= 4G : FD. Why ?
Then AB % PD = AC x OP = EF x OF. Why ?
And AB x 27PD = EF % 2=0P.

That is, the area generated by AB is EF x 2 xOP.
If AB meets XY, the surface generated is a conical surface

whose area again = EF' x 2=0P. § 220
If AB is parallel to XY, the surface generated is a eylin-
drical sorface whose area again = EF x 2 =0PF. £ 318
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377. Theorem XV. The area of the surface of a sphere is
equal to the product of its diameter by the circumference of a
great circle.

Fiu, 265

Given a sphere generated by the revolution of the semieirele
ABCDE about the diameter AL, 8 being the area of the
surface, r being the radius, and d being the diameter,

To prove that S =2 rd

Proof. Inseribe in the semicircle half of a regular polygon
ABCDE, of any number of sides, and draw BE, ('O, D(, per-
pendicular to (1 E,

From O draw OP L AB. Then OPF biseets AB, Why
and is equal to each of the ls drawn from O to the equal
chords BC, C'D, DE. Why ¢

Now  the avea generated by AB = AF X 2x. 0P, § 376

the arvea generated by BO = FO x 27 . 0P,
the area generated by 0D = 0/ X 2x. OP,
the area generated by DE=GE X 27 . OP.

Therefore, if 8" denotes the surface generated hy the semi-
polygon,

N =(AF + FO -+ O - GFE) 2 70P= AE X 2 70P.

Let the number of sides of the semipolygon be now indefi-
nitely increased.

Then OP has for its limit 7, the semipolygon for its limit
the semicirele, and 8 for its limit 8. Hence, as in § 303,

S= 4L X 2-wr.

378. Corollary 1. The area of the surface of a sphere is equal

to 4 m
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379. Corollary 2. Thearea of the surface of a sphere is equal
10 the sum of the areas of four greal cireles.

For S=2rx2sr=4rr § 378
and =% is the avea of a great circle.

380. Corollary 3. The arcas of the surfaces of two spheres
wre 1o each other os the squares of their radii; vr, a8 the squares
aof their dicmeters.

381. Zomes. A zome is a portion of the surface of a sphere
bounded by the circumferences of two cireles whose planes are

paratlel.

Fig. 256, Zoxes ox T EARTH's SURFACE

The cireumferences forming the boundary of a zone are its

: . .
1t the semicirele NES is revolved about NS as an axis, arc

AB will generate a zone, while points A and B will generate

the bases of the zone.
The altitude of a zone is the perpendicular distance between

the planes of the bases.

382. Corollary 4. The area of a zone of a sphere is equal to
the product of the altitude b of the zone and the cirewmference of
« great cirele; or 2arh, where v is the vadivg uf the spheve.
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383. Lunes. A lune is a portion of a spherical surface
bounded by two semicireumferences of great ecireles; as

Fig. 257

ABCD.L (Fig. 257). The angle of a lune is the angle formed
by its bounding ares. Thus BAD is the angle of the lune
ABCDA

384. Theorem XVI. The arex of a lune is to the area of the
surfave of the spheve as the angle of the lune is to Jour right
angles,

1. 258

Given the lune £AF'B, let L denote the area of the lune, S
the area of the surface of the sphere, and a the angle of the
lune. ‘
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To prove that L/S=Zuajdrt 4
Proof. With P as a pole deseribe the great circle ABCD.
Then the arc 4B measures £ a of the lune. Why ?

Therefore are AB/vircle ABCD=ZL a/4rt. £,

If AR and ABCD are commensurable, let their common
measure be contained m times in AB and » times in ABCD,

Then arc AB/cirele ABOD = m/n.

Therefore a/drt. S=m/n. § 358

Pass ares of great circles through each point of division of
ABCD and the poles P and P

These ares will divide the entire surface into n equal lunes,
of which PAP'B will contain .

Therefore L/S=m/n,
or, L/8S =a/4rt. A

If AB and ABCD are incommensurable, the theorem can be
proved as in § 130. The details are left to the student.

385. Corollary 1. 7he area of a lune whose angle is 1° is
47?360 = =¢*/90.

386. Corollary 2. The area of a lune whose angle is k° is
4 71 /360 = w2k /90,

EXERCISES

1. If the surface of a sphere is 10 sq. ft., what is the area
of a lune whose angle is 40°? What is the radius of the
sphere ? Ans. 1} sq. ft.; 0.89* ft.

2. Show that two lnnes on the same sphere or equal spheres
have the same ratio as their angles.

3. What is the angle of a lune which has the same area as a
trirectangular triangle ?

4. Show that the area of a lune is one ninetieth of the area

of a great circle multiplied by the number of degrees in the

angle of the lune.
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387. Theorem XVII. 7Two symmetric triangles are equal
Ehred.

Given the two symmefric
spherical triangles ABC and
ABE,

To prove that

AABO= A A'B'C

Proof. Let P be the pole of the
small eircle passing through the
points A, B, O, and draw the great
cirele mres P, PB, and PC.

Then PA=PB=PC. Why? i

Now place the two triangles diametrically opposite to each
other and draw the diameter POF.  Also draw the great eircle
ares A P'B' and 2'C".  Then the triangles PBC and P'B'C"
are symmetrical and isosceles and
therefore congruent. § 571.

Similarly A PCAd=A PO,
and APAB>x AP A'B,

That is, the three parts of A BC'
are respectively congrent to the

three parts of ABC
Therefore A ABC'= A A'B'C.

388. Corollary 1. If two semni-
cirewmfereaces of great cireles BOR'
and ACA" intersect on the surfuce
of « hemisphere, the swm of the areas of the two opposite spheri-
cal tricmgles ACB and A'CB' is equal to the area of a lune
whose angle is equal to ACB,

Fia. 260

[Hrsr. Show that the triangle (B¢ is synunetric to the triangle
A'B'C". Hence show that & ACE + A A'CR =lune A'@B'0!.]
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389. Spherical Degree. The aren of u lune whose angle is
1° is 4 #7°/360, or =2/90 (§ 383). Half this ares, that is,
472720 or =r2/180, is often taken as a wnil of areaw on the
sphere, and it 1s called a spherical degree.

390. Measure of Solid Angles. A frihedral angle whose
vertex is at the center of a sphere cuts ont a spherical triangle
on the surface of the sphere, The area of the spherical fri-
angle, in spherical degrees, is called the measure of the trihedral
angle.

Likewise any polyhedral angle is measured by the avea, in
spherical degrees, that it cuts out upon the surface of a sphere
whose center is at its vertex,

EXERCISES

1. Show that the area of a luine whose angle is 1° is 2 spher-
ical degrees,

2, Show that the area of the enfire
gphere is 720 spherical degrees

3. Show that the area of a birectan-
gular triangle whose third angle is 1°
is 1 spherical degree.

4. Show that the avea of a frirectan-
gular triangle is 90 spherical degrees,
or one eighth of the entive surface.

391. Spherical Excess. 'The excess of the sum of the
angles of a spherical trinngle over 1807 is called the spherical
excess of the triangle.

If, for example, the angles of a spherical friangle ave 80°
100° and 125°, the spherical excess of the triangle is 125°.

Likewise, the spherical excess of any spherical polygon is
the excess of the smm of its angles above the sum of the angles
of a plane polygon of the same number of sides.
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392. Theorem XVIIL. T%he aven of a spherical triangle is
equal to the area of a lune whose angle is half the splerical excess
of the triangle.

Fra., 261

Given the spherical A ABC.

To prove that A .BC is equal to a lune whose angle is
(£ A+ L B+ £ C—180°).
Proof. Complete the great cireles by producing the sides of
the & ABC, as in Fig. 261,
Since & AB'C' and A'BC are synunetrie, they are equal in
area § o871
Therefore lune ABA'C'= A ABC+ A AB'(C. § 388
But, denoting the area of the whole splere by 8,
AOBA+AACB+ A ABO+ A AB'C'=1 8. Why?
Therefore ]
(lune BOB' A — A ABC) +(lune CAC'B — A ABC)
+lune ABA'C'=} 8. Why 7
Therefore, transposing, we obtain
2A ABC=lune ABA'C+lune BUB'A + lune CAC'B—1 8.
But } S is the area of a lune whose angle i1s 180°, i
Therefore A ABC' is equal to a lune whose angle is

ML A+ 2 B4 2 C—180%), i §384
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393. Corollary 1. The area of « spherical triangle, measured
in spherical degrees, is numerically equal to its spherical excess.

Norg. This result enables us to compute the area of any spherical tri-
angle in ordinary units of area, when we know its angles and the radins
of the sphere. Thus, if r denotes the radius of the sphere, E the spheri-

cal excess, and 4 the required area, we have, by § 385

= P X _WPE
4=FEX 80" 180

394 Corollary 2. The area of a trivectangular triangle is
90 sphericul degrees.

395. Corollary 3. The area of any spherical triangle is to the
area of the entive sphere as its spherical excess is to T20°.

396. Solid Angles. Ingeneral,if any closed polygon or curve
is drawn on the surface of a sphere, the figure formed by all
radii of the sphere that join the center to the points of this
figure on the spherical surface is called a solid angle. The area
on the surface of the sphere cut out by such a solid angle, in
spherical degrees, is the measure of the solid angle.

EXERCISES

1. What is the measure of a hemisphere in spherical degrees ?

2. The radius of a sphere is 2ft. Find the area of a triangle
on its surface whose angles ave 75° 35° 105° respectively.
Solve first by § 392; then by § 394 Ans. Tx/9 sq. ft.

3. The radins of the earth is approximately 4000 miles.
Tind the entive area. Show that the area in square miles of
one spherical degree is approximately 278,000 square miles.

4. Find how large a triangle on the earth’s surface would
have the total sum of its three angles equal to 181°

5. Show that a region containing about 270,000 sq. mi. on
the earth contaius no triangle whose spherical excess is 1°.

6. What is the area of the state in which you live? What
is its measure in spherical degrees ?
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397. Theorem XIX. The volume V of a sphere is equal
to the product of its surface by one third of its radius; or,
V=4=r~"/3.

Fin., 262

Given a sphere whose center is O; let 8 denote its surface,
r its radins, and Vits volmme.

To prove that V=8xXv/8 =4ar"/3

Proof. Circumseribe about the sphere any polyhedron as
D-ABC, and denote its surface by S’ and its volume by V.

Form pyramids, as O-ABC, ete., having the faces of the
polyhedron as bases and the center of the sphere as a common
vertex.

These pyramids will have a common altitude equal to »
and the volume of each pyramid is equal to its buse X /3.

Why ?
Therefore Vi =8"%xr/3. Why ?

If the number of pyramids is indefinitely increased by pass-
ing planes tangent to the sphere at points where the edges of
the pyramids cut the surface of the sphere, as in Fig. 262, the
difference between S and S’ becomes as small as we please ; the
difference between V and V' becomes as small asave please.
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But however great the number of pyramids,
V’-’=¢.‘” X ?_.-’!t‘ .
Therefore, as in § 303, V=8 x»/3.

Since S=4xr,
it follows that V=4 xr* x 1/3 =4 =r/3.

398. Corollary 1. The voluwmes of tiwo spherves are to each
other as the cubes of thely vadii, or as the cubes of their diameters.

399. Corollary 2. The wvolume of the pyramidul piece cut
oul uf w sphere by any polyhedral angle whose vertex is at the
center is equal to one thivd the area of the spherical polygon cul
out of the surface times the radins.

400. Corollary 3. The prismoid formula (§336) holds for
a sphere.

[Hixr. Two parallel planes that inclode the entire sphere are tan-
gent planes at the ends of a digmeter; these cat the sphere in only one

point each. A plane parallel to these two and halfway between them

cuts the sphere in o great cirele, Hence, in the notation of § 336, B = 0,
T=0, M=4=* h=2r; hence the prismuoid formula would give
vei[Z ﬁ."_Tﬁ-k:!.. M9y I 2 4:._"._: 4 ."“'] = 4;"“

‘which, by § 807, is correct. ]

[Nore. As o matter of fact, the prismold formula holds for the por-
tion of a sphere intercepted between uny two parallel planes. )

EXERCISES

1. Assuming that the earth is a sphere whose radius is
4000 mi., find its volume.

2. Show that a cube cireumseribed about a sphere has a
volume 8% Hence show that the sphere occupies a little

quore than half this volume
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3. Find the volume of the material in a hollow sphere, it
the radius of the outer surface is 6 in. and that of the inner
surface is 5 in.

4. Show that the volume of a hollow sphere whose outer
and inner radii are & and 7, respectively, is 4 = (R* — #%)/3.

5. Find the volume of the material in a hollow sphere
whose outer radius is 10 in., if the material is } in. thick.

6. Show that the volume of a sphere in terms of its diame-
ter, d, is =d*/6.

7. If the radius of one sphere is twice that of another, how
do their volumes compare ?

8. If the volume of one sphere is twice that of another, how
do their radii compare ?

9. Find approximately the radius of a sphere whose volume
is 100 en, in.
10. How many shot i in. in diameter can be made from
10 cu. in. of lead ?
11. If oranges 3 in. in diameter sell for 30 cents per dozen,
and those 4 m. in diameter sell for 50 cents per dozen, which
are the cheaper by volume ?

12. If the skins are of equal thickness, which of the oranges
of Ex. 11 has the greater percentage of skin to the cubie inch
of volume ¢

13. Assuming that raindrops are practically spherical, if
the diameter of one drop is half that of another, how do their
volumes compare ? their areas ?

14. Which of the two drops of Ex. 15 has the greater ratio
of area to volume ? How much greater 7 Which will fall the
more rapidly through the air ?

[Hint. The greater the ratio of area to volume, for the samne material,
the slower the body will fall through the air. ] i
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15. Explain, by the principle of Ex. 14, why very small dust
particles remain floating in the air for a long time.

16. The same amount of material, in the form of a eube, is
melted and cast into a sphere.  Is the surface area less in the
form of the cube or in that of the sphere ?

[Hixr. Assume the cube to be 1 unit on each edwe; find the radius

of the resnlting sphere. ]

17. If a surveyor wishes to be certain that the sum of the

angles in any triangle in a region on the emth's surface shall

be equal to 180° to within one minute, how large may the re-
q! 8 )

gi,oll be ¥ Ang, About 4600 sg. mi,

18. Demonstrate the existence of sphervieal triangles with
three obtuse angles from the existence of triangles whose sides

‘are very short.
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8400 | 8a81
SHT | 8610
H97a | seuo
S0 | LGS
B26G | 808

BE20 | 1
BEAG | SI6S
B8T2 e
SBH08 | Jn221
SO | 9250
8060 | 270
BTG | o008
002 | 0388
028 | AT
A054 | 0306
A080 | 45




i

Quantities Determined by a Given Angle [1

Angle

54700
10
20
30
40
50
55°00°
10
kL 1]
a0
40
o

5800’

59°00'
10
20
30
40
a0
60700’
10
20
0
40
0
61700’
10
20
a0
40
50
62°00°
10
20
80
40
a0

[ 2

Bine :::& Chord | Arc
8080 | 1.3764 | 0080 | 425
SI0T [ 15845 0 0106 | i
8124 [ 18088 | o132 | o483
8141 th‘l, ANAT | an12
8158 | 1.4106 Andl
S1TH [ 14103 | S0T0
B192 [1.4251 | LA
8208 | 14870 028
8295 | 1.4460 r:.zx. 657
S241 L4560 | U312 | 0687
8268 | 14041 | 0888|0716
BT | 1AT88 | 0864 | 0745
B200 | L4828 | 0880 | L0774
B30T | L0 | SIS | L9800
A3 | 16008 | a4l | Loss2
SR [ LAI08 | 0466 | 9861
8455 l.ﬁ'.’.(H e | L0800
SITL L5301 | 0518 | 0910
B3ST | 1.5300 | 0543 [ 0048
) J060 | 90T
A5 | 1,0007

