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PREFACE 

WHII.-y.: t he preparation of a textbook on Geometry presents 
lI1uch t.he same pl'obl elU wheu ever IllHlel' t.a ka ll , til e ru'r: lllg~lill' llt 

of it~ (lctu.i ls l:I.ml tho b;dnl1 uing uf its 1':1.1'1.8 1II ust 10e ('xrc!'lt?tl 
to ehaugl' ;lS utlW eUllcal ional itleals become e:;talJlis ll l'ti, am] a~ 
ne\\ ('.ouilitioLlS of society ar ise, 

It is no longer possible, for example, t.o expert i u\'or for the 
typical lengthy text of it gClI oration ago, Alt lwugll silob t exts 
proceeu ill gooJ. logical fush ioll to ued llce t.he Ll'<\<litioual t heo
rems one after a.nother, yet tlley mak e little 01' lW 8llpeal 1.u t Ill ' 
world of CO lU D10ll exprl'icnce j and tlIHY present ra l' 11101'0 m:lte
l'i:tl than the stud~ llt can n!)sorb in the MUl'Se ,lS iI, i!l ll l!W 

mmally taught. Net tLHlr is the ideal book somet.l\ ill g so r;lr 

rt',mo veJ from this t r:ulitionn.l type that. its chillI ff:H t lll'e is fJ, 

large val'iety of ill uminating uin.gl'alTIs drawn from the .\.Its. 
Between t hese two extreliles lies the only l) J'opct' cou l'se 

to-day , aml this the authors have t ried dili~e Jltl .> t o fulll. Th 
traditiol1a.l lltaunet· of presenbtiun in a logital srste1n is pl' 
sel'l'cd, but logic-al d,'velopmell t is not mau\! the sole IHll]lUse 
of the book. 1'llllS, problems <l f'n\TI1 from the affai rs of p l' ~w· 
tical li fe :nc insurted in cfII lsiuerahlo Iltullbt::r. 'l 'IIL' f ll11ciiull of 
SllclL pw hl€'Jn s is 1I0t to t raiu t hll stllllent in the tlJ (,jllli(lUl' (:)f 
any of t be Al'tS j l':l.thcl' it. is to illl! II Iinate tJ1C g CIll1lC' t l'i{' f ads, 
and to make clear t.heir im portaDce anLl th eir signilicanee, 

Geomet ry is and is likely t o remain pri marily ~~ Cli! tural, 
rather than an IJlformational subject. But tll l! i nti lmt1.e (, Oll

neetion of Geometry witll hUmatl activities i s evident UpOll 

every hand, and consti tutes full y as much un in tegl'al part of 
t.he subject as docs its oldel' logical and scholastic aspe~'L. 
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VI 

Teachers of (; ,::.om etl',Y th l'lmghuut tIll" country l'eco",rnize this 
a llll appreciate :;t l'Lll1 gly lI lo value of thtl stud) , nu t only u:, 
s llbjcci-m atter in w1lil:1I practioe ill 10gical processes is iu~tl l.l 

simllle allil beautif ul, uut :lL,O as an instrument for meeting' 
l'eal huml,l,lJ n eetlH, It is ce rtainl)' lJlost Jesil'able frol11 t he 
stand poillt of df(~ eti vc iu stl'l1ctioll that. t he $lild~lIt8 a1,,0 come 
o l'f>ali z(:l all of these merits, t Im" answering fol' t hemselves 

tlte persistent Ijllf>S tiOIl as tv wll)' t,lle ~[llJject is studied, TIL l;! 
neetlssal'Y attentio1L null unneellt1'3tioll of rn iwl all the studeuts' 
pal·t. will tlwn become from the very outset ea!iy tLnd lLatural. 

A t blllt.il1!l is called to till! Int.rodudOl'Y cha,pt.er . In it t Ile 
»tudent is a(;'!11~~i l1 t<l tl with t h ", nse of the Tuler a.lLd eOlllpasses 
in the llltlrl' !:Ii.n1ple constrllction problems, anu is thus brought 
ea rly face tl1 faf'e with mallY of the fu nuamental. notions of 
Geomeh'y. Great ear c has been exercised at t h i,. point that 
Ul B !;tlluen t may appl'oa.ch the lLlOl'O rigi(1 u e w .I;L llLl;; of the c1 e
u uctive side of the t>l1 bjl~ct gl'aall ~l.l l y, rath er th.Ul pluuge int 
t ltem at the ou tset . EV(' Ll in ChaJlter I , in wit ich iltrictly 
Jecl uctive W Ol'k cOUllnenut;'s.• J\() nbl'l1 pt chan g-e of ::;ty1e oacnrs, 
bu t, an ~a.::'J t ran sition i!> ma(le il lto the Imrts that su often 
appear foreign and unintelligible to t he beginnt'l\ Incleed, 
th ronghout tlte hook , all effor t has been made to soften t h 
aLl:;tel'C and unnatural !:Il.Vlc that. bas freq LlentIy p roved a 
1)<11' t o l'ea.U} cOllllJrehen::; ioll, auel to avoid ru l exeess of 5YIll
[Iolie ck mlCter:; and techll ical p h rases tlmt tItJ llot ndd t u th(~ 
J· L:a~u niug. 

rrlte I.)tlok is ,listingnished by its aceeT'tnnee uf the principl 
of ull1plwsis uf ilL1plJrt.ullt. t heorem,; laid down Ly the COIDlIl jtte~ 

uf lh Jtee ll of t he N ational EJncation Agsociation ilL their Re
port.* Th us, t heorems lIf the gl'eal:est value aud importance 
IU'P IJrinted in bold-faced type, aud those whose iwportanoe is 
uOll::;idcrab1e arc priuted iu large it alics. 

l'l'ill kd (', a ~('p : Ll'ale pamphlot with tbe PrucPFdi ll.fl" fn r 1(112. Reprinted 
abu in ~clt{Ju' S(!i.l' II Ctf , HIll , aUlllu 7'!i LMtJ. lht fILllte~l' S 1't:ucher. D dlUillhuJo , l!ll~ . 

PREFACE 	 Vl l 

T he Report jus t meDt ioned has. been of [;Toot MsistrUlce, alld 
it:-. principles have been aecepted in gllufdra.l, liot in a slavish 
sentle but in the bl'oael manner r ccomll1 endeiL 11Y the CommitteH 
i tself. .A perusal of the Repor t wiD g iYc, more funy and 
accuratdy than could be done ill t h is l)l'ief 1)J'eface, tlle c011sid
erations "uieh led t o tbe adoption of these pl'inciples, in lxlt
tieul ar, the l )l'ineiple ot cJI1pl lasis 111JOT! impo l' U"LlI t. throrE' llJ s, 
hol,lI h) t,h r (Jomlllitiel~ ;mL1 by tho nntJ1l"Jrs of tl1is book. 

The 3.111 hoI'S arC' iuJel)tc(l ~ils() t o mn11 y :uiOthI' T' bonk and 1 

many r ec.eut rt:ports and papers for idea::; and "prob lems. 1 n 
th(' fJ ltroc1'llutiou, th e effec t of the exoellent little book of 
(lodfr.:-y and Siddons'" is sufficient to deserYo expllcit mention. 