620 | 1.0036

645 | 1.0065

J6TL | 10004

SN0 | L0003 0606 | 1.0123
B0 | 16107 | o722 | 1.0152
8811 | 16212 | 9747 | 1.0181
SBEYG | LGEIY | L0772 | 1.0210
S L2 TR | 10230
8557 1tiw| i 101268
BOT2 L6643 | 9848 | o2
8557 | 1. 874 [ 1,0827
801 | 1. AR89 | 1.0856
B61G | 1.6 AHE2 | 10885
863t 1. SR | 10414
SO4G | B SHT0 | 10143
8660 | 1. | 1.0000 | 1.0472
S670 |1 4 10025 | 1.0501
B89 1.7 ‘m luu;ﬂ]l:rn-ul
BT04 | 1? 3TH | 10075 | 1.0850
ST18 117700 | 1.0101 | 1.0588
8732 ‘17;:7 1.0126 | 1.0617
8746 | LBOMO | 1.0151 | 1.06G47
ATH0 | 1.8165 | 1.0176 | 1.0676
BT74 | 1520 lﬂ"m 10705
HTRE | L8418 | 1,022 | 1.0T3
BR02 | 1L8M6 | 1.0951 | 10763
SE16 | 1.86TH | 1.0276 | 10702
8820 11,8507 | 1.0801 | 1.0821
A848 | 1,800 | 1.0826 | 1.0850
BHGT | 19074 | 1.0851 | 1.0879
B8T0 19210 | 10873 | 1LONOE
B8R84 'LEI.'HT 1.0400 | 108937
8807 ‘Hﬂh L0425 | 106G
S0 I'Ih’h ]ll-i.’;(] 1.0006

63° 00

Angle

63" 00’
11
s
40
410
ab
64700’
10
Lt
40
40
60
65°00°
[}
20
a0
4}
it
86700’
10
)

68°00°
10
20
]
40

T T T —
Sine | genb Ghord Are
1

LBH10 ! 1.5026

RS | LATHS | L4TE | ) III'
S | LAMILE | 1.0600 | 1, |m|
BIHD | 2.0057 | 10524 |1 1083
SIB2 0804 | 1 l).n-l(l | 1. 1114
BUTH | 2.08538 | 1.0674 | 1.114)
8988 | 2.0500 | 1.0508 | 1.1170
AN01 | 20055 | 1,062 iI] 1156
013 |" XA | th8| L1208
ARG 20065 | LOBT2 | 1.01957
A0S | 21123 | LOGOT | 1,198
M051 | 31285 1..1:721‘1.1:511;
ANG3 | 2.1445 | 10746 | 1135
S075 | 21600 | 10771 11874
ANER | 2ATTH | 1.0795 | 11404
100 e, 1‘1-15[1:»&20 11442
;}il& ‘ 2 "I] i 10844 | 114651
HHE . L4
0135 460 | 10803 | 1,1510
AT T | LOMT | 115648
9159 R1T | 1.0042 1.15%7
ANTL 2048 | 100966 | 1.1606
SRS 28188 | 1.0000 | 1. 1686
AN | 2.3564 | 1.1014 | 11660

ARIOG
A6

SIE8T

SNT
AM07
ST
A6
ARG
8
AT
RO
RUTE
AM83
Al
A2

A1

Ll '555 )

11087
1.1111
11156 |
11160

].hﬂ

1.1448

1.1614
1.1638
1.10661
11685
11704

CLaTne
711756

ST

1.1039 | 11604
1.1063 | 1.7

|| Iih;

1

i L1400 | 120 30
11424 1 1,215

1.171

1.1810
1.1834

1. 1868
11897
1. 14924
1.14950
11985
11.2014
1.2043
1.2072
1.2101

1.2066

1) Quantities Determined by a Given Angle vii
Angle | Sine g::i |Chord| Are || Angle | Sine g:’:i Chord | Arc
72700° | 0511 | B.0TTT | 1.1756G | 12566 || 81900° | 0877 | 5.5138 | 1.2089 | 1.4187

10 {0020 | 81084 | LITTH | 1.2505 10| 881 G488 | 18011 | 14166
20 | 0528 | 3.1597 | 1.1804 1.' 20 | JDRSG | GG 15058 | LA9s
a0 | s [saTin| s | 1 50 | 0800 601 | 1.3080 | 142
40 | 0546 | 82041 | 1.1550 | 1,2685 40| 0804 | 6.8260 | 1.8077 | 14254
)] 555 | 82371 | L1873 | 1.2712 o0 | U800 | 69082 | 13040 | 1.4283
78700’ 52700 | 11806 | 1.2741 | | 82200 | 0003 | T.1154 | 18121 | 14312
10 [#.3052 | 11920 | 1.2770 10 | 907 |7 g.s; 1::143 14341
20 02 11343 | 14790 20 | Lol 1.5165 | 1.4370
a0 $ | 33700 | 10966 | B0 mul 153187 | 14000
40 j 84124 | 11990 [ 1.2 10 | oms |7 n(l-l— 1.3
50 $.495 | 1.2013 | 1.2¢ o .'rr':z" G0 | 1.
Y4700 FASTA | 1.2006 | 1.9¢ 88200 | 0025 | RS | 1.34952 | 14480
10 50951 | 12060 | 1.2 10 | 9929 | 856050 lr":i 1.4515
20 | D056 | 1.2085 ) 20 | 0982 | 85055 "!1'144-3
a0 HHOB0 | L2106 30| 00 87T 1 w315 | 14073
4 BGATO | 121209 ) 1,508 40 | LG | 9,0005 | 18359 | 14603
&0 30801 | 121562 | 1906 FO | JONER | O.2507 | 13861 | 1.4632
75° 00" 37821 | 1.217h B4° 00" | M5 | 5144 | 153083 | 146061
10 37760 1‘?1-;3 10 | 018 | 0.7852 | 15103 | 14690
20 g : 0 | OA5L | 10.078 | 1.5426 | 1.4719
i 2 30 | L0064 | 10,385 | LMAT | 14748
40 | AMsY | 3.9180 1,957 40 OU5T | 10,712 | 13469 | 14777
50 | bewi | 80617 |1w-;u 50| 9950 11,050 | 13400 | 1.4806
76700° | 0703 |4.0108 | 1.2513 85°00" | .2 1.3512 | 14835
10| 49710 | 40611 | 10| .o 1.5008 | 1.48%64
20 | ATIT (L1 o0 | T 12, 1.4535 | 1.4563
30|07 | 4.1055 30 | S| 12,706 ) 18070 | 1.4923
40 | 070 | 42198 1. 40 | 0071 13 14507 | 1.4002
80 | AT 42747 | 12428 60 | 0074 13,727 | L3619 | 1.4051
F72007 | 0744 | 4.3515 11,2450 | 12430 | | 867 00 wrn|u'{nl 1.0 | 1.5010
10 | 750 | 4.8807  1.2473 | 15468 10| 4075 14.924 | L3661 | 1.5030
20 | ST5T | 44409 12006 | 18407 20 | 680 | 15,605 | 1.5082 [ 15068
30 | 9763 | 4.5107 | 1.2518 | 1.8526 S| o081 16.:L5|J|l r'(u 1.5097
40 | 9768 |4,5736 125641 | 1,5550 40 | (9083 [ 17169 25| 1.5126
50 | JOTTS [4.6882  LuAG4 | 14584 o | 0983 18.075'13"-16 1,56155
TR°00° | U781 |4.7046 | 1.2586 | 1.9614 | | 8Y°00° | 0086 | 10,081 | 1.5767 | 1.5184
10 | L9787 47729 | 1,2609 | Laogs 10| i | 145788 | 1A
20 | L9793 [ 48430 | 12682 | 149672 201 - HHES 145500 | 15243
S0 0709 | 4.9152 1 Lehd | 1.5701 B0 Lo 1.38590 | 1:5272
40 | 0805 | 4980 | 1.2677 |1'r. 40 | o2 1.03851 | 15301
50 | D811 | 50658 | 126890 | 15750 T L8722 | L6330
78°00° | U816 | 50446 1. "».s 13786 | | 88° 00" | .MM %Ml 15800 | 1.5859
10 | 0H22 | 5.2267 | 1.37 Hn&hl? 10| 05 | 31,242 | 1.3914 | 1.5358
20 | 9827 | 55008 | 1, "w.; AB40 20 | 09N | 54,368 | 1.8085 | 1.5417
30 | 0833 | 5.3955 | 1.2789 | 1.387 B0 | 0007 [ 38,188 | 1.5956 | 1.0444
40 | 9838 54815 | 1.2811 | 1.3 40 | 0097 | 42,564 | 1.307T | 1.0475
B0 | O848 | D.5T04 | 12833 | 1.5034 50 | 9908 | 49.104 | 13897 | 1.5504
80700’ | 0848 | 5.67T13 12856 | 1.8063 80°00' | .0%8 | 57.200 | 1.4018 | 1.5533
10 | 0853 | 57604 | 1.8 10 | 0990 [ 68,750 [ 14050 | 1.5563
20 | JDEG8 | G.ETOS | 20 | e sr‘uﬂ 1.4060 | 1.5502
B0 | 853 | 5.ATHR 30 11,0000 | 114,54 | 1.4080 | 1.5621
40 | 8868 | (G.0844 H 40 [ 1.0000 | 17184 1.4101 | 15650
60 | GRTY | h 1970 1.2067 | 14108 B0 | L0000 | $5.77 | 1.4122 | 15670
81700 | 0877 |6.3138 1.2080 | 1.4137 | 907007 | 1.0000 | —— | 14142 | L5TOS




TABLE IT—POWERS AND ROOTS

EXPLANATION OF TABLE 11

1. Squares and Cubes. The Squares of numbers betwoe,
LO0 and 10.00 at intervals of .01 are given in column headeq
n'. To find the square of any other number, divide (or g
tiply) the given number by 10 to reduce it to a number betweer,
1 and 10; find the square of this Jast unmber; multiply (o
divide) the square thus found by 10 twice as many times ge
you did the given number.

The cube is given in the column headed n’. To find the eyl
of any number not between 1 and 10, first reduce that number
1o a number between 1 and 10 by dividing (or multiplying) by
4 power of 10. Multiply (or divide) the result found by three

times as high a power of 10 as was used to reduce the given
number.

2. Square Roots. The square roots of numbers bebween 1
and 10 are found in the eolumn headed /.

The square roots of numbers between 10 aud 100 1n
found in the column headed /107,

The square roots of numbers between 100 and 1000 may be
found in the column headed v/n by multiplying the given root

by 10, since V1007 = 10 v/,
Other square roots may be found in a similar manner,

ay he

3. Cube Roots. The ecolumn headed :

V/n gives cube ronts of numbers between 1 and 10;
V10n gives cube roots of numbers between 10 and 100
V1007 gives cnbe roots of numbers between 100 and 1000,

To find the cube root of a number befween 1000 and 10000,

take 10 times the value found in the eolumn headed v'n, since
V1000 n = 10 V/x.
Other cube roots may be found similarly.

wiii

1] Table 11 — Powers and Roots ix
n | w | Va |Vion| wt | Un | Vion Vibon
1.00 | 1.0000 | LOOODG | S.6298 | 100000 | 100000 | 215443 | 4.64100
SO1 | 1.OOMN | 307800 | 103050 | 100838 | 216150 | 4.69701
1o }:RI?I-; Lo | a-1sare | 10839 10062 | 216570 | 467288
105 | 1on0n | 101480 | B0me | 109t | 1.00900 | 217877 | 4.68755
0816 | 1.01080 | 300000 | 1.12486 | 10136 | 208070 | 470067
}'3-% }'1}33: ]lg'i’ft@?) 207 | L1762 | 1OIGH0 | 218070 | 4.71760
106 | 11936 | 102056 | BasaTo | 110102 | 101961 | 210669 | 475262
. : 227100 | 1.20501 | 1.00281 | 2.9035% | 474746
108 [ 1661 | 1o | szesy | T2nont | 1,050 221042 | 476220
100 | 11881 | Losos | 85o1s1 | 120503 | 1.02004 | Syga0 | 477080
110 | 12000 | 104861 | 381062 | 153100 | 1.050%% | 299508 | 470142
S i AL LA AN il R 0ar LY RO "rm
e 1.05807 | B8 10768 LH:L‘&-IIJ .!...’-:'(l'l'ﬂ «lﬂ!
R Rl [y Saieod | 140ds | 105800 2y | 40
L1 | 12760 | 106301 | 336155 | 144200 | 104158 | 224402 | 4.
12006 | 106771 | Bsren | 148154 | LOMGE | 2.20062 | 484881
illl;g o }3'.‘3'4 S | 15208 LOIT6 | 25718 | 486204
115 | 1356 | 107703 | 320588 | 186000 | 100072 | 2.96870 | 487700
A7 | Loesy | 108167 | 842008 | 100161 | 105975 | 227019 | 4.80007
Bl R e LGIT03 | 105072 | 227064 | 490487
1.149 14151 1.00087 | 34404 _I.[isﬁ]il 1.00070 | 2.285035 | 4.
120 | 14300 | 100595 | 56410 | 172800 | 1.06206 | 208048 | 408202
e || oaad) | Asnss -_’ ey A4 i - }
2 AL 130000 | BATSGL | LITIS0 | LOGS60 | 2.20577 | 4.0460¢
il el B ' A | 18IS | 106 | 200K | 40508
123 | 15120 | 110005 | 00714 | 1.86087 | 10718 | 2.80885 | 4.97
2 . ;
o L1136 | B52180 | 100062 | 10744 | 251460 | 40800
18 | 1 | e | o |1t | 1omn 20T | 500000
1o | 16876 | 1012250 | 350065 | 200085 | 108008 | 289607 | 501
v
: 120 | 1.12608 | 856571 | 204888 | 108208 | 2.33511 | 502653
15 }:ilseﬁ 1A | s | ooms 10T | 2l | 5,008
1:2!1 1.6641 1.IATS | 800168 | 9.14660 | 1.08859 | 2.34520 | 5052
1.30 | 1.6000 | 104008 | 260555 | 2.10700 | 1.00190 | 215185 | 5.06580
. e = e
: a1 | 110435 | 801550 | 2.24500 | 1.00418 | 2,367 | .
ij.‘.i’ R 1 | 28 | 2007 100G | 256353 5.0915;
188 | 17680 | 1aseae | heasoz | Dh5a | 1L0GOT2 | 26028 | 51044
: 7006 | 1.16738 | 366000 | 240610 | 11047 | 257531 | 511728
Tis | 1A | 130100 | orae | doas 110621 | 28110 | 512908
L | Usia | 11619 | sesrse | 251546 | 110703 | 2lwsenr | 514256
5 - ¥ or i . . wrm n-lmg
ar | 1sten | 1azoer | saonss | 257185 | 121064 | 20
158 | 180 | 1a7er | STiaes | ogosor | 111 il | 510703
19 | e | 017808 | 37eser | 2068562 | 111602 | 24049 | 5.
1.40 | 10000 | 118322 | 574106 | 274400 | 101860 | 241014 | 510240
S1 | 1ASTIN | 375500 | 20022 | 112135 | 241987 | 520483
Yo | A0E (1300 | Bresem | 35w | 11zem 242156 | 521710
143 | Zoaso | 17mows | s7s1ms | 200801 | 11202 | 242704 | 5220m
90780 | 1.20000 | 570478 | 2.08008 | 112024 | 2.45288 | 524148
}'ﬁ 0.[1]3?..5‘ {ﬁnm 5.80780 | 304862 | 115185 | 2.43850 | 525859
146 | 21816 | 1.00830 | 380000 | 811914 | 11845 | 244400 | 526504
7 | 2ag a1o44 | 8:83106 | 817652 | 1.15708 | 244966 | 527763
H!‘s 7%‘1::: ‘}Z:’:iu.é:', 84708 | 324170 | 115060 | 245500 | 528067
149 | 201 | 159066 | weeoos | 8250705 | 114216 | 246072 | 50146




Powers and Roots xi

3

£ Powers and Roots (1

—— < 2 el o Un | Vibn V100n
n 1w’ vn l Vi1tn n’ vn |V lu n ‘\’lﬂo u ” 2 s ' ol — L L — nls
1.50 | 2.9500 | 192074 | 8.57908 | 587500 | 114471 | 246621 2.00 | 4.0000 | 141421 | 447214 | 8.00000 | 1.25002 | 271442 ! ‘;““8‘“
— e — —— S e 8530 | 812000 | 1.26202 | 2.71895 8777
Lol | 2201 | 12086 SSROST | 34208 | 114725 Bk | a0e0L | AN | $4NN | BAN | et | otanes | 5 e
B2 | 8,310 L2808 | 380872 | 3.51181 | 1.14078 & in o ‘4047 55 | 8.36543 | 1.266 BT
153 | 23100 1.-"u5uh' 301152 | 8.58158 | 1.15250 | ol Bl e S st Bgonn bmesices 2 :;-u‘;ij
1.5¢ | 2.3718 | 1.24007 oo B | | e | e It | ot | 5.80687
L55 | 24025 1 101 0 508 | 49438 | 1. e 274182 | 1.27240 540504
156 | 214086 | 124000 | 304068 ' ¥ o : 6074 | 127445 | 274072 ' 1
K a.07 284¢ 4.54073 | 8.8G97 y '. T 072 |
}.._ Z ::ﬂ;? L25300 | 3.062052 35,3060 ':8,‘; i'ﬁtz j,:?;(ﬁn S.!){I)S'.‘ll 127650 4¢
b8 | 2406 i I 1 | 2:80 54012 5 B3 445 57165 | 90203 | 1280l
159 | 281 4.01908 | 16717 | 2:51458 | 541750 300 | 4301 | 144568 | 457100 | 012953 *;—,'j =
— S d Aol = o . g 458008 | 92610 SO0 2
1.80 | 2.5600 00000 | 4.00600 | 116061 | 2.5 542854 R0 | EENC -ﬂj‘— a.s et ! : ,:
161 | 25021 1.0121% 1.17204 gt |t | i e 71576
L62 | 26244 | 137270 | 40202 | 4. 117446 5o | iaee | I “; 451 17000 | B.97300
163 L2671 | 403783 | 4.33075 | 1.17687 | e : ? ) I a3 | 508142
! 5 30034 | 129866 | 277653 | 5.95142
14 L2802 | 404680 daiong | 117007 g i | 0% | 1:30006 | 378063 | 590073
433 128352 | 4.06202 | 440219 | 118167 “siou | 10.0777 | 1.20266 | 2.78405 | 6.00000
1.66 128841 | 4.0T481 | 4.67T430 | 1.18405 28 L300 | &8 | SO0 : 1 r:r;:'f'g o ‘ﬂ(fj.l 7.00025
917 473 f ). 2187 205 | 2.7, 3 el
167 | 27880 | 1.20298 | 4.08056 | 4.65740 | 1.18619 il e "’f:;' it i"”m e o 21 'n,;r_ 601516
168 | 28291 | 120615 | 409578 | 474103 | 1.18578 el Wy ; 100505 | 100862 | 270770 | 6.02765
169 | 25561 | 1.30000 | 411006 | 4.82681 | 110114 el L i [ e s
et ST It - - . L) 4.6 48 30008 2 E [ DD
170 | 25000 | 130384 | 412311 | 4.91500 | 1.10548 2.20 | 4.5400 | 1.48524 | 4.60042 | 10.6450 | 1.30050 | 2.80204 | 6.03681

v BT o | 177 7 =
2.2 4.8841 | 1.45661 TAI0G | 107930 | 1.302356 | 2.80628 | 6.04594
‘Z.'.!‘.IZ 440284 | 1.-!-‘%!"."7 %1 160 [ 10,0410 | 130452 | 2.81050 | 6.00503
2.23 4.0720 | 149832 2020 | 11,0806 | 1.30048 081472 | 606413

gy 20241 | 1.30707 | 4.13521 | 5.00021 | 1.10382 .
1.73 20684 | 1.31149 | 4.14720 | 5.08815 | 1,19815 | 2.58133
1.73 2.9020 | 1.51520 | 4.15033 | 517772 | 1.20046 | 2.58632

=
=

A= M-

4
4.79999
4.7

4.74

174 | 20976 | 151900 | 417133 120077 5 2010 | 50178 | 149666 11,2594 2180 | (07318
175 | 30025 | 189988 | 418470 8 [ 19 7 pah | Soee | 1300 | e 2 e
176 | 20076 | 182665 | 4.19504 s | 120706 | 60118 | 5 290 | 5006 | 150338 ol Bsicssecd I TRy
177 | 8239 | 153041 | 4.20714 | 554523 | 1.20064 | 260610 | 5. 227 | 51520 | 1.50665 42‘3“:' 116971 | 1.1 e g i
178 | 51688 | 153217 | 321000 | 53075 | 101102 | 2.61100 | 5 228 | 5984 | LG0T | 4. =S 5su0Td | 611803
179 | 33041 | 133701 | 4.2004 % | 191418 | 2161688 | 5.6 220 | 5241 | 151897 | 478539 | 12,0000 | 1. e
1.80 | 8.2400 | 134164 | 420264 | 5.85200 | 120044 + | 56622 R80 | 5090 | 2OV L4 T S ZHPT | 5 1A
> — ———— = = o 1o P 3.1357¢

181 | 82761 | 153 | 425441 | 592070 | 121860 2al | oKL LIIST | 4. s | 1imn | & e | Bedan

1.82 | 4812 007 | 4.26615 | 6. 2200, BT e L i . S5e108 | 1,59 285618 53
a8 | Saiee 136077 | 430088 13810 | 2 5 E.'.'; ﬂ 2.33 | 54289 |1 4 12,6493 | 1.82572 | 2.85618 | 6.15345
| SEPEE g . anT 0 RO, )

184 | a.88506 | 185647 | 4.28052 | 6.20000 264001 | 5.65773 S8 | BaTme | 4 8 e A5 B T
183 | 84225 | 136015 | 4.50116 | 655102 C.GHTO | B.GOSKE 285 | 54225 1 : 13,1445 | 133130 | 286838 | 6.17975
186 | 54506 | 1.36382 | 451277 | G.4B4SG 264053 | 570827 Sl Ll B 2 el Lgesi e
18T | 34960 | 156748 | 480455 | 6.55020 9,65498 | 571848 3,87 | b.s160) | 15948 | 455536 | 138131 | 1.90868 oyl Corg B
1 | ssei |3 | SRR | 6.uam el R 938 | 5.6084 | 154272 | 4.87852 | 134813 | 133514 ‘).mm? 10715
189 | 3791 | 187377 | amami | 6ra1or a9 871 | & 239 | 57121 | 154606 | 4.88876 | 13.0510 | 133700 | 2.85040 | 6.20582
1.90 | 36100 | 137840 | 4.55800 | 6.87000 | 123856 | 266810 | 574500 BAD LTS | Log [ 4 R0 et S : — “'ilff
L0 | BaMSL | 158203 | 4.97035 | 6.00TST | 1.24074 | 2,670 o | 58 B ) e | e S v | et e | e

.93 SLRGE L3800 LAB1TE | T.07TT8¢ 24250 576000 P X g - “aigan | @ 3 5. 2440
198 | 37049 | 13ias | dae01n | ¥ anio 124503 570 943 | 50040 | 155885 | 4.02950 | 14,3480 | 1.34442 | 289647 | 6.24025
: A : 3053 | 156205 | 400064 | 140008 | 134626 | 20004 | 624580

: 3.7636 | 1.39288 | 4.90454 | 7.30138 | 1.24719 | 2.65700 | 578806 244 | 00650, | 1.56205 | 4.00004 | 18,92 e | %o | 5

1% [ S |10 | Sk | Tavme | 1augt | asamn’) Broen a5 | 60025 | 16525 | 404075 | 147061 | 134810 | 2.00489 | 6.25732

2,46 60516 | 15684 | 405084 | 14.8860 | 1.34893 | 290834 f: 20583
247 1009 | 1.57162 | 4.96991 | 15,0602 | 155176 | 2.91227 2'741}1
.!ié g}?})«l 1 :‘180 -l.ﬂTk(Hli 15.2530 | 1.35358 | 2.01620 f§.28‘216
2.49 6.2001 | 1.57797 | 4.08000 | 154582 | 1.35040 | 2.92011 | 6.29119

1.98 3846 | 140000 | 4.42710 | 7.52054 | 1.25146 | 2.69620
1.97 3.8800 | 140857 | 4.43847 | 7.64587 | 1.25350 | 2.90078
1.08 30204 | 140712 | 444072 | 7.76239 | 1.25571 | 2.70534
1.499 0601 | 141067 | 446004 | 7.88080 | 1.25752 | 270080



http:o?,,:>~.cf

Powers and Roots o iy Powers and Roots xlii

n? va | vidn| nt Vin | V10n V1005 . _"‘_} v | | Vion| w V| Vion [Vi00n

6.2500 | 168114 | 5.00000 0200 | .02 202402 | 6.2000

B1e10 1o 1ot

_ 90000 | 153205 | 5ATTE | 9T wm | 14225 | 810728 | 660438

00601 | 1. 73404 | 548045 TOD | 144385 | 8.11068 | 6.70176
94204 | 173781 | BAUGAS | 27,0456 | 144545 | 31412 | 670017
Q800 | 174069 | 5.50454 | 27,8181 | 144704 | S.01706 | 6.71657
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G.T600 | L6125 | 5.00002 | 17.5760 l.:ﬁ;ﬂ',-' 250 | N m,lm ﬁ:n;".’p_ :3‘.).40!” b 4!’»510 514128 | 676790

6.8121 | 161555 | 510882 | 17.7706 | 187683 | 206620 | 6.3006% i bt [l SUARED | S

DO.ORATO | B0BTIS 3123 | 5014812 | 6.78242
DO | 80,6643 | 1. 4() TH | 3.15148 | 6.78966
560557 | 80,059 140434 | S10480 | 679088
501240 | 31,2559 | 1,46560 | 310818 | 0,80409
5.62180 | 81.3545 | 146745 | 3.16152 | 6.81128

G.8644 | 1.G1804 | 511859 | 17.9847 | 1.37850 | 2.097007 | 6.30885
60160 | LOZITS | 512835 | 181914 | 1.38034 | 2.97385 | 640606
G.9606 | 1.62481 | 514809 | 18.5007 297761 | 6.41007
T0225 | 1.62788 | 5.14752 | 18,6008 A8B8S | 208187 | 6.42810
70756 | 1.63095 | B.15TH2 | 18.8211 | 1.88557 | 2.08511 | 6.48124

QL8500
1.92206
9.9800

: 40 : 10,0489 5063028 | 318550 | 1.46800 | 3.16485 | 6.81846

250 | 1.6: 516720 | 19.0342 430 4 > sl B
Tas0s | 1007 | Biveer | 10.04ss g 01124 563015 | 32,1574 | 1.47064 | 3.16817 | 6.82562
72361 | 1.64012 | 518652 | 19,4651 645051 10,1761 | 6| 561801 | B24618 | 147208 | 8IT1E | 6.88277
'7 2000 | 164817 | 10615 | 19.6830 'J.mzm l 646330 102400 5.65085 | B2.7080 | 147301 | 3.174%) | 689000

Taw1 | 104621 | 520517 139810 10,3041 | 506360 | 83.0762 | 147515 | 517811 | 6.84702

8 i 20T S 4] 10,3684 BATASO | 358860 | 147668 | 318140 | G.R3412
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;_ | e | el 10,1520 5.08851 | 536983 | 147820 | 3118469 | 686121

104976 | 1.80000 | 5.60210 | 84,0122 | 1.47973 | AI8TU8 | 6.86829
106625 | 1.80978 | 5.70088 | 44,5281 | 1.48125 | 3.10125 | 6.87581
10.G276 | 1.80550 | 5.700064 | S4.0460 | 148277 | 310452 | 6.88289

7 5076 | 1.65520 | 523450 | 20.5708 | 1.50032 | 3.01474 | 6.40507
700625 | LG38SL | 524404 | 20,7969 | 140102 | 801881 | 65020
T.61T6 | 1.66132 | 5.25807 | 21.0246 | 140272 | 8.02206 | 6.51085
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- e ; 2 0I5T 106920 | 1.80831 | 5.71830 | BLOGES | 148428 | 310778 | 688042
2 L 648 21.2539 A0H B.0257¢ 51868 2 . )
o ;t?”ﬂ }%ﬁ ’53’?3‘}? 'xi ;e:fo %.m;u‘x S04 ‘3.’]'- 1108 | 872718 | 36,0078 | 145610 520104 | G.80643
2, 70841 | 1603 | 528205 | 217176 | 140778 | 3.08207 108241 | LSISSE | 578080 | S5.6118 | 148750 | 5.20420 | 6.00344
2. 7.8400 | 1.67332 | 5.20150 | 21,0000 'f 1,40046G | 3.03659 | 6.54215 10.8000 | 15165 i :i’),e‘uﬁg 148881 | B.20758 | 6.61042
2 890 6763 0004 | 22 | 555 3.04020 | 6.54901 109601 | 1.1 35,2647 | 149031 | 3.21077 | 641740
S8 | Tomk | 10mw0 | 31087 | o498 | 141981 | S0k580 | .07 110224 | 1.8 BAOH | 1A9IST | B21400 | 6.92436
283 | 8.0080 | 1.68226 | 531077 | 22,6052 | 1.41448 | 8.04740 | 6.56541 11,0859 B6,9260 | 148330 | 5.21722 | 6.95180
2,84 | B.OGS6 | 1.08023 | 532017 | 22,0068 | 141614 | 8.05008 | G.57514 2 07 | 140480 | 322044 | 6.03823
2.85 | 81225 | 1.68819 | 5.33854 | 25,1401 | 141780 | 3.05456 | 6.58084 2 | LA | 820565 | 644515
286 | 81796 | 1691156 | 5.54700 | 233957 | 141046 | 8.05813 | 6.58850 L1586 | ST.0881 | 140777 | 599656 | 6.95205
087 o ™ 5254 | 24.6909 | 1.49 06180 | 6.50620 11,3560 48,9798 | 140026 | 429006 | 6.05804
i'bgé g'.g"t;g }:;‘}n!(l)é .‘,’:-5?;‘;."4; ‘.’.;2:7’:) lj’"l”!lly ;n"h ::.(;HJ;R.’: 11,4244 SS.6140 | 160074 | S.20425 | 608082
280 83521 | 1.70000 | 5.87587 | 24,1376 | 1.42440 | ¢ G.61149 | 1an _B8.0082 | 150222 | 3.23643 | 6.U7268
2.90 | 84100 | 1.70204 | 558516 | 245500 | 143004 | 3.07232 | 6.61011 .40 | 11.5600 30.5040 | 150369 | 2.25061 | 6.97058
Y TOBST | .50 94,6400 0768 | 3.07584 | 6.62671 341 | 116281 5,85052 | 50.6518 | 1.50517 | 8.24278 | 648657
221% gf_)sl Hn:m’; 2?3?%6 2::371 Hw»‘ﬁ 30706 | 6,632 542 | 11,6064 5.64808 | 40,0017 | 1.50664 | 3.24505 | 6.00319
205 | 8.5849 | L1172 | 541295 | 25,1558 | 149004 | S.08287 | 6.64185 343 | 117649 585662 | 40,5586 | 150810 | 8.24911 | 7.00000
2. 6480 | 171464 | 542218 | 25,4122 | 1.45257 | B.08638 | G.04040 S | 1L8336 556515 | 40.7076 | 160957 | 325297 | 7,00680
2.3% gﬁo&s }.Fr}#n?s 5.-;:11:1;:;3 ‘ﬁf&m 1.?341’13 SORIT | 663603 345 | 110025 AATHGT | 410036 | 161103 | 8.25642 | T.01368
206 | 87616 | 1.72047 | 5.44059 | 250345 | 145581 | 3.00456 | G.6614 S| 110716 588218 | 41,4217 | 1.51240 | 3.25856 | 7.02085
3 8200 | 1.72887 | 544077 | 26.1081 | 1.43743 | L0084 | 6.6T1M SAT | 12,0409 SAM06T | 41,7810 | 151394 | 8.26160 | 7.02711
'j.;g g.s&u H‘.m; '%:sxﬁ 5:;.»}4{:{45 %g:zm 510031 | 667042 BA8 | 120104 GAN01G | 42,1442 | LAIGAD | 3.26482 | 7.04385
200 | 89401 | 172016 | 5.46809 | 26.7309 | 1.44085 | 8.10378 | 6.68688 540 | 12,1801 500762 | 42,0085 | 1.61685 | 8.26705 | 7.04068