Detai leu description of til e principles foll owerl in the Soliel 
Geometry may be omitted, sil1l'8 t bey are III ::;pirit the same as 
those of th e 1'lanEl Geometry. The ip'eat excellen ce of tllP 
fi~nres , parti('ulal"ly tlmt of t ll e "'\' cry unusual and effectiv 
'pha nl;om ' h~t1fton(J engl'!lvings in the Solid Geometl'~' , r1(' 
berv('~ maliti a!. . These f:igu'I'es should go fa r towaTd l'eli<lv
in ~ tlle lllrreaJity wllith often attaelll~s to the const ructions of 
Solid Geometry in the minds of studen ts. 
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PA RT J. DH AW(XU ~nlPLE FJOUR)~S 

1. Geom et ry is the bl.';lJIel l of Il Ja jJ J(Jllmt i('s t.ll:tt ,Ieal s wi th 
"pace, ) n it, we cow,illur puints, lill!'s, tl' i :J lI gl t1~, Ui1'l '\e8, R[lhel'es 
aml so l'urth . 8 m'It (I1les tiuli s as I he j()l1l1wi ll ~ a.l'e GCJllsiu el'eu: 
When Llo t.wu tl'Jll.llgl es uf di ll'nl'Plii shapes h :l\'e th() S,lwe area. '; 
H ow doos t he le ll !{t h a l'Ulluci ;L ci l'c:J l' com pal'e wiili the uirulletel':' 
H ow l:an t he voll ull e of a t; pbere be calrul a ted ': Gl"Ollletry 
uot onl,V i;llI s\\,ers mauy <[lle:ltiolls of t hi s kiJld, hnt it abo pre
Bouts a sy"tC'Ju a tic s t mly of tIl(' gf'l lE' J' al priJl(:iplcs ill volvl-d, 
ami t,lll' 1'1' ~L.~ 011 S 1'ut' ;111 ~tat() JIl e n I 9 a t'!.' g i \'l! ll wit h co ll'l'. 

2. Ruler and Compasses, LII sl ll< l,\' i ll ~ !.{l" Ol ll t'tl'Y it is <1 .. [<i l'

:~ble t(l ,haw :u'(:lImte j-igll I'L'S , TI le s tuLl'~ lI t will ll c(.j :~ 1'/1/(' 1', 

\\'i~h wh ieh to elmw lor c; xLl 'lifl) s tra lg lit lilll';:: awl ,,- /)lti,. or 
1_ :()I/!'i)(f.~,W!S . \\'il-h " hidl to lh aw uin ·les ::tllU l,u t l':lllsfe r le ugt h;; 
['l'om Oll e posi t ion to a not her. 

I i' ,, ~ . I. 

'1 ' 1' 1 1 [ ' 

II " !( I K 
1,1 , ' I I , 1,1. 1, 1..111' 

For (li~ ji.J l ('tnt!ss, !.be l' Ul' VP tl lat f OJ'l ll s th(~ (J jl'cle j;: ufte ll 

call('(l thc circumference oi tile ('i l' l:It', T he positir 'll (If the 
fi xc;,l puint uf t ill' l:um pClSSei:l is clLllcd the center of t h 
(:il'de, .\ ny PUl't i01 1 of t. he eil'L'urllfcl'cnce is called ,lll arc of 
t he t: i J' d e. T he J iA lali ce f l'ulll r.lle l'C1 ltel' to i Iw cirr:wllj'pl'(>Il l:e, 

which is the ,HUll!: n11 Ihe way ul'uU1ll1 Il le uil'elt' , is c:alleLl th 
radiuB, 

11 



2 IYrRODUCTIO~ [P 

3. Problem 1. Draw ~I'itlt ,I I'uler ailft e()l l (p((.~:'; I! :; u t doll!'Z 

eul'" oj whose sitlf!.~ i.~ Qll e t lldl /0119 . 

[ A t r iangle io; I' tlh'iUl! liuUllLl tlll LJy tlo l'~{' s~raight sides.] 

SO/li tio l i. \Yil h 3. !·ull'l' and I>e l1(~ il d raw a line and mark 
t "'0 lloi ll tl'l .d alld B nil it one illl:h apal't. 

A nmll rl l~:lch of tlH'sl! l'0 il1l~ as :t (' en te r, with a ra(1ins one 
ill (·h l on ~. ,h aw nn lLm ur i t c i l'{' lt~ aho\tl tJlI' li m- AB so t k lt 

le t WU arcs Cl\t each othel' ill H th ird poi ll t, wl lieh we will call r. 

BA 

... onn i!ct ...1 \\' itlt (..! h.1 n, st l'a ig\d lilll' , an t! connect Band 0 
by <l lIOtlll'/' !lt l'ai g'h t lil li>. 

Tlw tl'iall ::(le _1HO is t.!Jc l'equil'aJ 'figure i state why eadl 
side i~ one ill ('.h lon g. 

EXERCISES 

1. Shm" hoI\' tu chaw a t l' ian g]r each of whoso sides ill a 
givel1 l el lg th ALB. [ 11I v l'. s..~ PrulJ l ~ 11l 1.J 

... GnVY Ule a ll.i t) ill ill ~ fi ~llr ... . 
Ihn II' nil thl'l tl' i rlli ~l ~s tl tat lta I ' e 

('( lll <ll sil}r's whi ll lt }t)ll ('all 1I)' l1l-<111'
ill ); Rtm i:.;ht. l ilil's l' o ll nC (·ti ll~ pai rs 
of pl,ill i s marked in t lHl fjgun~ . 

3. D l'al\' in sepnrate v ()"iti0n 
on lJ e,I\'Y paper or 011 cal'll boltl'd 
two t.ri:ru~ l ps, ea r.1t of whose sirles j" th ree inches IUTIg'. Cut 
Ollt on c of thes(>. \\' ill it fit precisely ur,an t Il e ol lier one ? 
\rit! it fi t one drllWIl by :lllu tl llj l' S t. l1d e llt ~ 

§ 4] DRAWI~G ST~rpLE FIGURES 3 

4 Problem 2. D rull.' with (t r ul!!r Clnr1 "o ml,a8.~e.'f Ii t r itIl/ flZ, 

"ho.,·p ' '' !'I 'e sic7(' s u re e'l'/Icl. reo'ijJcctitlely. to tllrel! [(i /" '11 /(' ''!I' li s. 

80711tio ll . ,et l l, b, c; ue the lhreo given lengths. (Fig. 3,) 

II. 

b 

c 
A 

FIG. 3 c /8 

Draw a line. '[ark t. \I' O point s A :t.J1d B on it so that the 
distance .dB is equal to one of t hr given ltlllgths, say c. Thi 
is dune wilh th e eompasses. 

Ar oulld ..:1 as ('~n t. · r draw an arc of a circle with a rallius 
I'q lla l to :tnothf' J' of the givell l (,Jlgths. say b. 

,\ronnu B as cOllier drfl,w flTI OtlwI' a re wi th i1 mdills equal t o 
tIll" rC 1l1 a1njn~ givcll lengt.h tt, a1ll1 in sli ch a pOclitioTi t ha.t t h e tw 
arC H out eaeh other. 

L et the point. w11ere t h e t wo arcs eut eaeh other be called C. 
Dmw 0 ...1and OB. Then the tr ia.n gle A B O 18 t he on e r equi red. 

EXERCISES 

1. Draw, with 1"11 1(' 1' and comlJas;,es, n, triangle wh ose three 
sitl t::::l are, l'esl,oct ivcly , tW0 inch es, t h ree illches, and fOLll' iuch 
in 1I:'Dr;th . 

2. I s there an~' lliffl' l'on c:e het ween this t riangle and one 
whose side~ are, respectively , fuur iuehtls, two incbes, and tlll't'e 
i1l0he5 in length :' Dra w botl l tl'iallglf's separately on ca/'r], 
board, r. l1t one out, fl nd so~ if i t will exautl y .fit 0 11 the othf' r 
Ollf' . \Yas it necessary to t U I'll i t over ? 

3. What can y ou S(l.Y abou t any t wo triangles if tIl(' thr 
Ki( lps of (.ue al'e equal , respectively, to ilie t111'ee sides of th 
other ',' 



4 IN1'ROl) UCl'TOX [H, § UJ ItA \YJ,(j :-iL\lP LE FI RC:~ 5 

. 5. Problem 3. D" rlll', I'!I III " (/II.~ 1/ I'llii-,. (/I/fi "fJilII'r£'~IW" . 6. Problem 4, /) /'111/.' ,u i'" 1'/1 It,)· I/Ild (" JII/I i(1.~lw8 I t j lefj 1ell

·peil.c"l ,,'I1/ur . /0 ,~ [/,' '' '' II Jl/I'Ct iUhl liIH' 01 (/' j )IJill[ i ft Ih ll( !illl'. dit: lilur to t{ y i L'e ll IIlnt iy'" ti tle .Ii·o ll l a [litll!ll pO i ,,/ II I)( VII Ihalline. 

lD 

p IQ 


A B 

C 

r·'\o . 