A1V Powers and Roots L1l
m n* vn | vion| » | ¥n ’ v mh. v lﬂ(m

3.50 12,2500 | 1.87083 | 591608 | 42.87050 | 1.51829 ' 3.27107 | T.04780
5351 | 12.3201 $ 502458 | 49.24506 | 1.51974 7.05400
3.52 | 12.8004 5A5200 | 43.6142 | 1.52118 G070
353 | 124000 | 1STSSS | 50U | 45,0870 | 15226 O6T38
3.5% 12.5310 | 1.88140 | 5.04479 | 44.3619 07404
3.55 35 | 1.88414 | 5.95810 | 44.7380 5070
3.56 | 12,6736 | L.88680 | 5.40657 | 45.1180 08734
357 | 127440 | 188944 | 597405 09307
3.68 | 12.816¢ | 1.89209 il 10059
3.60 | 12.8881 | 1.80473 | 7.10719
8.60 | 12,0600 | 18075 40,6560 0104 [_7_2 70
3.61 13.0021 | 1.00000 | 6. tum"’ 47.0450 S.50498 | T. "(H‘T
3.62 | 181044 | 190263 | 6.0166% | 47.4579 300803 | 7.12604
5,03 | 181769 | 100626 | 6.02405 | 47.8321 381107 | Ty
504 1.90788 | 6.03324 | 48. ""\" 1411 | 7.14004
3.65 1.91050 | 604152 4, 'sl 714 | 714057
3.66 1.01511 | 6.04079 399017 | 7.15300
3.67 13,4680 1.‘11.’»72 H305 T
3.68 | 146424 | 1091833 | 6,06630 7.
3.69 | 15.6161 | 1 .uznm (07451 7.
8.70 | 13.6000 6.082706 ..n r:.:‘n) | 154668 T
3,71 | 18.7641 2 6.00008 | 51.0648 | 1.54807
4.72 | 132.8384 | 1.02573 | 6.00018 | 51.4788 | 1.5HMG 22
378 | 189129 | 193132 | 610737 | 518051 | 1.65085 | 8.54120
3.74 | 1809876 | 1.08301 | 6.11555 | 528130 | 1. 552"'3 384410
8.75 | 140625 | 1L.O3049 | 612872 52 "'m 3.4716
376 | 141870 | 1.93907 | 6.13188 58,1574 | 1. ”r»un 306014
307 | 142120 | 104165 | 6.14003 | B3.5826 | 1. 'uo.ﬂ 3.451510
3.78 142884 | 1.94422 | G.148517 | 54.0102 S.35607
390 | 145611 | 194079 | 615650 | 544000 36002
8.80 | 144400 | 1.94086 | 616441 | 5LET0 | 1. 306108 | 7.245316
3.81 | 14.5161 | 1.05192 | 6.17252 ﬁ.‘}.fﬂ)(;:} 3.36492 | 7.24950
3.82 14,5024 | 105448 | G.IBOG1 5. 7450 S.O6T86 | T.25584
4.85 | 146680 | 195704 | 6.18870 .m 1819 | 1.56450 | 3.87080 | T.26217
381 | 147456 | 1.05050 | 619677 | 56.6281 | 1.66595 ‘i ATHTH | T.20818
3,85 | 148225 | 106214 | 6.20484 | 5T.0666 | 1.607:1 | 3.57666 T.27470
5.86 | 14.8096 | 1.06460 | 621280 | 57.6125 | L.AGSGG | 3.537908 | T.28108
3.87 | 149709 ag | 5T.0006 | 157001 | 8.38249 | 7.
.88 | 15,0044 % 584111 | TATIST | S.08540 | T
3.80 | 15.1521 1 ‘, BR.B630 | 1.57271 | 8.88881 | 7.
3.90 | 15.2100 593190 | 1.574006 | 021
3.01 | 15.2881 | 1L.o7787 | 5"5.;00 1.57541 1 | 80411
3.02 | 15.3664 | 1.97990 ‘ 626009 157675 | B.IT00
3.93 | 15,4449 | 1.08242 | 6.20897 1.57800 | 3.30088
404 | 15,5236 | 195404 ‘ 6.27604 | 611630 | 1.57942 | 840277 | T.33104
305 | 15,6025 | 1.08746 | 6.28190 | 616200 | 158076 | 34006 | 7.85725
3.4 156816 1989097 \ G.20285 | 62,0001 340851 | T3040
8.97 | 157609 | 1.00240 | 6.80079 | 625708 | 1.58542 ) 541148 | TG0
8.98 | 15,8401 | 1.upd0n | 6.80872 | 63,0448 | LAS4TH | B.41424 | T.065706
3.90 | 159201 | 1.99750 (,.m;m 63,5212 | L.O8G0R | 341710 | 7.36142 |

1] Powers and Roots XV
n n* ] Vi | VIon| mt | Ya | ¥i0w V100w

4.00 16.0000 | 2.00000 | 6.82450 GLOOOD | 1HSTH0 | BAITD | T.06506
401 16.0801 | 200250 | B.3326 | GEABIZ | L8872 TOT420
4.02 | 16,1604 | 2.00409 | 654035 | 64,0648 | 1.50004 7o
4.03 | 16.2400 | 2.0074D | 6.34823 | 654008 | 1.50140 7 'N‘AA
4.04 | 16.3216 | 2.00008 | 655610 [ 63,9503 | 1.59267 | 843131 | 7.30254
405 | 164025 | 201246 | 686506 | G6.4301 | 150D | 843414 | T.80864
4.06 | 164836 | 2.01404 ‘ G.87181 | 66,9234 | 1.59530 | 8. nwr 740472
4.07 | 16.5649 | 2,01742 G 37966 | 674101 | 1.50651 741080
4.08 16.6464 | 2.01900 3 67.9173 | 1.59791 7.41(»&‘»
4.08 16.7281 | 2.022437 654170 GUN23 T.42201
4.10 | 168100 | 2,02485 ‘ 6.40512 | 65,9210 160052 ; TAZR06
401 | 108021 | 2.02731 | 6.41093 | G0.4203 | 1.60182 | 3.45102 | 745400
4.12 16.9744 | 2.02078 | G.41872 | 6D.95345 | 1.60312 | 345782 | 7.44102
413 17.0069 | 2.03224 | 642651 | 704450 | 1.60441 | 3456061 | 744703
4.14 171806 | 20470 | 6.43428 | T0.9670 | 1.60571 | 3.45039 | 7.45504
115 17,9225 | 2,06715 | 6.44205 | T14784 | 1.00700 | 546218
418 | 17.3056 | 2.05061 | 6.44081 | 71.0013 | 1.60820 | 346446
417 17.3880 | 2.04206 | 645755 | T2.5117 | 1.00858 | 3.46773 <
4,18 | 17.4724 | 2.04450 | 6.46329 .’mn«, 1.61086G | 3.47050 | 7.

419 17,5061 ‘.!.(Hi.ﬁ 647202 | TR.5601 | 1.G1215 BATEAT | T
4.20 | 17.6400 | 2.04050 | 645071 | T4.0850 | 10145 | 347003 | 7.
.21 177241 | 2.05183 | 48845 | 7R.6185 | 1.61471 | 8.47878 | 7.
4.22 17.8084 | 205426 | 640615 | 75,1514 | 1.01590 | 348154 | T.200T
+.% 17.8029 | 2.05670 | 6.00384 | T5.6870 | LG1726 | 3,48428 | 7.50666
4.2 17.9776 | 2.05013 | 6.51153 | 76.2250 | 1.01858 | B.48703 | T.51257

425 180625 | 206155 | 6.51920 | TE.70006 | 1.61981 | 848077 | 7.51847
4.26 181476 | 2.06808 | 6.52087 | T7.8088 | 1.62108 | 349200 | 7.52437
4,97 | 18.2320 | 2.06640 | 6.5:3452 | T7.805 | 1 (.""'u 3.40523 | 7.53025
498 | 183184 | 2 mwy’ G.54217 | 78,4023 | 1. 34970 | 7.55012
4.20 1 18.4041 | 207123 | G.51051 | TR.O556 | 1 ; 7.-'»_{1“‘.)
4.30 | 18.4000 | 2.07364 | 6.507 T4 | 79,5070 T.0M784
4.31 18,4761 | 2.07605 80,0630 .i.nl)hll 7.005060
.92 18,6624 | 2,07546 80.6216 | 1 t;"h‘hﬁ SO0882 | 755003
+.83 18,7489 | 2.08087 81.1827 | 1.62891 | 8.51153 | 7.56535
4.34 18.85356 | 2.08327 817465 | 1.63116 | 8.51425 | T.57117
485 | 18,9225 | 2.085067 82,8120 | 163241 | 3.51002 | 7.57078
4.56 130006 | 2.085806 | 6. t,u.m 82.8810 | 1.03306 | 3.01062 | 7.08279
4.57 190060 | 2.09045 | 6.61060 | 85.4585 | 163401 | 852081 | 7.5585
4.88 | 1000844 | 2.00284 | 661816 | 80277 | 163619 3., 9) | 7.50456
4.09 l“l 2021 | 200020 | 662571 | 846045 0 1.6 740 | """h'l 7.60014
4.40 | 19.5600 | 2.00762 | 6.03325 | 851840 A53055 | 7.60590
441 210000 | 6.64078 | 85.765 3 3.53502 | T.61166
444 2.10238 | 6.64831 | 86.3500 | 1. 353569 | T.61741
4.43 210476 | 6.65082 | 86.9383 | 164236 | 3.58835 | T.62315
444 107136 | 2.10713 | 6.66553 1.64859 | 3.54101 | 7.G2888
445 | 19.8025 | 2.10050 | 6.67083 | BS. 104483 | 354007 | 7.0:3461
446 19.8016 | 211187 | 6.67832 | B3.7165 | 104606 | 3.54G52 | 7.64032
447 | 199800 | 2.11424 | 6.68581 | 898146 | 1.64729 5 "A\'T’ T.61603
4,48 | 20,0704 | 2.11660 | 6.69028 | 89,0154 | 1.64851 | 3.55162 | 7.65172
449 | 20.1601 | 221806 | 6.70078 | 90.5188 | 1.64974 H0426 | T.05T41
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4.50 | 202500 | 202152 | 6,70520 | 911250 | 1.63006 | 3.
451 | 200401 | 212568 | 671505 | 01T | Lenon b
4.02 | 204504 | 202003 | 6.72500 | 92,5454 | 1.65041 .l 'i!\_l"
403 | 205200 | 212808 | G005 | 02,0007 | 105462 | 856478
450 [ 20.6116 | 215078 | 678705 | 930767 | 165584 | 346740
430 | 20,7005 | 2AX07 | 674557 | 041964 | 1.65706 | 357002 | T4 cn i
406 | 207906 | 210542 | G.75278 | OLEISS | 165827 | 857265 | 7.6
4,§T 20,8840 | 2.13TTH | G.76018 | 95.4440 | 1.65M8 | 3.57524
408 | 200764 | 224000 | G.T6T5T | 90.0T19 | 166069 | 557785
A0 20681 | 24243 | 657405 | 068.7026 | 1.66100 | 3.58 M5
_4.60 | 211000 | 204476 | 678250 | 97,5550 | 163310 | 8.58505
461 2L | 2.14700 ..h!l"{:l 070722 | 1665481 | 358064
402 20004 | 202 | 679700 | 986111 | 16655l | 258823
463 | ZLAWO | 215174 | G.80441 | G0.2528 | 166071 | 350082
4.64 21.5206 | 215407 | G.81175 | 908973 | 1.66791 | 5.59540
4465 | ZLG225 | 215650 | GR1000 | 100545 | 1.06011 | B.60508
$.06 | 217156 | 215570 | 652643 | 10110 | 167080 | 35080
4.q’r 21,8089 | 2.16102 | G.R4574 | 101,848 | 1,67150 | 8.60113
468 | 20,0084 | L1653 | G.B4105 | 102.503 | 1.67269 | 3.60570 T
CRGY | 219061 | 216664 | G.84856 ) 103,162 (LGTESS | 860626 | T.70MG
470 | 220000 | 216705 | 6.85565 | 108.823 1 GTH07 800884 Tlg"zua{
4.71 20841 | 237025 | 6,862 | 104487 | 1.67G26 | S.61188 | 7.78040
4.72 S2.2784 1 217256 | 6.87025 | 105004 | 1.GTT44 | 3.61004 | 7.78500
473 20,5720 | 217486 | G.877T00 | 105.824 | 1.67808 | S.6149 | 7749120
4.74 224676 | 2,17715 | 6.8847T | 106.496 | 1.67981 | 3.61003 | 7.79697
4.70 | 225625 | 2175 | GBI202 | 107172 | 1.G8000 | 8.62158 | 7.80244
176 22,6576 | 218174 | 6.80028 | 107.850 | 1.6821T | 842412 | 7.807u3
4.7 23 G.0652 | 108,451 302665 | 7. Rl 1340
478 2,184 G.O15875 ]U‘.'l"]: 362019 | 781885
-;._73__1 FL?J. G.H2008 | B
4.80 M | 2. Gaesen ), BT
4.81 - G2 111.‘.’55 i 360076 | T.RWGIT
4,82 2 GAMIN2 | 1TLYSD | 1.65020 | A.G5025 | 7.84069
4.83 b G082 | 112,679 | 100047 | 86180 | T.84601
.84 | 23,4956 | 220000 | G.O5701 | 118880 | 1.60052 | S.:4451 | 7.85142
4.8 230005 | 200227 | G0 | 114,088 | 169970 | 864682 | 785683
4.50 | 206106 | Z2M5¢ | GOTIST | 114,791 | 150086 | S.04052 | 7.86200
487 | 237160 | 290081 | G.OTS5E | 115001 | 1.00504 | 3.05182 | T.867i0
4.88 | ZREI4 | 200007 | 6085570 | 116214 | Lope1n | B4z | T.AT2
480 | 23.012] | 291138 | GRS | G050 | LG0T | B.0681 | T.878ET
4.90 | 200000 | 291350 | 7.00000 | 117,640 | 1830 | B.605031 | 785574
401 | 241081 | 221585 | T.00714 | 118,971 | 1.69963 | 3.66179 | 7.88000
4.92 | 242004 | 221811 | 701927 | 119.006 | 170081 | S.66428 | 7.80440
485 | 24,5009 | 222036 | T.02140 | 119,823 | L7019 | 2.666T6 | 7.870
4.93 | 24.4080 | 220261 | T.02851 | 120554 | 1.70811 | S.66024 | 7.00513
400 | 205025 | 200805 | 705562 | 121,287 | 170426 | 867171 | TAN040
4.6 | 246016 | 229710 | T.04273 | 192,024 | 170540 | 367418 | 7.01678
.07 | 247000 | 222005 | 7.04082 | 122.763 | 1.70655 | 8.7065 | 7.02110
408 | 2408004 | 2.25150 | T.05691 | 123500 | 1,70709 | S.67011 | 700641
4.90 | 209001 | 2:23383 | 7.00599 | 196251 | 1.70884 | 38157 795171 |

1] Powers and Roots xvii
n | W | v |V 10n | n“__[ {'/n l{/_liulv'll.liln-
5.00 | 25.0000 | 2,28007 | T.07107 | 125,000 1?nml I
5.01 | 951001 | 228530 | 7.07814 | 125752 | 171112 | B.0SGA9 | L0620
502 .2004 | 2.24004 | T.08520 | 120,000 | 151228 | L0850 | TAMTAT
5,08 | 20,3000 | 224077 | T.00225 | 127.204 ) 171530 | 5160198 | 7.05985
5.04 | 954010 | 290490 | 7.00050 | 12503 1714562 | 200083 | 708811
505 | 2505025 | 224722 | 700638 | 19R TR | LTLWG | S.0062T | 7068467
5.06 PLARIEENTH '.’.N‘M'!li'.lm-‘ﬁ 12060 | LTI6TH | B.0087) | T.008G3
5.07 | 957049 7.12080 | 180,324 | 1717wz | 870114 | TA8sT
508 | 25.8004 W0 | TUTH [ 181007 | 171905 | B,70857 | 797011
500 | 250081 | | TBM2 | 181672 | 1T201T | 5.70600 | T.08134
510 | 26,0100 ET B | T84 | 152,651 | 172180 | 870845 | 708057
511 | 26112 | 74843 | 198488 | 1.7 B.71085 | 790470
512 | 262144 705542 | 184218 | 172565 | 871437 | B.00000
513 | 6.8160 710240 | 185006 | 17267 | 871669 | 8.00620
514 654100 TAMKAS | 155.797 | L.72579 | G110 | R.OIM0
515 | 20.0225 | 2amms [ 750 | 1ses01 | 172600 | 572081 | 8.01050
BAG | .62 | LITIH6 | TINKH | 197588 1.-7mm\37:wu 8.02078
54T | 26,7280 | 227876 | 7.10007 | 188188 | 1.72014 | 8.72552 | 8.02506
5.18 -.u.s.m-.n‘ : 168002 | 173035 | 879772 | 8.08118
BAD | 261 20 130.708 | 173187 | 1B *@r: R0
5.20 | 27.0400 | 22506 | 7.20110 | 140.608 | LTBMS | 57335 | 80445
BAL | 974441 | 298254 | 721806 [ 141421 | 193509 | 8.7 H.04060
5.20 | 27484 | 28473 | 720400 | 149207 | LTBIT0 | 2.78740 | 805176
523 | 27,3500 | 228609 | T.23187 | 148.056 | 1.73580 i 273068 | §.06080
5.2 | 274576 ‘ 228010 | 7.23578 | 143,678 L7300 | 574200 ‘ 8.06202
5.5 | 275090 n20 | 72sm00 | 14408 | Linsor | Riredan | 806714
5.9 P:r:u‘ "-"u.sn 145,552 | 175012 | 2.74681 | 8.07926
5.7 | 277720 | 2.00565 | 7.25M8 | 146.863 | 1.74022 | 374018 | 8.0TTHT
BOR | 276784 | L0073 | 7.2063G | 147198 | 174132 | B.95155 | 5.08248
5.20 | 27.9841 | 230000 | 7.27524 | 148.005 | 174242 | 375302 | 5.08758
5.30 | 28.0000 | 250217 | 7.28011 | 18877 | L7461 | 875620 | 8.00067
51 | 28061 | 280431 | 728607 | 140721 | 174481 | 3.75865 | 8.00776
o2 | 280024 | 230651 | 7.00583 | 150,560 | 174070 | 376101 | 810284
543 | 254080 | 2. 7.30068 | 151410 | 1.74680 | 3.76480 | 820761
5.3 | 28.5156 | 2.81084 ‘ 7.30753 | 162.978 | 1.74780 | 8.50571 | B.11298
535 | 28.6225 | 2.51801 | 7.81457 | 158,180 | 1TASUS | 3.70806 | B.11804
6.50 | 287206 | 2.81517 | 7.92120 | 168,901 | 175007 | 3.77041 | 812810
say | osssa0 | 231789 | 7.50808 | 154,804 | 175116 | 877275 | 8.12814
5,35 | 280444 | 231048 | 783485 | 185721 | 175294 | 877000 | 8.13819
G0 | 200521 | 2.52164 | T.04160 | 156.501 | 1.75833 | 5.77743 | 818822
5.40 | 201600 | 2.52370 | THSIT | 157,460 | 170401 | 377076 | 5.14520
BAL | 209681 | 2.32504 | 7.80527 | 158,840 | 170549 | 278200 | 8.14898
542 | 20,3704 | 232800 | 7.86206 | 159.220 | 175657 | G782 | 818309
043 | 204889 a.:m‘_-;‘ 7.568%5 | 160,103 | 1.76765 | 3.78675 | B.156831
544 | 20.5096 | 283208 | 7.87504 | 160,980 | 175878 | ZTR00T | 816351
540 | 597025 | 283462 | 7.18241 | 161.870 | 175081 | 2.79130 | 8.16831
646 | 20.8116 | 233666 | 7.85018 | 162371 | 176088 | 379571 | 817880
547 | 20.0200 | 243880 | 7.30604 | 168.667 | 176106 | 5.70608 | 8.178490
548 | 200301 | 234004 | 7.40270 | 166067 | LT6305 | 370834 | 8183807
n.49 | 803401 | 234307 | 740045 | 166,459 | 176410 | 5.80065 | B.18824
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Powers and Roots

Ln

— B | i
n n' | Vn | Vidn| » v’u \"-’lllng¢’ltlun~
| 5.60 | 50.2000 | 254521 | 741620 | 166575 | 170517 | 580205 | 8.9
0.01 S0.3601 | 24T | TA22M | 167284 | 1760 | S.800005 ﬂ.lENi_H_
5.52 [ 504704 | ZBUMT | TA2NT [ 168097 | 176781 | BSOTHG | 82001
0.53 | 30.5809 | 255160 | TA4%G40 | 169112 | 176538 | 3.80055 | S.20808
S04 30.0M16 | 236372 | TA4812 | 170,031 | 176044 | 351215 | 821000
6,00 | 80.8025 | 2.5508 | T.44983 | 170958 | 177051 | 3.81444 | 821707
5.6 | 80.9186 | 2.35797 | T.40054 | 171880 | 177157 | 3.81673 | B.2200)
557 | 81.0210 TAB324 | 172,800 | 1.77263 | 8.81902 ‘ 8.20783
5.08 | 81,1564 TAGOL [ 1TB741 | 1,77560 | 382150 | 8,254
550 | 512481 TATOGE [ 174077 | 177475 | 82958 |
5.60 | 513600 TASSSL [ 1TA616 | 177081 | 382586
561 | sarm TASTI | 176,508 | 177686 | 582814
552 | 31,5844 TADGHT | 3775609 | 177702 | 883041
5.63 | s1.6060 | 4 7.50353 | 178.45% | 177807 | B.8%2068
5.64 | 818006 | 9. 7.50000 | 170.406 | 1.78003 | 2.83195
560 | 819295 | 2. 7.51665 | 180.562 | 1.75108 | 383722
5.06 | 32.035 | 2 7.52330 | 181821 | 178213 | 3.83048
5.67 2, T.52004 | 182,284 3.84174 | 827677
068 ¥ 7.58658 | 183,200 384300 | 8.25164
560 | 325761 | 3 T.54521 | 184.920 3.81695 | 828640
5.70 | 524000 | 2.38747 .lwm 185,198 381800 | 82013
2T 26041 | & i 186369 S.80075 | 820619
573 S2.7184 | 2.8m 1K7.149 S.85300 | R.501048
5.3 | azsien | 2w 188,135 3.85624 | 830587
574 | so.0476 | 280088 | 757628 | 180010 3.85748 | 831060
5.75 D625 | 2.50702 IT..’LHEHH 10,1080 S800T2 | 881652
5.6 | 881776 | 240000 | 7.58047 | 101.303 386196 | 8.8205
577 | a3.2020 | 240208 | 750005 | 19200 | 170360 | 386110 | 84215
3.78 W3 40654 “ AM16 illﬁ.‘hﬁ 0100 | 1,763 | B.86642 | 8,320
A7 | BR5%41 | 240024 | T0020 | 194105 | 170667 | B8G865 | B.AIT0
5.80 | 33.6400 240852 | THI5TT | 195,112 | 170670 | 3.87088 | 5.43060
5.81 | 23,7561 | 241039 | 7.67288 | 19623 | 170773 | 487810 | 8844531
5.82 | 33.8724 | 2.41247 | 7.62889 | 197.1537 | 1.70876 | 3.87332 | £.33018
5.83 | 33.9380 | 2.41454 | 7.63544 | 108,155 | 1.79970 | 8.87754 | 835300
5.84 | 581056 | 2.41661 | 7.64199 | 190,177 | 1.80082 | 2.8797% | 885868
0.85 34,2025 | 241868 | T.04808 | 200,202 | 1.80185 | 3.B85197 | B.46840
586 | 34.3506 | 242074 | 7.65506 | 201.930 | 1.80288 | 288418 | 8.36821
5.87 | 54,4560 | 242981 | 7.66150 | 202.262 | 1.80300 | 8.8%650 | 8.a7007
5.88 | 315744 | 242487 | 7.00812 | 205997 | 1.80402 | 3.88850 | 8.37772
5.589 G621 | 2426093 | T.OT463 | 204.596 | 1.80005 | S.80080 | 8.38247
5.90 | 24.8100 | 242809 | 7.68115 | 205.579 | 1.80697 | 8.80300 | 8.38721
5.91 | 540981 | 243105 | 7.08765 | 206.425 | 1.80790 | 5.89519 | 8.30184
5,02 | 850464 | 248311 | T.60415 | 207.475 | 180001 | #.80780 | 8.30667
593 | 851649 | 2.43516 | 7.70065 | 208.528 | 1.81003 | 3.80058 | 840140
5.9 | 859856 | 245721 | 7.70714 | 200.585 | 1.R1104 | 200177 | B.40612
545 | 354025 | 243096 | 7.71862 | 210,645 | 1.81206 | 290396 | 8 41083
5.96 | 55216 | 244181 | 7.72010 | 211709 | 181307 | S.00615 | 8.41554
547 | 85,0400 | 244330 | 772658 | 212,776 | 1.81400 | 800833 | 8,42025
5.8 | 55,7604 | 244510 | 7.78305 | 213847 | 1.81510 | 3.01051 | 8.424M
5.99 | 358801 | 2.44745 | 7T.78051 | 214999 | 181611 | 501269 | 842964

1] Powers and Roots xix
" nt | Va |[Vidn| nt* | ¥Yn  Vion!Vi0on
6.00 | 56.0000 | 244 | T.TAB07 2‘l_lj.llt_K?_| 1.BITIZ | BA4ET | BA3438
6,01 |-agazo1 |2 7. 217.082 | 1L.RI1AIS | 3.01704 | 848901
6,02 | 35.2404 | 2, T.T08ST | 218,167 | L1914 | S.91921 | B3G9
6.03 | 36.36500 | 2450061 | 7. Tosa1 | 210256 | 189014 | 02198 | 844830
6,04 | 804516 | 245704 | T.TTI74 | 220540 | 1.82115 | 3.02556 | 845808
63.05 86,6025 | 245007 | TOTSIT | Y2145 | 1.82915 | Bae2S T] BADTHY
6.06 | 36.7246 | 246171 | 7.78460 | 222,545 | 1.82316G | S.92787 | 8.46255
G.07 | 86.8149 | 246574 | 7.79102 | 228649 | 1,816 | 3.93008 | 846700
GO8 | BG.AKGE | 2460TT | T.TOTH | 22960 | LB2516 | G021 | 8, l-ll’n
G.00 | 8T.0881 | 2AGTTO | TINS5 | J25.807 | 1826106 | S.0040 | 84
6.10 e | 151025 226081 | LEITIG | 30850 | 8.
611 4 | 781605 098,000 | 1.82810 | S.08865 | 848056
G312 WRG | T.RES04 | 220221 | 1LB291D | J.MOTH | 5409018
6.1 ‘f‘ o760 | Zagass | 7somas | Ssolsas | 188015 | Az | 840881
G.14 | ST.600G | 247790 | T.80082 | 201 nu 1.85115 | 8.04508 | 840042
6.5 | 37.8225 | 24T | 784219 | 2 183214 | S.04722 | 850405
6.16 | ST.0406 | 245198 | 185514 | S.AMDGG | 8.00864
617 38,0080 | 245505 "‘“ B85 | 1.83412 | 3.95150 | B.51324
G.18 | S8.1821 | 248G 246,020 | 1.85511 | 845363 | K.51784
G149 | 388161 | 2ARTIT ZHT.ATT | 180510 | B.O5STG | 8.62245
6.20 | 5844900 | 248108 | 7. 852702
6.21 | 485641 | 2 X H.ASLG0
G.22 | 38.6884 | 2400 D004 | 1 A atmu B.BU1R
5.23 SH.8120 | 240600 | 780908 | 240804 | 184005 | 896427 | 5.5407h
624 BR.9576 | 249800 | T.8500957 | 242,971 | 1LEHOS | 806638 | 8.51502
6.25 | S9.0625 | 200000 | 700560 [ 244041 | 1.84202 | 306850 | B.SHSE
(.26 | 301876 | 2.50200 | 7.00202 | 245,014 | 184800 | 307062 | 8004
6,97 | 80.8120 | 2.50400 T O1833 | 2 ;*r) 1.84308 | 807278 | R.6680Y
824 | 304484 | L0050 5! d 1.AI4IG | 897984 | B.566HE
.20 | 305041 | 250709 | "lu_ ag.s | LBIAGE | BATO05 | 806808
6.30 | 30600 | % 200,047 | 181601 | BOT00G | 85722
G810 | 30.8161 :' | 7. 951.240 | 184789 | 848116 | B.OTT16
6.52 | 30.9424 7. 92,406 | 184887 | G.OS525 | B.05168
6.53% | 40.0689 7. Q63,630 | LB1USE | 808536 | H.58620
.43 401950 7.7 254,840 | 185082 | 3.08746 | 8.5072
G435 | 408225 7.. S48 | 1.801T9 | B.08056 | 8.50524
65.4306 EUREETH T4 257,259 | 1.8527 SAENUD | B.OIITH
0.: 40,5760 7.08193 | 258475 | 18587 | 800874 | 8.60425
G.38 | 40,7044 | 708740 | 25000 | 1LEMTO | S.408583 | B.608TH
13,39 -IILRR:}I: 2 | TH05T5 | 200.17 1.EAG6T | S.00THE | B61525
6.40 | 40.9600 | | 8.00000 “li‘.!,_l-l_-i_'. 185664 | 4.00000 | B.617T4
G.41 41,0881 | 2 *uilxﬂ B.00G25 | 263,978 | 1.85700 | 4.00208 | 5.62222
A4z | a1m6s | ZoaTT | 501230 | 264600 | 185557 | 400416 | 802671
G 41.3440 | 2.53574 | B.01873 | 265,848 | 185000 | 4.00624 | 8.63118
.44 A1.4736 | 253772 | 8.024006 | 267.000 | 1.86050 | 4.00832 | 8635566
640 410025 '..'.':&‘Ii'.i | 8081190 | 2080356 | 186146 | 401039 | B.63012
G.46 | 417816 | 254165 | 802741 | 260.586 | 186242 | 4.01240 | B.64450
G.A4T 41,8500 | 254062 | 804363 [ 270,890 | 1.86348 | 401453 | B.04504
.48 41,0004+ 204508 | R.04984 | 272,008 | 186434 | 4.01660 | 8.65350
6.49 | 42,1201 | 254765 | ROGEOD | 273,550 | 1.86530 | 4.018606 | 8.65795




Powers and Roots

xxi

XX Powers and Roots [

n n? Vi | Vion| n? Vn ‘ V10 n V160 ul

6.50 | 42.2500 254001 | B0G226 | 274625 | 1.866G26 | 402073 | B.0i6230

e R LA B, o L L} Lo

G.51 | 423801 | 205147 | B.06%46 1LBGTAL | 4.0227

6.52 | 42.5104 Ma | B.0T465 1.86817 | 4. (mm

6,53 | 42.6408 8.08084 LEGU1Z | 4.02600

.54 42,7716 8.08703 | 270.726 | 1.8T008 | 4.028006 | 8.65012
6.55 | 42.9025 B.0521 | 281.011 | 1.87103 | 4.08101 | 8.68455
6.56 | 43.0036 B.0U58 | 252,300 | 1ETI08 | 4.05306 | 868806
6.57 43.1649 | 2.56320 | 8.10550 | 283.508 | 1.87203 | 4.03611 | 8.69348
6,58 [ 43.2004 | 256515 | B.11172 | 284,800 | 187388 | 4.08715 | 8.69778
6.59 | 434281 | 266710 | 11788 | 286,191 | 1.87485 | 4.08020 | 8.70219

8.60 435000 | 2 'w‘m 812404 ORTANG LBTHTS | 404124 | 8.70659
By | anc0 | mm 5.18010 | 288.805 | 1.87GT2 | 4.04328 | 8.71008
662 | 43.85244 | 257204 | 815634 | 290.118 | 1L.8TTOT | 404542 1 8.71557
063 | 430560 | 2.0 S.14248 | 201 434 | 1.87862 | 4.047385 | 8.71970
6.64 | 400896 | 2.57682 | B.148G2 | 202,750 | 1.87956 | 4.04030 | 8.72414
6,65 | 442025 | 2,67876 | BAMTE | 204.080 | 1.88050 | 4.05142 T8
6.66 | 443550 | 2.58070 | 8.16088 | 205.408 | 1.88144 | 4.05315

6.67 44,4889 | 2.582G3 | 8.16701 | 206,741 | 1.88259 | 4.05548

H.68 440224 | 258457 | 817313 | 208.07T8 | 1.88333 | 4.00TH50

609 | 447861 | 258600 | 817024 | 200.418 | 1.58427 | 4.06053

6 70 | 44.5000 | 258844 818505 | 800.763 | 1.88520 | 4.06155

6,71 45.0241 | 2.00037 | 810146 | 502.112 | 1.88614 | 406307

6.72 45,1084 | 2.50240 | 8.10706 | S03.464 | 1.88708 | 4,06560

6.73 45,2020 2.5942'.1 B.20866 [ 804821 | 1.88801 | 4.0676G0

6.74 454276 | 250016 | 8.20075 | 306,182 | 1.88805 | 4.06061

6.75 | 45.0625 | 250808 | 8.21584 | B07.547 | 1.85088 | 4.07103

H.76 45,6976 | 2.60000 | 8,22192 | 508.916 | 1.80081 | 4.07364

6T 45,8520 | 2.60102 | 8.22800 | 810,289 | 1.80175 | 4.07564

G.78 | 45,0684 | 2.60384 | 8.23408 | 311.666 | 1.80268 | 4.07765 s TRA0SB
6.789 46,1041 | 260576 | 8.24015 :‘ﬂ:i.ln'i_ 1.580861 -i.()TSlj.'S_ 8.TR(EL