Sollllir" , . 1Jot ..1 17] he tu e J.:"iV t!.l1 l iJl t' nll il ( I t lw g' I VI'1\ Tluint. 

III I t,. 

\Yirh ( , as t eJlt. PI, and w it1 , :lll ,\ ('uuv Pl lit·nt. l'ad il\ :I, [h:1 w 
an!s Clf the same cil' r.le eutt.in~ . IB R t t wo l'oiJlb "'h iel , W I' will 
cail P anu Q, 

'i\,ith ;~ R(\l'JRWh at. ]nngel' 1': lll i1l8 than hefore. rln~w t.w u a.rcs 
f c'II'('I(':; a hove . J]J II it It (;(' lll'e r s a1 l ' rtlHl Q. l1l'in ,~ ('nrafH1 

that th ~ ,;e Hl'l;S k\v l: tI le salile l'<J. tlillS , T hese t wo :ne::; will (' \11, 

,(wI, .ot.het' at ft Pllillt tlJ ut we will ('all 
llra w ihe straigll l, Jill(~ .i oinl l1 ~ ( ' C11l11 I). 'J']" 8 is i:he requiteJ 

petpenc1i clll :u' to ~ lJ] at (' i Ul ld tlJlJ1'8 is 1111 oll ,er. 

EXERCISES 

1. lJl'aw \Ylt.h l'll 1t' 1' :lIlU ('O!rl l'rtssps (1 pel'pel1c1i cml;ll' to a l ine 
foUl' inelles long at, a j1nint. un!:' illch fl' l'lU tup r ight-hand PULL 

2. Jkl,W a l1'iltngl o w ith t wo ~ i .l ('s l)f'l' pclJIl ic lll a r to ca ('h 
otlw l', m akil1g t llE' pel'pel1lliculal' s i.les tlll'l~e in ul,ps lOll !! and 
fOllr indi es long, l' e ~ lJcNi \'€' I ~'. 1 [I!aSll l' E' ill s tllir l1 1lilk 

[Thu 1hird ~ iue ,), 0111<1 UP Ih,' inch c's lon~, [II l1J1tki n c; lbl 111'" w iJl ~' 

allY liues lIlay ue tl xt l']LI!i:U "h rl\,,,in'd .J 

, Th " i>"l'p~)l 1ie uh" G'lJ eRn lJe' ..II'awn , of ('()Llr~~, \ \ ith a c 'lI'p(~ nti!r's ~fJtH II' " 
or a (l rnwi ll~ triaJJgle. bllt WtJ pl'QT,lc l ll iii to drtLw it fr ilh ntffT ((fi r1 ('()I1IJhl (~s.,.s 

0111//, 
Th" ,]n"l'ing nwy b(\ l e,rell hy fo11 ling It In 1\ I' T{WbC a1u II I' t he lim' ('J) : 

tltN ' one " pil G1:1 p( ..l B s hnllll i f" ll ,III rl' ij onh t!J' end ( . 101 .:Ill . 1/ i l f lo,'~, 
'J) ;-' ., ,, ;1/ II) QG p~rpendjct11 ar to _Iii " / C' 

p 

A R IT /S ,r B..... 

,. C 

[i' I ~ • . ;i 

"'nil /liDo . Let AB he ti l!' gi VI'l! l.iac ~ncl l f.( lJe thf' t;h'ell 
pu in t ]Jut 011 tl, at Ji ll f' . 

\\ ltl! P as cell tCOl' ,ulll lI'iLh any ra,li\l~ lont: ("l lOug11 to 
rcac h pa.st th e lin e ~JJ], ell';l \\,' 1\1'0 ar.' s of Ow sa1l1e l'.lrcle 
so D'S t u (:ll t t. lw linc ..: J n in two }Jf)int ~, ",h i,,]) we :; 11: 111 call 
it a 111 I S, 

.\],(JlllIll tlt e }lClillts Ji ll nt1 ,..,' tl"i C(" IJt." I'R, w itll 1.]1('0 ;;:IUl I' ral1 ius 
rCJ J' llllT,l" ,haw t wo HI'!:.s (II l ' il' ('!" l' 1.1f' lo\\' .1.E, :lI l,] l"t (! he- tIll' 
pCJ i ll t ",he ['u j'l ,ey ell l I'll ('I , (11.IlI' J'. 

'l'h,' f;hai g l1t l illi' joill1 l1g I ' :11 111 (' is th~ (lpsil'l-ll l'f' l'pelltli ,'U
hu, ~huw tll i:; b;t foldi lJ g' 1he fig IJ l'e "II 1,11\' IiIit' 1'f...1 I1ml CO li. 

\ illcill!) YOll l'self that 1',':,']J falb alon:! 'PIf.J. 

E XERCISES 

1. Jh'a ll a hi ltll gle w l, iJs P 1111'('(' s id l'8 a)'(' ill i ll \;! rat io;:! 2: :3 :3. 
T heil tl l'UW Wil,h ['111t> I' alaI ~Olllplt!>S!!,; a l'e J' jJ,"wliC'ld:u' f l'Olil l..<telL 
t'Ol'III' !' t u lI tl' opposHf" ~ i", l,' , 

[ Tt tl' a~ "Ll I'I' C.lI) l UI" dl l~ lI'i Jl ~ (" Ill 1.01' [ e"l~d by t hl! fn.c t t!laL Lilese Ll Jl'I:e 
1'~ l'jJ I'lll1ic n l:u'8 sh olJ l,1 1J)l!~ t i ll ()lll, j.t tJ i tJl ,] 

2. ll1 ev!'n d l'l1l1'int.; (I f OJ I,' side uJ' U. h OIJ ;;t', a lille if' dl'awlJ 
l't ' l'l" '8p ntin g- t h,' hOl' iz,oiltal ( 0 1' D:lSU J li lJ P, ~h()\\' hnw io dl';t \\ 
wil li nll'"l' :lTlLi l'"rlJl ,a<;;; ,' '';, (' ! 1l' (l 1l ~'1 1 a llY jJoin t jll t Ill' fi!;\1l'0, a 
\"'I'ti<.:~d li l1", t licl.t is, ~L P(~ 1'1' (! 1I 11j('IJ J:ll' tLl tI,e lKlse l im' , 

http:cil'r.le
http:J.:"iVt!.l1
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7. Problem 6. Drill!) lI' ith l'ltiu m al r:Qlllp/( lJse:; cUI ai/gle 1'1) 11(1 8. Problem 8 . j)'ide £1 l )())'I il)JI nJ (! siruigliJ lin e iI/ to tl" 

to a gi ce l! ctll gle. ('quul parts. 

[,\n angle i:, furlll t'd hy 1\1' " l'Ol'Ii.JWI " f 'in'aight lilies thaL enu at the 
sa.rne point. ] 

.4 " , N 
M P 10 

FIf .. Ii 

S uitllilJ ll . Gi,ren tllC ulIglp, [1\ ~L t he pl'oblt'1lI is to draw an 
angle e1Illa l to ~l hUIll a puint PUll another line JLV, 

'Yitll .1 as Cl'rlt,e l', ul'a w ,m a rc of a l!i rel e cutting the lines 
that form t1l e angle A in th fl two points Band C'. 

\Yit.b P 3'l a. center, draw all an : x with the sallie radius as 
that jU !>i llsed , clltt ing J[Jr a t (~ and extcndiuij np wards quit,e 

a lli8ta.1Ice. 
,Viilt Q :1 S cpn it'l', a1ld willt ft J'atl ills eqllal to the distance 

£rOlll B to U, draw a ll al'\.:!! cu rLillg UJ6 are ,c at a poin t O. 
Then the :111gl e at P for illed by \.l Ie .l)ul'ti(lll ~ of "traight linc8 

PQN and PO is eq llal to the givell .J.lIg1c at . 1, for th e two 
figures will fi t eaoh other exact1y if OIle is phLCed upon the 
other with A at P alid ..:iB alo ll l; PQ:J.T. 

EXERCISES 

1. Draw t wo al1g1l:::i tllat ar e eX(LeLly equal to eac'h other. 
[ Ill s r. Draw any !llil;le (Lull l;h~ 1I draw ;lIlotbul' equal to it. ] 

2. Draw a. t ri n.n~l a ,,-ith oue a ngle eqllal t CI the ilngle in 
Fi g. G alld wit h tll e twu "it1es tha.t forlll t bat ltngl ~ two inches 
long and thr£>e iuel las long, re~l'ectivel). Cut out y Olll' h i
angle and compare i t ,'vitll t.huse made by othel' students. Will 

it fit exactly on thei rs '? 
3. ''''hat ('an y ou say of allY t wo triangles if all angle aud 

the two silles tlla !. illdllUl' it ill une t l'i ;tllg ie a re equal t.o the 
'olTespowlil1g parts of t he ut.her t.rian gle'? YVhy ~ 

A *I B r 
*Q 


F1I1. 7 

S ol,tltion. Let ...J and B he t wo pOln ts on a, st raight lin~. 

Dl'a\\- ru:ollud ..d. and B a~ cc.ntel's, with thE' sa me radius, t wo 
cil'(:11'5. These circles will cut eadl other in just t wo ]lointR P 
an(l Q if tile radius is la rge enough. Only small arcs of the 
circles a re shown in the fi gure. 

The strai ght line join ing P and Q cuts t he line LW at a point 
O. Tllis poi nt 0 (l ivit1 es AB into t.wo CCltHll pari:; . LO Hnll OR, 
fur the whole fi glll'e may be foldllu on the line PQ so t.hat ° 
remains at 0 , ~lDli B fall s on ..4.. 

EXERCISES 

1. Show h ow to diville a, linp, into frmr equal parts. 

2. HoW' can you cl i"iuc acc ura tely the rul eu }lage of a note
book into i wo columns of e(I lla! widtll '? 

3. RhoII' tllitt the l ill£> PC) in Fig. 7 is aJ ~o a pI'J'pclll licu
lar to the lille .AlJ hy noting the effeot of fol llin g t he fi glll' 
alollg PQ. 

4. Draw any triangle ; then fiud by ruler ailII com passes 
the milldIe point of each of the sides. Connect each cornel' 
of the t..riangle to the llIiddle poill t of the opposite side by a 
st.raigll t li ne. 

[Do these three new lin es met:t i ll ,)Jl{! poinL? The accuracy of the 
dra willg may 1"" t(>stlol,l .In th is IIItlll llel'.] 
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9 Problem 7, D i l' [' /" rt !li rc" (111 [111' "do lll'r, 1'111 (f rls, 

A 

- I.8 < 

1" 11 ., ~ 

oo/,, 'in )), T,p!' U I() t;iVf' lI ::tlJgl l' lit' t.ll1" n ll ,~ l p :It n hel ,,,"c,'n ~ h 

p()t'j.i()ll ~ 0 1' s l I'night, l itH'x nc' nll ll B , I. 
'''i t'h H a;: " t'lIt..,r illlll wil lt auy l':Hli lls Ul'a.w a I:i rl'.!c tlin! (',ll t.S 
! at 1. a lltl D.I ,It 1r. 
'Vith T~ alill 1[ as cent rl's, ll l'aw two arcs of ('ll'c lr" wit.h th 

~rL11 1 e :radiu!I ( III' lUI;') (' UUVellie ll t, si:w) ~o U1at 11J('se h l' c) an's (',ut 
('auh oLlIeI' at a poill t O. 

Tlil-!li thr straight. lin t> joill ing TJ all u (; d i\' il! r ~ "he g- i\'P ll 

angle i lltn Lwu f"lll<Ll parts. ( 'ull\' illl' l' y() ur~ l'lf uf t,lli 5 by t l link
ing of follling Ull' Ji g'llre OIl tlll: lill e B O, 

EXERCISES 

1. RllO'Wh ow to c1i , i.Je a gi \' en ~H1 gl(' into fou l' o(]lllll parts. 

Dra.w a ny trlfl ll f!,'lE' an d tl il'iflc eadl of its ang les 1lJt tJ two 
equal PIU1'~ , ' ~b.tC' anyt. hing t 1m! YUll IIlltil 'p abo ll t 1-111.' \\,~I y 

i n which the tlll'l'l' lII' I\' lili es 111 (>1:'1 (':leh other, 'fry 10 "pc 
w)lether t ile SUlll t' t.hi 1I g' hflP[l(·ltH III I ;mot.1H' r tl'iall ~le of :J tlitfo l'
en t Sh~LPC " Stab. all )'Ul1l' ('uJI (.'1u si(JII;> in 01lf'SI' IJ l e l1 ('() , 

3. Draw t wo perpendicular' lillcs ; t heu divid e t ire anglr hE'
tween t11ern iut.o two clJIl;11 ll:=t1't-S , S rate th~ (; Ull lledioll h l'tll'PCll 

thi s problem a ltLi t.lte ])1'ucessl'l! tlHlt O<: l' ll r , Jor cxu lJl ple, in 
maki ng tho (JOl'lW l' of II pie:t ul'e frame , Ill' in m Ol' ti s mg a joint. 
Can ),011 ll1 en tion any ot her 1I1anufaei lll'i ll g' p rOC(lSSCR in whi(·l:t 
the sam e probl em arise:; ': 

§ 9] DTtA, n:\G SIMPLE FIG 9 

MISCELLANEOUS EXERCISES FOR PART 

L .\, ~J~'lf if; til h ... fi t t,ed into a, ('orn er 
ne;u' a window, ~bllll is t il be trin ngulaJ', ' 
l'he <1istall(' (' from the t:O J'll er lo tho win

(loll' (~aH ill g' is n inc-]n,s, t lw s lt elf is to be 
U illf'hes luug on tho oHler Il'all of t.lle 
('OJ'lHH', an,] U..IC t;:tlgu uf tllC fi helr is t,-, he 
Li iw.:llos Inn :,::, ..\ l 'l ~ ih r:-;e lIJ eaS I.l\'eJlI elJts 
l'IlUII:::h to fi x i.llf' ~h a pCl (,f the shelf ';' 
" 'I I) ? l£ :L U<l J'l'l' lI tE' 1' (,lItS ()I,d of a pi .:(' 
(if Lua.1'l1 a b 'i: L1l g1p llw t has exae Uy tl l\'se lc'ugths of sicles, why 
i:; it th;tL i t IIri ll fit, in the plaee ',' See Problem 2, p. 3, and 
Ex, :3. p, ::;. WiJJ tIl c, ilh eU ii t, dt lle r side up ',' 

raw a \;ria ngll1" Illt ead, side ju:;t olletllir d the len~tlt 
(I f the oon esllondillg "illa of th{' triangle mcntiOJ1C(l in g x. 1. 

3, i\ "tlllal'e b hOIlillI I'll hy f out' liues of eqmu D C 
/

ICllgth , t wo of whi ch a l'U pr l'l'''l1lli elllal' to e::wll ,o ~ ,.
>'ut her at eu('lt COl'lI~ I' . l)raw a, sqllare whose 

ililb; a.re ea ch tllO inch es loug, / "
A B

[The r1rn.win~ ])J ay be t 

t\\ u strnight lilies joiu ing Lbc two pairs of opposite corners should be equ lU 
ill length,] 

4, If t1 1l'~ ~orlh alill Sout.h line is shown on any map of a city 
t' 11 f) \V how to L1m \\' the En&t and 'Vest linGtl1l'c>ugh ally poill t. 