G 80 | 46.2400 | 2.60708 | 8.24621 | 314.452 | 1.80M54 | 4.08166 | 8.70066
6.51 46.3761 | 2.60060 | 8.25227 | 315.821 | 1.864546 | 4.08365 | 8.70707
082 | 46,5124 | 2.611561 | 8.25838 | 817.215 | 1.89639 | 4.08565 | 8.80227
(.83 | 46,6450 | 2.61845 | B.26485 | 318.612 | 1.80732 | 4.08765 | 8.80657
G.54 46,7850 | 261050 | 8.27043 | 32 1.80824 | 4.080904 | B.81087
6.85 | 46.9225 | 261725 | 827647 | 821,419 | 1.80M7 | 4.00163 | 8.81516
G.86 | 47.0500 | 2.61916 | 8.28251 | 822,820 | 1.90000 | 4.00362 | 8.81M5
G.R7 | 471000 | 2.62107 | B.28850 | 824.243 | 1.00102 | 4.005061 | 8.82473
.55 47.3544 | 2.62208 | 820458 | 825,601 | 1.90104 | 4.00760 | 8.82801
G.59 | 474721 | 262488 | 8.80060 [ 527,083 | 1.00286 | 4.00058 | 8.83228

B8.90 | 47.6100 | 2.62679 | 880662 | 828.500 | 1.90378 | 4.10157 RG5
6. 47.7481 | 2.62869 | 8.31264 | 520.939 | 1.90470 | 4.10355 S.MUB'_'
G.92 | 47.8864 | 2.63050 | B.31805 | 831.574 | 1.00562 | 4,10552 | 8.84500
6.03 | 48.0240 | 2.63249 | 8.92466 | 832.813 | 1.00OG3 | 410750 | B.84034
6.94 48.1636 | 2.63430 '53()(‘7 334.2655 | 1.90745 | 410048 8.8."‘.:_{4'-1-'
G.95 | 48.5025 | 2.63620 ! 335,702 | 1.00837 | 4.11145 | 8.85780
6G.496 48,4416 | 2,03818 857154 | 100028 | 4.11342 | 8.86210
G.07 | 48.5809 | 2.64008 338,609 | 1.91019 | 431589 | 8.86634
608 | 487204 | 264107 0,068 | 101111 | 4.51736 | 8.87068
6.99 48.8601 | 2.04386 1532 | 191202 | 411082 | B.8T4S1

n nd - l va | Vion w | Un | Vion [V100n
7.00 [ 49.0000 | 264575 | 856660 | 345.000 | 101208 | 4.12120 | B.E7004
7.01 | 40.1401 | 2. AT | 101884 B.88527
7.02 | 49.2804 | 2. HOAMS | LOMTS | 8.88740
7.08 | 494200 | 2. BTA20 | Lo1s | 4. l 8.80171
T4 | 495616 | 2.65 348.014 | L.OIGAT | 4.0 B.80502
7.05 | 497025 | 2.60 300403 | LOITAT  4.13 B.40013
T.06 | 408456 | 265707 | 840238 | 301,896 | 101835 | 405303 | 8.90484
T7.07T | 40.9549 | 2.65805 | 8.40853 1.91920 | 4.1 wm

7.08 501204 083 | 841427 1.02019 | 41 M.’s f
T.00 | 502681 R.AR2021 | 5401 X HTD]MM
7.10 0. 4100 B | 842610 R U RS B 802112
T.AL | 50.5521 i 845208 | 300.425 | 1.92290 e 276 | 802551
T2 [ 50,6044 | 266853 | 848801 | 360444 | 1.8 8.02040
7.3 | 508369 | 2.67021 | 844503 | 02407 | 1.4 % wm B.00507
T.14 809796 | 267208 | B.A44085 : 1.92560 | 4.14858 | B.04T84
7.15 | 51,1225 | 2.67395 | B485TT 1.02650 | 410052 | 8.44201
7.16 | DL.26566 | 2.67382 | 8461068 1427 415245 | 8.4M618
TAT H1.4089 | 2.07760 | 840759 | 368.602 | 1.92820 | 4156438 | 8.95034
TA8 | 516524 | 2.67905 | 847540 | 570.31406 | 1.92019 | 415081 | 8.95400
TA9 | ALOSGL | 268142 | S4T30 | STLGOG | 1.03008 | 415824 | B.U086G
7.20 | 51,8400 268398 | 8, 48528 | 473,248 | 1.03008 | 4.16017 | 8.96281
7.21 510841 | 2.68514 ‘ SAIT | 8T4.800 | 1.03187 | 4.16209 | B.06696

o 521984 | 2.68T01 | SANTO6 | ST6.0T | LOB2TT | 416402 847110
T.23 | 622729 | 2.68887 | 850204 | STT.083 | 198560 | 4.16004 | 807524
7.4 B2.4176 ‘ 800882 | 570.503 | 1.98455 | 4.16786 | 8.97038
T.25 | 02.5025 851460 | 38L07T8 | 1.08544 | 4,160978 | 8.98361
7.26 HLTOTH 8.52006 | 382.657 | 100653 | 4.17169 | 8.0876G4
T.27 B2.8520 | 2.60620 | 8.520453 | 384.241 | 1.90722 | 417361 | 8.99176
728 O2MHI84 | 260815 | 8.03220 | 385,828 | 106810 | 4.17652 | 8.90688
T20 | A33441 | 270000 | 858815 [ 887420 | 198890 | 417748 | 9.00000

| 7.80 [ 53.2000 | 270185 | 8.54100 [ 580,017 | 193088 | 417034 | 9.00411

7.51 53.4361 | 270370 | 8.54985 | 890,618 | 1.9407G | 4.18125 | 9.00822
T7.32 63.5824 | 2.70605 | 8.50570 | SU2.225 | 1.04165 | 4.185156 | 9.01233
7.55 | 53.7289 | 2.70740 | 856154 | 503.833 | 1.94253 | 4.18506 | 9.01643
T7.34 | 53.8706 | 2.70024 | 856758 | 895447 | 1.94541 | 4.18696 | 9.02053
7.85 54.0225 | 2.71100 8 BTS20 | B07.065 | 1.94430 | 4.18886 | 9.02462
7.36 04,1696 | 2.71293 | 8.57004 | S08,688 | 1.04518 | 4.19076 | D.02871
7.7 54.3169 | 2. T14TT | R.5S48T | 400,818 | 1.4606 | 4.19266 | 9.05280
T.98 A | 271662 | 850069 | 401947 | 104604 | 410455 | 9.08689
T.50 | 46121 | 271846 | 8.50651 | 403583 | 1.04782 | 410644 | 9.04007
7.40 | 547600 | 2.72020 | 8.60283 | 405.224 | 104870 | 419834 | 0.04504
74 549081 | 272713 | 860814 | 4068.860 | 1.04057 | 4.20023 | 9,04911
742 55.0564 | 2.72397 | 8.614804 | 408.518 | 1.095045 | 4.20212 | 9.05818
743 | 65.2049 | 272580 ‘ 8.01074 | 410272 | 195152 | 4£.20400 | 9.05725
744 50.3036 | 2.72764 | B.62554 | 411.831 | 1.05220 | 4.20589 | 9D.06131
745 55,5025 | 27247 | B.6303 | 41340 | 195807 | 4.20777 | 9.06537
7.46 | 556510 | 275130 | 5165718 | 415,161 | 1.05505 | 4.20065 | 906642
TAT | BB.B00OG | 2.733138 | B.64202 | 416.833 | 1.95482 | 4.21158 | 9.07847
TA8 | 53.9504 | 2.73406 ( BBTO | 418600 | 1965609 | 4.21841 | 9.07752
749 | 56.1001 | 2.78670 | £.65448 | 420,190 | 105656 | 4.21520 | 0.08156




xx1 Powers and Roots (n g ] Powers and Roots xxiii
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TLADZS | 290680 | 919289 | 603,851 | 205682 | 4.558819 | 945407
TLATIO | 2090561 | 4197KS | 605406 | 2.05762 | 4.85002 | 9.45750
TLT409 | 201083 | 9.20826 | 60T.645 | 2.08842 | 45065 | 946152
T1.OW04 | 2,01204 | 920869 | GOD.B00 | 2,08028 | 4.80838 | 046525
72.0801 | 201876 | 9.21412 | 611960 | 2.04008 | 430610 | 46807

03,2025 | 281957 | 801628 | HOZ460 | 108082 | 4.2008

635616 | 262135 | 802188 | 504.858 | 1.08666 | 4.30168 | 9 .*h.w*
63.5200 | ZRAN2 | B.O749 | H0G.2G2 | 190750 | 45038 | 9.97156
65,0804 | 282480 | B.OGH0S | 508,170 | 1.90835 | 4.805285 | 9.27544
G3.8401 | 2.8%606 | B.038G8 | 510,082 | 1.90m7 | 4.30707 | 0,27031 |

A e A e T
$4c=$+a;“:5~°

W | Va |[VTOn| w | Yn | Vion|[Vioon n nw v | Vion| w v | V10 V100
562500 | LTUS61 | B.60025 5| 195743 | 421716 | 0,080 (8.00 | 64.0000 | 282848 | K¢ S12.000 | 200000 | 430887 | 9.285318
741164001 8.066603 145850 | 4.219004 | D.050G) H.01 | (41601 | 283014 SI5A2 | 200085 | 4.51006 | 9.25704
1.82 | 56,5504 B.OTITH | ¢ LUGOIT | 428001 | D.00067 B2 | GLOU0E | 2EBI06 [ BAGHD | DIASS0 [ LO0IT | 4410 | 020001
758 | B6.7000 | 274408 | 867756 | 420,058 | 16004 | 422978 | 0.00770 8.08 | GHa800 | 283575 | 806108 | BIT.T82 | 200250 | 441425 | 0.0M477
T4 | BESIG | 274501 | K.68532 | 428661 | 106091 9.1017; BO4 | GHGHIG | 2.83510 | BH660 | H1DTIS | 200583 | 431004 | 920862
Toh | 670025 274773 | 808907 | 490.360 | 106177 0.10575 805 | GLEOZS | 250720 | 807218 | BZLGGD | 200416 | 491783 | 90248
T.56 | 57.1556 | 274950 | 560483 | 452,081 | 106264 0.10077 B.06 | GLOGS6 | 285001 | B7TTA | 523.607 | 200490 | 481961 | 980058
e i | B.T005T | 483798 | 1.0050 807 | 63.1:240 9.&;077 8.08352 | 525.008 | 2.00582 050018
7.08 H.T0652 | 455,520 | 106457 4,11771 8.08 | B3.2861 | 284255 | 808888 | 527.514 | 200664 9.31402
7.5 71206 5 | 106523 .12 21%0) 800 | 65, M8 ’HH"‘I BURHAL | 520,475 | 200747 | | 0.51786
7.80 ) o7 2 ) | 438,976 | 1610 | 423582 | 91258 810 | 55100 | 284605 | 9.00000 | 651,441 | 200830 5 | 9.52170
THL(BTANZL | LT TON 0711 | 140696 | 4.95708 HI1 |6 281781 | 9.00565 | BE5412 | 2,00012 | . .52008
T | SR0GH num HLASL | 106762 | 420054 812 | gamid | 2. 901110 | 535887 | 200005 | 9.320506
T.68 | BB2I60 | 276225 HEL | 106568 | 4.2415D 813 | 66.0060 Q01665 | DUT.H08 | 201078 0.53310
7.64 2, 76400 44504 | 1.06054 | 424521 814 | 65.2506 0.02219 | 530853 | 200160 | 435386 | 033702
A5 270586 HT.007 | LOTMO | 424500 815 | 664225 102774 WA | 2.01242 | 458008 | 0.54084
7.t 276767 0455 | 1.97126 | 4.21604 BB | GG.OS 0,08527 201825 | 4455741 | Q5466
.67 2,764 1.97211 817 | 66,7480 2805832 | 0, U881 | 545.580 | 2001407 | 4.33018 | 9.34847
7.8 712 1.07207 818 | 66,0120 | 286007 | 904454 | BIT.HE | 201480 | 454005 | 9.85229
_._.‘_-i‘l’_ 819 | 67.0761 | 2.56182 | 9.00086 | 540553 | 201571 | 4.54271 | 9.35610
7.70 | A58 | 107968 | ¢ | 8.20 | 67.2400 | 2.86356 | 0.05550 | 55148 | 2.01653 | 4.5048 | 085000 |
Tl 458814 | 197504 8421 | 67A04L | 286531 | 9.06001 | 553388 | 201745 | 434625 | 0.56070
i 460,100 | 107650 9. 8,22 | 675681 | 280705 | 000642 | 555412 | 201817 4 801 | 9.36751
T.73 879204 | 461.890 | 1.07724 .17 B.2% | G7.7820 | 280850 | 907103 | A5T442 | 20185 | 4.59977 | 9.87180
i1 2. 870775 | 463,685 | 1.97800 915150 B34 | G1.8076 | 247004 | Q0TTAL | BOOATH | 201080 | 433153 | ¢
1.5 2.7 B.S0GAL [ 465481 | 1.07805 918545 BA5 | GR.0625 | 2BTEIS | 0.08200 [ 561616 | 202063 | 465520
.46 2 8.80000) 147980 918040 825 | 682276 ’ 287402 | O.08815 | HEB500 | 202144 | 485503
TO7 | 605720 | 27 B.BLATE 1 469.007 | 108005 | 4.26717 8.27 | 685020 | 287576 | 0.00005 | 565.609 | 2,02225 | 4.556081
7.78 00528 | 2 8.82043 -hl.'l ‘Ill 1US1IH0 | 4.26000 8.28 683584 | 2.87750 | 9.00eM5 | 56T 202307 | 4.35806
_T.T0 | G0.GEHL | 2 8.82610 | 472, 1.68254 | 427083 | 9. 8.20 | GB.7241 | 2.57924 | 0.10404 | 569.72 | 2.02388 | 4.56052
7.80 | 60.8100 | 2. 3.85176 LORSID | 4.27266 | 9.20516 8.30 | G5.8000  2.88007  9.11045 | 57157 | S0M6) | 486207 | 0
T.81 | 60.0061 | 2. B.R5T42 | 476.550 | 198104 9.20010 8,01 | 69.0561 | 285971 | 0.11592 | 575856 | 2.02551 | 4.30382 | 9.40157
TA2 [ GLI524 | 270043 | B.SE0S | 478.012 | 105480 8.2 [ 69,2224 | 285044 | 012140 | 575,930 | 2,02652 | 4.56567 | SA0554
.83 | GLBOBD | 2.70U521 | 8.84873 | 480,040 | 1.98573 | 4. 8.33 [ G0.8889 | 288617 | 012688 | GTB.010 | 202715 | 4.86782 | 9.40011
T8 | GLAG36 | 2.80000 | 885458 | 481890 | 1.08658 | 4.97005 8.34 | GO.5036 | 2.88701 | 0.13236 | 680004 | 2.02704 | 4.96907 | 041287
THS [ 610225 | 250170 | B.86002 | 483,757 | 108742 | 4,28177 845 | 69,7295 | 288064 | 015783 | DR2.183 | 202875 | 457081 | 941663
.80 [ 6LTTNG | 2.80U5T | B80S0 | 485.588 | 108806 | 428950 S.36 | GO.8806 | 2.80137 | 9.14850 | 584277 | 202050 | 457256 | 942080
T8T | GLA3GO | 2.806505 | 8.87180 | 457443 | 1.08011 | 4.28510 B.47 | T0.0560 | 280310 | 04877 | 5SE.8T6 | 2.08057 | 457400 | 042414
T.88 | 62004 | 280713 | 887604 | 480501 | 1.08005 | 428722 BAS | 70. DBMS2 | 015428 | GEEAS0 | 205118 | 487004 | 942780
T8O | 622521 | 20801 | R.88257 | 401.169 | 1.96070 8.50 280655 | 015060 | 5U0.500 | 208100 | 457778 | 043164
62,4100 | 281069 | 8.58810 | 402,059 | 196103 8. 70.5000 | 280828 | 06515 | 502708 43550
G2.5681 | 2.81247 | 8.80382 | 494014 | 1.90247 & 70.7281 | 2.00000 | 0.17001 | 594823 | 2.08300 | 438126 | 9.43913
G2,7204 | 251425 | B.A0044 | 496,793 | 100331 8 T0.8004 | 2.00172 | 017606 5 | 2.08440 | 485200 | 944287
G2.5849 | 281603 | BOOGO5 | 498.677 | 199415 8 T1LOGHD | 20045 | 9.18150 | 2,05521 | 488478 | 9.44661
63,0456 | LRIT80 | B.O1067 | 500566 | 1.00400 8 T1.2356 | 200517 | 9,18605 | 601 01'1 | 205601 | 498616 | 9.45034
8
8
8.
#
8