5, Sllow l in \\, to d l'::t 1V a t ri angle with an y given angl e ancl 
with the sides tklt form t1 w.t mqzle of a n~' l,yil'en lengtli.s. \YiU 
two \;l'i:lI1gles fi t C'nch ot her exal'll)' if mnue with the salnP given 
nllgle an ll thE' salile given leugths of the two "illes? Must on 
f tlH' triangleli hI' tUl'lled 0\'8 1' bdore they will tit ? 

6. If t wo t l'-ifll1~ l e~ a rc d raw n with two angles of one eqnal 
tn 1-\1'11 an gl es of 1.11 (> otil er, l'espf'eti \'elj . will Olle nec'cssarily fit 
tbe ot.her ex:u:t.1y·? 'Yh ut 111(11'e i" needed to ill 811Te that th(~ 
tl'iltm!1es sh ill tit each othm' eX<l etly ? 

http:ex:u:t.1y
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PART II. T n E PR INCIPAL lDEA.S URED 
GEO~lETnY 

10, Solids, Surfaces, Curves, Points. A lim ited portion of 
spaee; such as t l lat hou1ll1ed by a sph er!" Or jj, l!uLe, is call ell a 

eometric solid. 

In geometry we havo lwtllin g t o rl0 w ith tlt e mater ial of t lle 
solid. T hlls WE' w(lII1,1 :;I'l'a1.. of tlle Spaue twclipi erl b,) IIiis 
hook aR a solio., wit lH,ut 11 liJikili g t ha t il is m:lIh, of r.lolll 
an o. ]Jal'C'r . J';"en V('l'Y finft, <Jiijt:'ct s, I'l ll"h as it (,lottc1 u ) ' :l. 

drop of watr l', woull! hI' t llllllgh t, (If in gl'tllllctTY unly w it h 

respect to the fOl'In of t ll e p ()J'li ()ll of il jHtCt', tl lf'~' oCt:uPY, and 
th is poni ol1 of f-pac;e wO\ll d l)e oa.1]e<1 \1, g~om l1 tr i t:. solid, C\' Cll 
thongh the actua.l oLjec;t is not :;oliJ in the samle of Lein g h a rel 
to bend or warp. " 'a ortelJ thin k of (h(, aetll:1l objec.:t as t aken 
a"W:1Y, and wo call sider th~ p01' tion of space tl lat it did or would. 
oeC:lJPy· 

rur BY!'\'.\' soliu there i ~ au iural 1 011D duJ'Y t lJa,t separates t h 
soliJ f r LlIlJ tbe n~st uf Spa.coj tlli!li ,h;al bOllmbJ'Y 1S called a. 
IIUl:!'oce, 

:-;;m:fac es arc either tlll'!:(>r/, as is the Slll'face or a sph e re; or 
else t hey a rc fla.t in (,,'pry di,'ecti ull , ilmt ii!, lJla /le. A pleUle 
surface is simply ra l1,!d a p l (l/I f', T.l ms, eaell of the faces of a 
'ube is a piece oj :1. plall e, 

'\\lwll tw o slI l'facns e l.lt, eavb otlier, their ClOl.JllJlon points form 
tL ('II l11L • 

l ' lmB, when a plm ,(' cut s t1 bpll el"e, tl le ell r vc formerl hy 
their ('.11ll111l0n 1>oilltl> is ;t C'ircl e_ A f{a in , II'h 1211 two IJbll eS 
nt e:t('ll ot her, tlJe Ullr\'(' fO l'lllell is t h e s im ld e~t pngsi b)0. 

mrve - a stra ight line. As ll ere, \\·e shall Ofll' ll US(, tll(' 
word curve, in genera l, t o in clllCle straigJd lines a" special 
curves, 

A puird is that wl,ieh is common to h 'o curve:; wllich 
cnt each other; iTl pal'ticulm', two li n('s cut cacl! otlll' l' in a 
point. 

§1::!) FID.'UA.. IDEAS'J.illNTAL 11 

11. Ideal Nature of Geometric Things. It should he noticed 
that I.he point!:. awl CLi rves a w l slll'l:Ll'C:; just lIlentiullcu ti, re idea l 

th illg'::' wh it:h "[lIll l()I, be ::lOt ll nlly lIlaLl!) (Hit or wall' rials. Thus 
a ~n r£ac!' !ll llS\' Le tli()lIgbt of as ha ving no t hil,k ncss w h ate ver. 

A em-vEl 01' a straight li ne m ust be thuught of as h av iug len gth 
bnt n tJ ureaulJ l or t hick.lle!:ll>. A point has on ly a p ositi olJ, 

\\' llil e we call1wt l u allufLlCtun~ sncb thi ngs us these, every 
on e recog lJ izes tbat tJJey rall be tll(lllgh t, of in t his idea] way 
\Y]I "t we "oll1 do if! to l'('l'reSp.ll t. tbe m yery nearly: thus a 
poin t is l'epl'r~f; "lI trC! ll by a dot, <J, C'lI I've by 3 linn ill'awn with 
pl!ue il or cl l:llk, a surface lly paper or LUI (1r some other very 

t h ill substallr,e. 

12, Angles. Two po\,tions of st l'aigli t lilleS that end at the 
salJl e lJoint f urnl an angle, Th e t\\' (J lilJes a.re call ed the sides of 
t he angle, nml ih (~ COlJll l1l1n enu-IJ{lint i s (':111eu t hl' vertex of the 
an gle. Tl lc 1t~ lIt!t1 l (I f the ,;i(] , ' ~ 11,\:; ll ut hing \. () ,1 0 with tllC size 
of t1 11 ' tLll gl!', whiell depel111s 0111 ..- nil t h"lLllIoun t of t.he Ol,pni1Jg, 

t::i l rH' tly Sl)cak iw.;, ",he ll t. W(J I ,ort ioll" of ~ trai).ih L li li es thus 
enli ata (:OJullJ ol1vv in t,ihe l'e :u'eLwoaugles form",1: LilliS i1l lh (' 

figure, the pntlions of SL1'U.i,rht liUl'S B_t C 

a llel BO may ue i h oll <; h t u f as f orm ing' thC~y . 

angle marked .J', o r tl ley llla~' bl.? t1 10u~h t Q x 

of as forming, t he. ve ry mll("J~ la rge l' ~11g1e ~ A 
marked ?I wl lH~h lS all tIlRt IS ldl of t he F"H., \J 

Vlmlc if t he angle war];: pu;); i s takun :1 way. 
\\'e slml1 always lUlUersr~L1I,l th at il le small !:'!' :lllgl e ,r "'" in· 
t enued in ::<1I c·1I a C:l.5c, 1I11 1I's~ t lu" eOll t rluy is b t: ~teu. 

.An an t;le lJlay 1>1' r(,H.u i ll a ll y ono of t hree Wily' S: 

1) By tbe Rlllgle letter at the verl~'x : as the allgle B, 
.l!) By thre p l ,~tt()rs , olle nn each s i,la and UU f' at the \'ertex; 

as, t lte an gl(' .J1JC. TIle llIi ud le letter, here E, is ,.1 wa.y,; the 
one tbat st:lJl US at t h e 1't>rU1.t uf the aligle, 

(J) D," a siugJc letter plaeed i ll the opening of the angle j 

as, tl ll'l angle :1:. 