Do s ann
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Powers and Roots

Powers and Roots

XXV

[
n? vu | Viin Vr | V10n |[Vioo,
| 72,2500 | 291548 | 9.21054 | 614.125 | 204083 | 430080 0TS
724201 | 2710 7 [ 616.205 [ 2.00165 | 45085 | 07
24 : NG| 20108 | 4,808 i7T6
T2E0 | 20180 (18,470 | 204043 4.44:@ fh'é:ﬁ”
727600 | 502062 (20,650 | 208525 | 490200 | 0,438
72.0516 | 2.92093 | 954191 204402 o | o,
78.1025 | 292404 | 924662 | 625,026 3 oasaa a i
: 732735 | 2.02075 | 0.25203 2.08562 | 440715 | 940405
57 | 73.4449 | 2.09740 | 0.25740 046 5
858 | 75.6104 | 2.99016 | 02628 T04731 | + 33000
8.59_| 78.7881 | 2.00087 | 9.20823 | G33.840 | 2.04801 | 441009 | 1,
B.60 | 73.0600 | 2.05258 | 927500 204880 | 241400 | 9,500
861 | 741821 | 203498 | 0.07001 204950 | 441671 | 05100
121 | 200408 | .97 204959 | 441571 | 0.5100
869 | 40044 | 25608 | 0.28440 206039 | 441742 | 9 51a0r
) 744769 | 2.95760 | 9.98078 205118 | 4.41913 | 955074
8.64 | 74,6806 | 2.95080 | 0.20516 9 ‘ 8 B
.65 | T4.8205 | 204100 | 050054 3321’% : E( ) ﬂ ::"n:i ;
8.66 | THO0G6 | 2.04279 | 9.50501 205555 | 442595 E:'}:Enﬁf
867 | 75,1680 | 2.04449 | 9.31128 ‘ Fake
8.68 | 75.3424 | 2.04618 | 92 jj':;‘;:; e
B.6) | 75.5161 | 294788 | 932202 | 56,23 442935 | 0547
| 8.70 | 75.6%0 | 204508 | 0.32738 | 068503 443105 | 95440
871 | 75.8641 | 2.05127 | 9,30074 445274 | 0.60006
872 | 76.0884 | 2.05206 | 9.33800 200828 | 443444
BT5 | 76.2120 | 205466 | 951545 205007 | 443615
B74 | 76.3876 | 205035 | 9.94880 2.05085
7 33876 | 2, 0,485 2,05 ATTR: y
.75 | 765625 | 2.95804 | 955414 i e s
8.76 | 76,7576 | 2.05073 | 0.53040 2.06143 | 444121 | 056830
BIT | 76.9120 | 2.96142 | 9.35483 2,062 '
6142 | 9.5648 06221 | 4,449 5T
878 | 77.0884 | 296311 | 0.37017 3002 | 3 44450 8 e
B.10 | 77.9641 | 2.96470 | 9.57550 | 670151 | 206878 | 444007 | 1 510
8.80 | 77.4400 | 2.96648 | 9.35083 | 681.472 | 2.00456 | 4.44706 | 9.58081
8.81 | 77.6161 | 2.96816 | 9.38616 | 683.708 | 2.00532 | 2 8647
290816 | 9.3861¢ 708 | 208534 | 449064 | 9,586
882 | 777924 | 2.06085 | 0.80149 | (396120 | 200612 Aot 0 30000
83| T7.9680 | 2.07153 | 0.30081 | G8S.4G5 | 2.06600 | 4.45301 | 50572
8.8 | 781456 | 2.07321 | 9.40218 | 690.807 | 20076 :
1466 | 2.97391 | 9.4021; : 206768 | 4.45 9,507¢
885 | 788225 | 2.07489 | 040744 | G93.154 | 2.06546 3.:‘:5@7' 0-0000
B.86 | T8.4906 | 297658 | 0.41276 | GO5.008 | 2.00024 | 445805 | O 60407
8.87 | 78.6760 | 297820 | 6.41807 | 6or.864 | 0 (
: 297825 | B418 07.864 | 2.07002 | 448072 | 060818
888 | TRBO | 207903 | 942358 | T00.227 | 207080 | 4.46130 081110
80| 70.0321 | 298161 | 942808 | T02.005 | 207157 | 446307 | 0.01540
8.90 ) 70.2100 | 2.08320 | 9.43308 | T04.960 | 2.07255 | 2AG4TH | 9.61900
BOL | TO.3881 | 2.98400 | 0.43098 | T07.548 | 2.07318 | 44664 | 662900
30 =l H G Wit oS, 207318 AUG42 i
B.93 | 795664 | 209608 | 941458 | T09.732 | 307900 | 31000
893 | TO.T440 | 2.98831 | 944087 | TI2122 | 207408 | 1.46076
8.94 | 79.9296 | 208008 | 045516 | 11457 | 007545 9 | 06335
805 | 80.1025 | 200166 | 9.46084 | T16.017 e 3:3;:1«4:1? 0.0
8.06 | B0.2816 | 2.00383 | 0.4657 | 710823 200700 | 4.4T476 | 9.04007
BOT | BOAG0D | 200000 | 947100 | 720784 | 207777 | 447640 | 004415
805 | BO.GA0L | 200606 | 9.47620) 7215 | 2.'0)::%4 ij':' 08 | bosTre
B9 1 80.8201 | 200883 | 0.48156 | 796,573 | 207081 | 447078 | 9651

W | va |ViOn| w | Um | Vion |¥Vi00n
_Hl.lbm() S.00000 | 945083 | T20.000 | 2.08008 | 4.48140 | 9.65489
81,1801 | 8.00967 | 940210 | 781,453 | 2.08085 | 448306 | 9.65847 |
BLAGOE | 3.00833 | 940737 | 753,871 | 2.08162 | 448472 | D.66204
81.5400 | 3.00500 | 950268 | 796514 | 2.08230 | 148638 | 9.66501
817216 | 3.00666 | 0.50780 | 788.7653 | 2.0831G | 4.48808 | 9.66918
819025 | 3.00832 | 9.51315 | T41.218 | 2.08303 | 4.45068 | 0.67274
820856 | 8.00008 | 0.51840 | TI3.677 | 2.08470 | 4.4015¢ | 9.67650
82.2049 | 3.01164 | 9.52365 | 746.143 | 2.08540 | 4.40200 | 9.67086
82,4464 | 8.01230 | 9.62800 | T48.613 | 2.08023 | 440464 | 9.G8342
820281 | 8.01906 | 953416 | T51.080 | 2.08600 | 4.409629 | 9.68607
88100 | B.01662 | 9.53080 | To8.ATL | 2.08770 | 440704 | 9.60052
520021 | 8.01828 | 9.54403 | T56.058 | 2.08852 | 4.49050 | 9.60HOT
831744 | 3.01008 | 054087 | 758,651 | 2.08020 | 4,50123 | 0.69762
83,8500 | 3.02150 | 056510 | T61,048 | 2.00005 | 4.50288 | 9.70116
B3.0806 | 8.02824 | 9.50033 | 768.652 | 200081 | 4.60452 | 9.70470
B3.7920 | 3.02400 | 9,66506 | To6.061 | 2.00108 | 460616 | 9.70824
BA.O05G | 8.02055 | 9.57070 | TO8.675 | 200234 | 4.50781 | 9.71177
840889 | 8.02820 | 9.57601 | 7T71.005 | 2.00310 | 4.50045 | 9.T1651
849724 | 302085 | 9.58128 | 775621 | 200350 | 4.51108 | D.71884
844661 | 800130 | 058645 | T76.52 | 20462 | 4.51972 | 0.72256
BL6400 | 80015 | 050100 | TT8.688 | 2.00588 | 4.51416 | 0:72589
BLA211 | S.0480 | 950687 | THL250 | 2.00614 | 4.51509 | 9.72041
85,0084 [ B.0M615 | 000208 | THATTT | 20M00 | 4.61763 | 9.75203
83.1020 | 8.08809 | 9.60720 | THG530 | 200766 | 45126 | 978645
855776 | 8.08074 | 061240 | THR.B80 | 2.00841 | 4.52080 | 9.73006
85,6025 | 3,04188 | 0.61769 | TO1L453 | 200017 | 4.52952 | 074348
837476 | 8.04302 0080 | 794023 | 2.00002 | 4.52415 | 9.74699
830829 | 3.0M067 T06.508 | 2.10068 | 4.52578 | 9.75049
831184 | 8.04651 TONI79 | 210144 | 4.52740 | 9.75400
B6.5041 | 804705 | O i | SOLT66 | 210219 | 452008 | 9.75750
864900 | B.0405D | 904565 | BOLUGT | 2.10204 | 4563065 | 9.76100
BHLOTOT | 8.05123 | 0645885 | BOG.UG4 | 2.10870 | 4.60228 | 9.76400
868024 | B.05287 | 9.63401 | 500,558 | 210445 | 453500 | 976799
87.0480" | 3.00400 | 965010 | 812,166 | 2.10520 | 4.530652 | 9.77148
87.2356 | 8.06614 | 9.66457 | BLLTRL | 210685 | 4.58714 | 9.77407
874225 | 305778 | 0.G0054 | B17.400 | 210671 | 4.68576 | 9.77846
BT.0006 | 805041 | 9.6T4TL | 820,026 | 210746 | 4.54088 | 9.75165
BT.7969 | 5.00105 | O.6T088 | 822,657 | 270821 | 4.54190 | 9.78543
BT.O844 | 2.06268 | 9.68504 | 895004 | 210896 | 4548361 | 9.78801
88,1721 | 806431 | 0.60020 | 857,006 | 20071 | 4.54522 | 9.70239
88,3600 ﬂ.l\lkﬁ}ﬂ |V!J.ﬁ‘.if‘-:2i xrm.rm '?.‘1!(”5_ 400684 i‘Tﬂﬁﬁﬁ
88,5481 | S.06757 | 0.70052 | 833.238 | 211120 | 4.54845 | 9.70083
SBT3 | 3.06020 | O.70007 | B45.807 | 211195 | 455006 | 9.80280
B8.0249 | 8.07088 | ©.71082 | Bu8.062 | 2.11270 | 4.55167 | 9.50027
801136 | 8.07245 | 071507 | 841,292 | 211544 | 4.55328 | 9.80974
89,3025 | 3,07400 | 9.72111 | 843.900 | 211419 | 4.55488 | 9.81320
894016 | 8.07571 | 9.72025 | 846,501 | 211404 | 465640 | 9.81666
SO.B800 | 2.07734 | 075159 | 840,978 | 2.11568 | 4.55800 | 9.82012
BO.8704 | B.0TROG | 9.78653 | B6L.OT1 | 2.11642 | £.30070 | 9.82357
000601 | 508058 | ©.74166 | 854670 | 221717 | 4.56130 | 9.82703




Xxvi Powers and Roots (I
F T g PP

n | W Vion| w? Vn | V10w |[Vi00 5
9.50 | 10.2600 D.TH6TY | BHT.ATS | 201791 -1:4;.'u|| [ 083048
D31 | 00401 | BOSID | 0D | SI0.085 | L1186 4.56450 | 98300
0.52 | 0006504 | 308545 | 0.75705 | 862801 | 221940 | 456610
933 | 08200 | B0ST07 | 076217 | 8528 | 212014 | 456770
0.50 | 91,0116 | $.08809 | 976720 | 868251 | 212088 | 456050
0,55 | 012025 | 3.00001 | 977241 | 870.084 | 212162 | 457080
056 | 91,303 | 509192 | 077758 | 878723 | 212250
.57 | 915810 | 3.00354 | 0.78264 | STGA6T | 212310 0.85456
058 | 917764 | 3.00516 | 978715 | RT0.218 9.85700
09.459) ,':"'“'"’” 3.[_)'.!'177 0. 702808 | 881,474 | 2 ‘l.!rluri
9.60 BLI600 | 509830 | 970700 | 884.756 h.mn;,-,
061 | 928521 | 510000 | 980300 a.mém:; 0.80807
062 | 020044 | 510161 | 980816 | 800.277 | 212679 ..s 04 0 87160
0.63 | o2mwo | 10222 | 0.81396 | 803.056 | 219758 | 4.58502 | 0.87511
0.64 | 92,9906 | 310883 | 9.81835 | sum.sa1 | 2.128% | 4.58521 ‘ 0).8745¢
G065 | 031295 | $1064 | 9.82544 | 808,652 | 219000 4..-,};.2%1; 0.6 '&-;‘f
.66 | 938156 | 5110805 | 082858 | 001420 | 212074 | 4.58838 | 0.88530
0.67 | 03.5080 | 810066 | 9.83362 | 004.231 | 2.18047 0
9.8 | 937024 | 311127 | 9.83870 | 907,030 | 218120 {

969 | U3BOGL | BITI288 | 0084578 | 000.858 | 2.15194 1

970 | 940000 | 311448 | 0.84856 | D12.078 | 2.15267
071 | 912841 | 211600 | 9.85008 | 915400 | 215310 | 450628 | 0.00238
072 | 034784 | 311760 | 9.85001 | 018830 | 213414 | 4.59786 | 9.00578
973 | 946720 | 511920 | 086408 | 920167 | 2.13487 | 4.50945 | 9.00018
071 | 018676 | 312000 | 9.86014 | 020010 | 2an560 | 4.60100 | 9.01207
O75 | 0G0 | 512250 | O8TAZL | USE | LINGES | 400258 | 9015006
076 | 95,2576 | 3.19310 | 9.87927 | 920,714 | 2.15706 | 4.60416 | 941435
997 | 054520 | 5.12570 | 9.88435 | 932,575 | 213779 | 4.60575 | 0 H274
078 | UBGISE | 3270 | 9880 | 055,441 | DN | 460730 | 0.92012
0.79 | 95,8441 | 302500 | 0.s0444 | 038,814 | 215025 | 4.60857 | 9.42000
9.80 | 96.0400 | 3.13050 | 0.80040 | 941.192 | 213007 461044 | 008288
9.81 | 952361 | 8153200 | 9.00451 | 9LLOT6 | 214070 | 4.61200 | 995620
082 | 964824 | 513360 | 900050 | 916,966 | 2.14143 | 4.61357 | 9.050064
O3 | 96.6280 | 313528 | D.01464 | 940862 | 214216 | 4.61514 | 9.94:01
981 | 96,8256 | 315688 | 0.91968 | 952761 | 2.14288 | 4.61670 | 0.04038
985 | 07.0225 | S1384T | 002472 | 955.672 | L1461 | 461826 | D047
0.86 | 97.2106 | 314006 | 9.99075 | 058585 | 2.14485 | 4.61983 | 9.00511
087 | 974160 | 514166 | 9.95470 | 961505 | 2.14506 | 4.62150 | 0.05648
088 | 970144 | S4823 | 008082 | 064450 | 214578 | .62
9.80 | OT.8121 | 814481 | G.04485 | 967062 | 214651 | 4.62051 | 0.06520
9.90 | 98.0100 | 314043 | 9.4987 | 070.200 | 214723 | 4.62607 | 9.90655
0.01 | 932081 | 814802 | 9.00400 | 078242 | 214705 | 4.62762
0.02 | 984061 | 314960 i 976,101 | 214867 | 462018 742
0.03 | 98.6049 | 315119 970147 | 2.1440 0T
9.94 | 08.8036 | 515278 | 0.06005 | 082108 | 215012 | 4.63220 | 0.07000
0.95 | 99.0025 | 315436 | 0.07407 | 215081 | 462084 | 9.08531
9.96 | 492016 | 3.15505 | 9.47908 215100 | 4.65550 | 0.98665
9.07 | 99.4000 | 315753 | 9.95400 | G01.027 | 215228 | 4.65604 | D.8004
9.08 | O0.6004 | 315011 | 9.08009 | 904012 | 218500 | 4.65840 | 0.0
0.90 | 90:8001 | 818070 | 900500 | 097.003 | 215872 | 4.64008 | 9.00667 |

12 inches (in.) =1 foot (%)

TABLE 1II — IMPORTANT NUMBERS

A. Units of Length

Exdarisn Uxirs Muerric Usirs

10 millimeters = 1 centimeter (cm.)