1... IXT'RODUC'TTO:.1 [§ 1 

13. Measurement of Angles. Un its. T Lu IIIos t, us ual 
'twit of angllJ is t he degree ~O\ It is iU l'l lled u::. fo llows : j)iY1U 

t he cil'cul1lfenmce of any d n:le into ;jliO e(l'ILU parts ( 01' (ij'('S ) 

and then jui ll tilt: ellllt; uf' Ulll~ of tllese :l1'PS to the cflu t e]' of tIl 
circle by stra ight lines; the augle t h us form co. a L the ('entel' is 
vne deg7'l;e. T hus une degree is oue tlu'ee humll'eu sixliet l] of 
one (.' olll p ld e r(~yoI1.l tion. 

T he L1 eg-ree is sl1uuiyi Llp([ iuto GO equa l pal' t~. ('all f'([ lIlii/lllr' s, 

') . The lll illU te i ll Ilh ide!! in to GO eq lIai pa I't s, I:U.IJ \'d S(,t'!llIc ls (" ) . 

Thus :1 l! angll:! uf 1() cl l:l ~1'ges, :20 UlJJllltel!, al lu 1 5 ~l'CUllUS j" writ. 
top Ii 1 00 ::!O' 1::i". 

14. The Protractor. .\ prot ractor ; ;; il.n instnll Jl ent tor Jllea.~
Ul·jng ang les. It is a half-circle IlJ a ,]p of (.'<tn lbual'ct , ce lll1 loid. or 
metal, with Lhe center lUl\ l'ked at 0 (F if!" . Hl) and with t he Cil"(J lllll' 

P ROTR.\CTOll . 

o 
FIG . JI.J 

fere ll ce divided by Jill e lines ill to 180 to ll ual UJ'CIl. E aa]] of t hese 
arcs C01'l'csponds to 1°, if the ,'c It es of the a U';] il is l ,] aced a t O. 

To meaSllre all angle, p h lCl! th e }Jl'Otradol' I11'0n i t ~u Lllflt one 
side of thp angle lies alo ng t lw I"<Hlit]s OA . with t lH' vertex of 
t he angl e a.t O. Thpll the oth el' "ide of till' illlg-l(. will fall in 
some such pOhlt ion Ilb OP, auJ the I tl lmbel' vf de:; l'ef'S au t! frrlJ" 
tiOllS of a Jegrct! call be ren.d off Lli" e('l!y f 1'oll1 the "calc 

§ llJ l"C,'UAl\rEKTAL IDEAS 13 

EXERCISES 

1. Thl'Ough hu\\" Illa.ny degrees does t.he minute ha.nd of a 
cloi;k t urn in fiftt;ell_ lJllnute<; ? 

2. Throu ~lL how many degrees docs the hour hand of a. clock 
tUI'D j 11 OJ I f ' It0 Ill' 'I 

3. Th e fwcnrlll Imnfl of :1, wat~h turn s all a ui renla.1' ll inl t hat 
i ~ di,- iuetl ilJ to hixty eqnal pnl'tfi, Wll at is t he aug-Ie lJetween 
two sl1cct's:<i ve Illurk..; '! \\ h: li iii tJ IC angle bet-.ween the m:Ll'k fur 
III seC\)lll] :; and !Ii" 111:lI'k Jnl' 1;) SP"fllHl s:' , Vhat is t.he angle 
bet ween the HUt r ], fO!' 10 sccouus amI th~1 t for :W seconds ? 

4. Ordma!'), fit:aJ es for weighing :,mall objects a re often 
made wIt.h a circular face like a cluck faee : the d ivisions of the 
Rca Ie indiuate ponnrl s; i f tJ1P pntin:! faue rep resents 24 pounds, 
wha t is the augl£. betwllcn two sur.cossiva puund marks :' 

5, 'l'llel'e being 1 G ounCrs in one pOllnd, what is the angle 
he1;,veen t wo ;)llccc8sive Olluee wal'l,s all the scale of E A . ..J-? 

6. 1:Iow long does it Lake t he minute h am:1 of a clock to turn 
t hl'ongh :W ? How IOllg dops it take tbp h r.llll' ha nc1 of a. clock 
1.0 turn through 3W"? 6u3 

';' 7,,0? 

7. \\l Hlt. weight will cause tl1C haud of the scale cl escribed 
in E x. 1 t·o turll t hro\lgh Hi" ? fiOO? i5"~' 1;300'? 

8, Th l'ough lw\\" many degrees doe" a screwdriver t urn in 
half OJ r evulution ',' 

9 . If a whE'd Ina-Itas ten revol u t.ious }JCI' miuute, t hrough 
how many tl ogn 'eR dl>es it, h ll'l1 ill one :;ecoll ll :' 

10, J)raw an angle of 1;")0° with ;-L Vl'ut l'ador, a.na d ivide it 
i Jlt.() fOHI' eel ual Jl!JJ'ts Or llttl !U l~ of 1'\11(> 1' 3J:tl compasses. 1Iea.s
un' t he rc.."u lti ll g" anglas with the protractor. H ow m uch error 
dill you make in eadl c:u:e '? 

1 1. Druw 3.n angle as npal'ly equal to 7;")° as you can judge 
h~' y~hll' (;lye. 'J'Jlen lJ1 e a~l1re y om- angle with a protractor. How 
llJ urh error diel YOll make :' "'V-hat fraction of 75° is your error :' 
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15. Generation of Curves and S urfaces by Motion. We 
may thiuk of nUl'\'es n ud s urface!> liS ftll'lu cd , 01' flellel'ftled. by 
illotion , 

If a point rll OYC~, its pat h i& f~ (~\lrve. 
If a eUl've moves, it gelleratf's a Sllrfac e. 
I.£ a surface !ncH'as, it. generates a solid. 

'1m!;, the point of the com pa.sses til at draws [l cir(1]e 
lIUI.y be thClllght of' S.I> a mo \ il g Ilt1i nt tllit t is gell e.rati ng 
the cirolt:, .A.g<Lin, if a cin,l,' is r tj (lI!e,l ahllnL a lill e through 
i.ts cente r, 'it ge ll erat es th l" s\ll'f:u'p of a ~ !JIH,'l'\·. If a srplaJ'e 
that, lies horizontally i" li ft t'11 vprt ir ally, it g(' nera tes a ]'e('

t.angula l' block ; tJIG block l>ecolll e!> a ('lIue when th l' heigl,t 
through which t he square ill liftt::u l!rcOInes equal t o one of 
its sides. 

Not,ic.:,e, ho wen> t', tlwt a lJ1 0vin g (,lIl've cl ops not alu:aZl8 gen· 
erate a s urf'acp. , Thus, wll f'll a -wIled t Ul'Tl S on its a xle, tll(' 
Oll l've fOl'llw(l by i ts Uil'('lllnf,'relJ('e i:; JIlOyillg, but JJ(J surfn cp is 
l)eing generated, Likewhit', a smfll(,(' tlJal lJlt>!'E'ly sl ides lI P" ll 
itself doe~ ll ot generate (l !:'oli ,l. ~\ II Sllt'it llIotions as t.hese fire 
except.ion s to th e gtlDel'al l'ule:l :;tnteu above, 

16. Generation of Angles by R otation. An angle may 
always be thought of as generated by a line whieh rotates about 
one of it s ext.remities (1'0

Dl'ded a s fi xed), Thus, if the 
cline _A B rotate:; abol1t tll 

point .A. it takes oue aftN' 
Banot.her the positioru. ...1 0, ..:lD, 

A E, ~4F, .dG, and fi na11y 
comes' back to it s ori ginal 
position An. In each case 
i t makes an angle with its FIG 11 
original position _IB, and i t 
is t o be noted that this angle increases as the rotatioD 
goes on. 

§ 17] FlJXDA:'IE~rrAL ill .8AS 

17. Important Special AJlgles, An ,0 \{ II) IIT 

otIter ilJll'u)'t~lI l l unit. angle is lho right , \ )(Ii I, P' 

angle, II'j licli is tll e a lJglE' hetwf'ell t wo 1",90 

l in es tjlat ar l:' perpendicular to eacL c - 'A 

oth er ( SE'f footnote, p. ,1-). B 
F IG, 12 

~1.il1 anotllel' iJllpOl'tant, angle is a, 

complete revolution, t ) Il~ m l1-;'II' flll' llH'd when a l i ll e tm'l\s al'OHIl d 
one lli its l'xtl'e lLli ties nnt il it ('omes 10 its original positioll . 
.\. cOllJl'll,tf' 1'(o\'ului-ioll is a.lso uaJlell , , (I,,'" H t:\' (lIX l'l<):-' 
,s llli ~)l y ' n revolution i ,,], S(l llJ etnl1(,5 l~ ~ 


}J1'1'I!JO il. ~'--------A 

, .1<' 10_ 1:\ 

When Ule t il 0 :mll':-, of all angle li e 
along tlJe salll e ~t l'ai ;;h L l ilJa, aIl11 ill oppositE' directions frOlIl 

tho Yertex, the angle is calleJ a straight angle. 
.A sll'aig!Jt, aJJgl f' is elj ll,J 10 t \l'O right (Ingles, since a pe rpen

dicular t,o a stl'<Light lill(, lllnl,rs t.wo (' (lllal r ight all(tl es 011 OIl 

sid E' 1)( t lll.' lin t' to \, hi d) it i8 1'('1'
Hl'-h •. \ l ulI]~ 

PPJJ(\iC'ular, ~t 80'\ '''I .: { \\ l'P\'Olll ti lll l ;::; (-'(lll ill 1.0 tWIJ C B A 
stmj;;h tlllglt's, 0 1' to f UIll' J' i(! li L 

1"0 ,10+ 
a ngles. 

Si nce a l'e,-olutiuQ is :300°, a Sil'uight urrle is 180°, an u a 
right angle is 90°, 

Au acute all~l e is an angle ]~ss thull n. ri ght angle, ,\ 11 
obtuse ungLe is all an gle gl'~atel' tItan a right ande and l,"ss 
tllan a st l'Lli gllt au!!!e, 

/ \~(
'----

.\ U 'I' 1. -\ SOLl_ OllTU S:X _-I NGL K 

F IG,15 

If two liti lli g-lit lilies 1.'],08:0. each other the sUln of the 
two angles formetl on tl lt' ~at ll P side of eithel' of the l ilJeo; 
is a strn.ighL a ngl e. 1£ tHl ~ of t hem is acute, the other is 
obtll iie. 
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XERCISES 

1. Itt Fig. 11, Vi('k ou t tI right all glr; Ull aCll tc allgle : an 
obtuse ..ll1g]e; all a ngle ( If OlJl' r ev ol11t iou ; a l; t.raigitt (l Il ~l (). 
.A1·e thel'e a ll) aUler r igll t. angles in the figure : 

2. Show from the foot llole Uti p. I, J'eganlm g a l'e t'pe ll
diclllal', that iJ tW () lines CI'OSS at l' igl1 r angles, a ll y t wo of th' 
fo Ul' Rugles fOl"tJ leu arc e'li lal to eacb ()l lte l'. 

3, J-lu w lua.Il .I'degrees [11 '(' thenl i!l li 11lf a right all g)" ~' ill 

uue thinl of ,L l'igll t an:;le 'I ill UII I:! .l () ll r tl, of a I'igl lt ;\1J gh~ ': 

4 , How lIlan~' llt'g l'eeS a l'e tlll!l'C ill uli O wI,l ,me lJa lf ri!,{bt 
ang l e~ ? i ll tW(J right ilngltl~ " : \\-1mt is illJut ll fol" nmll e fu r t.W Ll 
fight angles? 

5. How many degl'ees a re there iT! "Ile nwolntioD ? ill nne 
fourth of a 1'8volut lUll ? in u111;1 twelfth or a rr"'Volutioli '.. ill 
onp tift eenLh of a. r evol1l tio ll ~l 

6, 	 Is oue fi fth of a 1'6'(ol ui ion 1111 aCllt u 0 1' au ohLIL~e alJg-Ie', 

b two t hird!:! (Jf (l. strni ~ht all glu a(' lI to or nu tu",e '.' 

8. ~ ame t. wo sh eets t lmt YOli lmull wllil'l l ]1lt'd ea"ll Otlll'l' 

at ri ght anglps, .Kallll~ t wo that d o 11 0 t, til t he latter ('a'ie 
dps(; l'ibe the COl'ne r 01' C01'1II:'1'S at ll'hi(:h there is Wl a ClIit' anglo.· 
hose at which t.hel'e is a,n obtn~e Wigle. 

9, Does a J'after of t11C I'oof of a barH rn ak e an ac.lIt e or a.n 
ubtuse au g-Ie with allllpr igllt in t 111" Ki(}o w:t ll :' 111wt, ('a ll yOll 

say of ihe :ln~ll' at. t he pea]. uf tlHl l'Oo f \1 hpl'f! t h E.' fa r!.t'rS joiu ',' 

10. Tll rough \\'l Jat kind Ilf an :L1Ig1e has n dUll!.' t llUl l',illll its 

hillge~ witCH it i:; sa icl to be ajal' ';' ( 'an:1 dour 1)(: <JllL' lIell 

tlll'ongh a ll oLtuse angle " 

11 , The earth h1l'n s on it,:; ax is vlll:e ill :! I hU lll's. How 
many degrees uf longitulle oorrespollCl t o 1 llOu!"; 

12. Apply t.he ctJUstrulltiol1 for Jh-idill g all angle into two 
equal parts (§ n) to a st,raigh t angie. ShO ll t hat, thu COlls tl'll" 
tion Ul at. results is t he same as that of § G, 

I"'Gl\-nA~\ t EXTAL IDLAS§191 

18, R elat ions between T wo Angles, T wo 1J.l.Igh's 1k lL have 
;l (.'Ullll llUn VI? l'ti.:'X allli Olle Cl)lJJlII ,l lI side be l Wl"till the w are t:alled 
adjacent all:,.des, TIlliS the allgli"s (I and b in 
th e fi gure are adj ac pnt <11I151e8, k 

If t Il(! SUlll lo r t wo ttl!gles is e'lu:d t o a rigllt ~ 
angle, the t wo (l ll~les rU'e sa il] to he comple- a 

mentary to ead l other; 01', eitl ier of the lll i s F in , Ili 

l'al lt>ll t he complement (If t hl1 Otll !'l'. Thus tbe augles ~1; and 1

i l! l<ig. 17 are COlll jl !l.;'m eJlhll·Y 
ceaeh oth t!t'. 

[f tl 1l1 sum of t wo u,llgJes is eq lIa! D 
tt) two r igll t, ~L llgl tlJ:l , !1J1~ t \I' ll all gles 
:U'" :;aiJ to Lt' supplementary to each 
ntbel'; ur, ei ther I)f them i ~ c;tUetl 
the IlUpplement fl f the other. Thus E K A 
lIlo angles it' antl ]' ill Fit;, 18 .u Fl O, IT 
sllpple llleJ ll.a l'Y to eadl uth',I·. 