3 feet =1 yard (yd.} (mm.)
b} yards =1 rod (rd.) 10 centimeters = 1 decimeter (dm.)
320 rods =1 mile (mi.) 10 decimeters = 1 meter (m,)
10 meters =1 dekameter (Dm.)
1000 meters = 1 kilometer (Km.)

ExariEn o MeTRIC MeTriec 10 ENxcuisg =

1 in. = 2.5400 cm. 1cm. = 0.3887 in.
1 f1. = 30.480 em. 1m. = 39.37 in. = 8.2808 ft.
1 mi. = 1.6098 Km. 1 K. = U.(i:'.l-l mi.

B. Units of Area or Surface

1 square yard = 9 square feet = 1206 square inches
1 acre (A.) = 160 square rods = 4840 square yards
1 square mile = 640 acres = 102400 square rods

C. Units of Measurement of Capacity

Dry MEasunre Liquin MEASURE

2 pints (pt.) = 1 quart (qt.) 4 gills (gi.) = 1 pint (pt.)
8 quarts =1 peck (pk.) 2 pints
4 pecks = 1 bushel (bu.)

=1 guart (qt.)
4 quarts =1 gallon (gal.)
1 gallon =231 cu. in.

D. Metric Units to English Units

1 liter = 1000 cu. em. = 61.02 cu. in. = 1.05667 liguid guarts
1 quart = .94636 liter = 946.36 ca, cm,

1000 grams = 1 kilogram (Kg.) = 2.2046 pounds (1b.)

1 pound = 468503 kilogram = 453,60 grams

E. Other Numbers

= — ratio of circumference to diameter of a circle

8.141592656
1 radian = angle subtended by an are equal to the radins

— B7° 17" 4418 = H7°.2957705 = 180°/m
1 degree = 0.01745320 radian, or /180 radians
Weight of 1 cu, ft, of water = 62.425 1b,
xxvii



INDEX

[Numbers refer always to pages.]

Acute nngle, 15,

Acute trinngle, 35,

Adjneent angles, 17,

Alternnte exterior angle, 44,

Alternate interior ungle, 49,

Alternution, propurtion by, 125

Altitude, of a purallelogrum, G9; of
n trapezoid, 69; of a triangle, 36G;
of prism, 239; of pyramnid, 253
of frustum of pyvromid, 2564;
of exlinder, 268 ; of cone, 268; of
rone, 311,

Angle, 6, 11, 15 acute, 15; contral,
A, 112; econvex polyhedral, 232,
dihedral, 2 exterior, 21, 76,
gonergtion of, 14; iocluded, 21;
inseribod, 112: dnterior, 21, 76
mensure of, 112; obtuse, 15; of
vlevation, 20; of sphorical poly-
gon, 207 plane, 2258 polyhedreal,
232 right, 156 spherical, 206
straight, 15; syvmmetric trihedrad,
308; trihedral, 232; units of, 12,
15, 202; wvertex of, 11.

Angles, ndjacent, 17; alternate-cx-
terior, 44; alteroate-interior, 49;
ecomplanentary, 17;  correspond-
ing, 49; exterior, 49 ; intevior, 40 ;
vertieal, 17.

Angulir speed, 97.

Antecedents of o propartion, 120,

Apothem, 180,

Are, 1, 88 intercepted, 80: major,
93 minor, 93.

Aren, luternl, ser Lateral aren; of
n eirele, 101, 194; of a cirenlor
ring, 106; of a field, 181; of a
parallelogram, 164 of nrectanglo,
22,162 ; of o regular polygon, 185,

L
- 374k,

189 of a sector, 195: of a lrn|_w-:

-
184, 184; of sphere, 310; of
gone, 311; of lune, 312, 313: of
spherical triangle, 817,
Avistotle, B8,
Assumptions, 20.
Axiom, 26; of measuremoent,
See also Postulate,
Axiomns, lists of, 26.
Axis, of vone, 208;
sphere, 285,

W7,

of virele of u

Base, of u quadrilateral, 68; of a
trapezoid, 68 of a trinngle, 36; of
prism, 235; of eylinder, 263,

Bhaskiara, 183,

Bireotangular trinngle, 304,

Cuvalieri's theorem, 274,

Centor, of & eirele, 1, 21, 89; of a
regular polygon, 189; of sphere,
284.

Central angle, 89, 110, 112,

Chord, 89, 145,

Clirele, 1, 21, 80; area of, 191, 194;
arc of, 1, 80 eenter of, 1, 21, 89;
circumseribed, 99, 191; cireum-
forence of, 1, 21, 89, 101, 193;
dismotor of, 88 inscribed, 99, 191 ;
length of, 101, 192; radius of, 1,
21, 8.

Cireles, coneentrie, 89,

Clireulur ring, 196,

Ciretmoenter, 105,

Cirenmference of & eirele, 1, 21 89,
191, 192,

Cireumseribed figures, 99, 187, 191,

Cirenmseribed sphere, 204,

Commensurable guantities, 108,

Compasses, 1, 19,

Complement, 17,

roid, 168; of u trinngle, 166, 150, | Complementary angles, 17,
XXIX
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Somplete revalution, 15,

Composition, proportion by, 125,

Composition and division, propor-
tion by, 125,

Coneentric cireles, S8,

Cone, 268 ; altitude of, 205 ; axis of,
268 ecireular, 268 ; right circular,
269 slunt height of, 269 fras-
tum of, 209; lateral surface of,
200; of revolution, 200; prise
maoid formula for, 280; volume of,

272,

Conelusion, 44,

Congruence of triangles, 37.

Congraent figures, 36.

Congrunent polyhedral angles, 232

Congruent solids, 242,

Conienl surface, 205,

Consequents of a proportion, 126,

Construction of figures, 19,

Construetion problems, preliminary,
a8,

Contact, point of, 99,

Continued proportion, 126,

Converse of & theorem, 52,

Convex polygon, 70.

Corollary, 27.

Corresponding angles, 49.

Cosgine law, 177.

Cosine of an angle, 1563,

Cube, 245; volume of, 249,

Curve, 10; pgenecration of a, 14.

Cylinder, 263; ecircular, 263: right,
263 3 right cirenlar, 263 ; of revolu-
tion, 204; prismoid [ormuln for,
280 lateral area of, 266 volume
uf, 266,

Cylindrieal surface, 263,

D eagon, 76,

Degree, 12, 91,

Diagonal, of a rectangle, 22; of a
quadrilateral, 69; of a polygon,
76: of polyhedron, 238; of
spherical polygon, 207,

Diameter, 89; of sphere, 284,

Diamond, G4,

Dihedral angle, 228: measure of,
225 plane angle of, 225; equal,
228; faces of, 228 ; edge of, 228,

Dimensions, Geometry of three, 215
of a rectangular IJ.’I.T[I”l'lnpiDNI:
248,

Dircetrix, of eylindrieal suriace, 2

Distanes on o sphere, 285,

Division, in a proportion, 125; oop-
struetion for, 155,

| Duodevahedron, 238,

Drawing trinngle, 41, 57,

43,

| Edge, of dihedral angle, 228.

polyhedral angle, 232; of poly-

hedron, 245,

| Element, of evlindrical surface, 264

Enlargement, 19, 139, 142, 159,

Equiangular, polygon, T6; triangle,
35 triangles, 159,

Equilatersd, polygon, 76; trinngle,
35,

Equivalent, 162,

Equivalent solids, 245,

Euelid, 49, 183,

Exterior angle, 21, 49, 70,

Extremes of o proportion, 126,

Face, of dihedral angle, 228; of
pulyhu{]ml l‘l[lsl(f' 212; of plli_\
hedron, 235.

Face angle, 232,

I Fourth proportional, 187,

| Frustum, of pyramid, 254; of coue,

209; lateral area of, 255, 271;

volume of, 261, 202, 272,

| Generatrix, of  cylindrical suarface,
263,
Great eirele of sphere, 285,

Hexagon, 70.
Hexahedron, 238,
Hypotenuse, 30,
Hypothesis, 44,

Ieasuhedron, 238,

Inecluded angle, 21,
Incommensurnble quantities, 105
Indirect proof, 51.

Inseribed angle, 112,

| Inseribed figures, 09, 191.
luseribed prism, 2040

INDEX Xxxi
Inacribed sphere, 204. Parsllelepiped, 245; right, 245;

Intercopt, 84,

Interior aungle, 21, 49, 76.
Lnversoly proportional, 157,
Inversion of u proportion, 127.
Isoperimetrie figures, 208,

rectangular, 245; ohlique, 245;
volume of, 250,
Pentagon, 76.
| Perigon, 15.
| Perimeter, 189,

Isoseeles, spherical trinngle, 207 ; trap- Perpendicular, 4, 15, -

eaoid, 87 triangle, 35,
Kite, 87.

Liateral area, of prism, 235, 241; of
regular pyramid, 255; of frustum
of regular pyramid, 255; of any
eylinder, 265: of right eireular
eylinder, 265; of nuy ecrealar

eylinder, 265; of right circulnr |

cone, 271; of frustum of right
cirenlar cone, 271.

Luteral face, of prism, 238; of pyra-
mid, 263; of frustum of regular
pyrimid, 254,

Length of carves, 23 of u virele, 101,
103,

Limit, 109,

Locus, 79.

Lune, 312: ares of, 312, 313,

Muximum, 200.

Muoan proportional, 144,

Means of a proportion, 126.

Measure, of central angle, 112; of
inseribed angle, 112; numerical,
107,

Mensurement, 107,

Median, of trapezoid, 168; of u tri-
nugle, 36,

Minimum, 206.

Minute, 12,

Multiplieation, construetion for, 150,

Ohilique prism, 239,
Obtuse angle, 15,
Obtuse trinngle, 35,
Octagon, 76.
Octahedron, 238,

Parallel lines, 40, 219,
Parallel planes, 210,
Parallelogram, 57, 68 area of, 104,

| Perpendicular planes, 226,

| Pi (m), 193, 108,

| Plane, 2155 how determined, 215:

| line perpendicniar to, 219 per-

| pendicular planes, 226;  purallel

| planes, 219 projecting, 237,

| Point, 10; of coutuct, 99; of tan-

| geney, 99, 265,

| Polar distance, 201,

Polar triangle, 300,

Pole of cirele of sphere, 288,

Polywon, 76 circwmseribed, 99, 191 ;
convex, 70 equnngular, 70 equi-
lateral, 76 ; inseribed, 99, 191 rog-
ular, 76, 185, 186, 180: similar,
139, 1460 ; spherieal, 207,

Polyhedral angle, 282 convex, 232
comgruent, 232; faces of, 232;
ediges of, 232 vertex of, 232,

Palyhedron, 238 ; edges of, 238 ; ver-
tices of, 285 faces of, 285 disgonal
of, 238 ; similar, 276; regular, 2740,

Postulate, 26; on areas, 191; on
ventral angles, 80; on geometrie
ratios, 111: on lengths, 181: on
purallels, 49; list of, 27; on the
plutio, 216: on the eylinder, 264,

Prism, 238; hases of, 238; lateral
faves of, 288: lateral area of,
235 altitude of, 230 right, 230
obligque, 289; regulur, 239; vight
section of, 230; econgruent, 242,
trunented, 243 volume of, 251;
insoribed, 264; prismoid formula
for, 280 lateral aren of, 241.

Prismoid, 251,

Prismoid formula, 280.

Problem, 27.

Projecting plune, 257,

Projection, 175, 237.

| Proportion, 126.

Proportionnl.  See  Fourth, Mean,
Third
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Proposition, 27.

Protractor, 12,

Pyramid, 2563 ; lateral faces of, 253
vortex. of, 263; altitude of, 253;
regular, 253 ; slunt height of, 253
truncated, 254; frustum of, 254 ;
ingeribed, 270; prismoid formuln
for, 280; laternl ares of, 255;
volume of, 261.

Pythogoras, 58, 173, 183.

Pythagorean theorem, 172,

Quudrant, 89, 201,
Quudrilateral, 22, 65, 70,

Radian, 202,

Radius, of a vircle, 1, 21, 88; of a
regular polygon, 189; of a sphere,
2584,

Ratios;, 107, 126; postulate of, 111;
trigonometrie, 153,

Rectangle, 22, 68; aren of, 22, 162,

Reetilinear figures, 30,

Reduaetio nd absurdum, 51,

Reduetion, 19, 139, See also Enlarge
ment.

Reduction to an absurdity, 51,

Regular polygon, 76, 180; spothem
of, 189; area of, 185, 184 ; radins
of, 189,

Regular polyhedron, 276,

Regular prism, 289,

Regular pyramid, 253,

Regular solids, 270.

Revolution, vomplete, 15, See ales
Rotation.

Rhombus, 6%,

Right angle, 15.

Right prism, 239.

Right scction, of prism, 239; of
evlinder, 264,

Right triangle, 36.

Ring, circular, 196,

Rotation, 14, 97,

Ruler, 1, 14.

Scalene triangle, 35,
Secunt, 99, 148,

Second, 12,

Seotor, 89 ; area of, 195,

| Segment, of u circle, 89; of u line, 36 ;
proportionsl, 131,

Side, of an angle, 11; of a polygon,
70; of a right trinngle, 36; of a
trinngle, 21.

Bimilarity, 130,

Similar polygons, 130, 146,

Similar polyhedrons, 270,

Similar tetrahedrons, 275,

Similar trinngles, 139,

Sine luw, 161,

Sine of an augle, 153.

Slant height, of pyramid, 253: of
frustum of regnlur pyramid, 254 ;
of cone, 269 ; of frustum of regular
cone, 2440,

Small cirele of sphere, 285,

Solid, 10; generation of, 14.

Solid angle, 317 ; measure of, 317.

Solids, congruent, 242; equivalent,
245 regular, 276,

Speed, angular, 97,

Sphere, 284 ; center of, 284 radius
of, 284 ; dinmoter of, 254 1 tangent
plane to, 285; tangent line to,
285; great cirele of, 288; smull
cirele of, 288; distunce on, 285;
inseribed, 284;  circumseribed,
204 ; arvea of, 310: volume of, 318,

Sphericul angle, 296,

Spherical degree, 315,

Spherical exoess, 315,

Spherieal polygon, 207,

Spherical triangle, 207 ; area of, 317,

Square, 9, 22, (8.

Square root, construction for, 100,

Squared paper, 22,

Struight angle, 15.

Subtend, 89.

Supplement, 17,

Supplementary angles, 17,

Surface, 10; gencration of, 14,

Symbols, list of, 34.

Symmetrie triungles, 305,

Symmetrie trihedral nugles, 305,

Tables, i-xxvii; of chords, 96; trig-
onometrie, 1563, 155.

Tungent line to sphere, 285.

Tangent of an angle, 153,

INDEX xxxiii

Tangent plane, 285.

Tangent to o cirele, 89, 101, 145,

Torms of & proportion, 126,

Tetrnhedron, 238 ; similar, 275.

Thales, 41.

Theorem, 27.

Theorems, preliminary, 25,

Third proportional, 137,

Transversal, 48

Trapezaid, 68 nren of, 168 ; isoseeles, i
87 |

Prinngle, 2, 21, 35, 36, T6; area of,
166, 180, 154, 185, acate, 35
altitude of, 36 ; birectangular, 304 ;
circumseribed, 98;  equiangalar,
35; equilateral, 35; inscribed, 99 ; |
isosceles, 35; obtuse, 35; medinn
of, 36; right, 36, spherieal, 207 ;
symmetrie, 305; trirectangular,
A04.

Triangles, equispngalar, 139; similar,
130, 1562, solution of, 152,

Trignometry, 152, |

| Trihedral angle, 232 ; congruent, 232 ;

measiure of, 315,
Trirectangulor trinngle, 304,
Truneated prism, 243,
Truneated pyramid, 254,

Vertex, of an angle, 11, of a trinngle,
215 of polyhedral angle, 232: of
prramid, 260; of spherical poly-
won, 297.

Vertieal angles, 17,

Volurne, of rectangular  parallele-
piped, 248, of any parallelepiped,
248 of trinngular prism, 251; of
any prism, 251; of triangular
pyramid, 260; of any pyramid,
261 ; of frustom of pyramid, 261,
262; of any cylinder, 2606; of
eireular eylinder, 266 ; of any cone,
272; of frustum of cone, 272; of
sphere, 318,

Zione, of sphere, 311 area of, 311,

Printed in the United Spates of Amerion.
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