Uy t he sum uf t.\\' u all \.(le~ b meant the u.nglt> fOl'lIl eu by 
,lacing r he aln;: les aLl juw::'llt to each C 

(,ther; t lt l> :;11111 is tI lt' lol:11 HI,gl. r6 
tltns fOl'lued, as in till' prel'eding 
fignl'es, The meaSll re of t lte >lu m D Y x 

ill lI.'g rees is the ~n lll of the Uti 1!l1er !:l A 
Fro, Itlof Lll-gl'eell in tlt p two givell fUlg!e:l, 

19, Vertical Angles, If 111'0 liw':;; _Wand CD cross each 
" f Itel' a1. a poill t U, ti ll' mlg-les tku lip 
ul.'l,o~ ite padl (JU l('r :U; I'Ll3S t llH ,~()mlU"ll 

c 

\'t'rtex :.lJ'I- eLlUl,,1 vertical a ll gl!!s. 
Thus. in rig. 10, tile :lllgles J ' antI Y B ,'Y.l' " A 

are Yel'twal angll's ; a l1ll a aJ la tJ a lsll 
are Yl.;' rtit:al }llJ g-l <!s. Sioee t.he Slllll o 
of 1/, amI .l' is a :>tmigltt :lngl (', Ilnd the 
sum of II a mI !I is a stJ:aiglL t anglp, it. is eas} to see l1Ult :v and 
IIlIl St. b, ' "( lna l. 'l'hat ii:l, UII !! t lGO 'I:el'ticlll (1I1[!les li re equ al tu 

t' CJ.ch ,AIt 

" 
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EXERcrsES 


[ LIl LI ds lISt, lL ll d hereafter, ti le sig l' Lis u$Nl fo r tlw word MI(lh •. J 

1. Al1g1e _wn IS.\ rigl lt au gle. Tf L j'= -Wo, 

h ow m aDY degrees ill L y ? \rhat is t he COlli CI y / D 
plem ent of ·jOV ;) 

2. ,\'113.1. is the ( '(lln plmuC'llt of 30" ': ;j()" !W' '.-' B~A 
0 18' :20" ? 7 10 ;31 ' l . ~" :) C 

3. ',1'h8 ('om plt' ln!'u t of Il l.e rtH, i ~1 rt n ~ l (> (t. i ~ ~xD 
2 x. How Hl [U1Y degrel~s li re Ule!'..:: til .l: :' 

4. '1'11e (:OI1 'l.J PII1Cll t of It ci!rt:li ll aug-I e is eigld B 
~ 

A 
times it-ell'. '\That is t ile angle:' Draw a Jlagl'am Ly lile it ll :; 

of U pl'Oh:wto t·. 

5. T" 'b. ngun', L ABC+L OBb rAe 
~ i ,·;.ht .",1,", 0 ' th, ' h" i"ht 
angle .IBD, If L "'= .)00, ltOW many y, 
tll'!jrees U I'A t1l <"1'(' i ll L /I ? What is [) A 
the supplelll Pnt. ()[ ;'OO? B 

G, \\l lat is t iLe s llpplement of Soo:, .10" 15' 't 100° ::lU' ~o" :' 
. T he supplelllull t of' il. l'm'iain angle ,e is t x, Hull' mum 

degrees arB Uler€' in .,.,; Dm\\' rL Iliagl'am. 

8. '1'l1e s llpplemellt of a cert aiu augle is eleven times itsel r. 
Whnt is th e a ngle? D l'a \\' a diagram. 

9. Compare t.h e oomplements uf two equal llugles. 

10. Compul'(' th e slt]lp lelllell b l)f two e1llm1 aTlgles, 

11. \V.lmt ki lL l] u f all anglo is r.qnal tn i ts suppl ement,' 

12. F iud two COl lJpl plltelJtal',) a.n gJ(~ s w huse tliifel'e ll ce is :30°. 

13. '1' wo Ii l1rIJlem ~ntal 'Y ang-Iet; are such that one is -1-0" mOl'e 
tba n th r> ot her, Fi uu eauh of the angles. 

14. One line llleets another line ~o t hat one angle is five 
tim es its :1.ujaeent augle ; find each of the angle::!, 

15. H ow do two aJtgl ps and C cOlllpal'p if they bave uhL~/I 

saru e l:lllliplement :' U' they ll<'we the same supplement; 

§ 21) Fl 'NDAivm XT.\.L IDEAS 19 

20. Contrast between Drawing and Const ruction of F ig
ures . Onp I' lIl' pOSt · of a pa rt of 0 11 1' 'It1Jl ly will he 1.0 s h oll 

]IOW' fignrf's ('an be Ilrawll !J' itllo(lt (lllll 0 1/1 (- 1' i IlSfl'lllHl!!lI,~ t/wu (/ 
rule,- (L )(c/ (·') I/I})ll s.~e.~ ; fur Llisj i ll M.n ess, we shull S3.y tklt a 
fi g-urc has been constructed \I hen only th ese ill;; t,rrllll eltt:, IIl'\VA 
heen nst' ll. The di recti all Lo <=(JlJ Elt ni(;t a fi ~l1l'e "in ca n )' wit lt 
i t the liireC'1"loll t llat UIII ) these ins trU lU (Ant.s art> to he' tIlwlL 

There is nO nbje('t i011 wh alcvf! l' t o t11p n ;;(> of oj-ll ('1' instJ'u
llI ents rOt· '1 IJ icld} ske,tell ing n fi l;l ll'P. T lllls IJt' l'I'ClI llit 'ulat's 
may bp (h a\\ 'n hy JIl P :lli8 of a fi xed 8 <[11[\]'1-' . :-;uell as t. ll at 11 5('(1 
by <:flq w uteJ'S or (haft.::,men. \VI1 sllUll ('(JIlt,in nt> to use th e 
word" " to clNll/' (! .fi(JfI?·e" whenever we intf' lt rl t hat other ,h a w
ing instrumen ts than ruler and tompassps Ill ay he used, 

"hell a figure is to be dmwll only in a n'ry rough fashion . 
for t'xRl1lplf' by fl'ee-hunll without any inst.ru l1l t'n ts. we shall 
~ay that it is to be skl'lchNl. 

21. R educt ion or Enlargement of Drawings. Tt is often 
incOl lvCll ient Ol' impossible to dl'a w a fiq-t\!' El its aetnal size, or, 
as is often said . l ~fe-I; iz,'rl, Thl1S a p lan of a hOllse cannot COll
venient.ly be drawn th e size uf the bouse. 

In such eases, a fi gu re is dl'a.\I'l1 i n which e\'el'Y distance is 
reduced in tl1e same rat io. TItUS in a fig ll1'e drawn hal f size, 
t.h e r1i stances in the fi gure are all half t he aetnal d ibtanceb. 

H ouse plans are Ilsually tlrawn 011 a sC[lle which makes a 
distance of one q1l:11'tel' of au inch on Ule drawing l'epresent 
oDe foot in the actnal honse; t.hat is, tho scalt; is reducod in 
the ratio of one to fony-eight. The angl es, of eOllI'se, remain 
unrhanged, 

An aecurnte rceord of the scale used shoul d be wrilten rm 

th f' f aee oC e,er,)' drawing that is no t life·size. _\ ta ny g(~Ulllet

ric fi gl1l'cs do nol change tllf'ir p rop(!l'ties when merely en
la.l'ged, anll £o t' th!' purpose of Sltil Will ~ sOlnpthing about a 
fig-me , it ma.y bE' dra wn in ally cnllvenif'llt SiZA. ']' bus angles 
arc uot uhanged by l'cdncillg the size of the urawUlg. 

http:venient.ly
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H'ig llres descri bed in exereises in which Bronll distances Orr
used should be enl al'gf'd wllell they fi re drawlJ Ull t he Llacl, 
board. " Tben largr !listanees li re llllllll iOl ICd ill eXl'.rcises, til 
size may be redm'ed 1 0 1' a flr awing on paper 01' a.t the board. 

EXERCISES 

1. " That rU st,once on ille dl';LWi ll g' IT:lll'ese nts :;0 ft. in lI. 
h(ll1se plall dl':lWlL t u t il e sc:de lJll'lJ t iolJPd ill § 21 (j in. t o 1 ft.) :) 

2 . " That act ual rlisullWP Joel! II jn, 1'0 ],1 '(':«' 111 in :.ll1011SP pla n 
drawn to the sca le luen tioJ1 ed ill *21 '! 

3. What are the real c1imellSionl' of a mOlll that a ppea rs all a 
huuse plan to bo 2 } by 3 in. , il till' plan is draw n all tJle sca le 
rlesCl·ibed in ~ 21 ? I\llal is til e act na l flool' aJ'ea of tho r oom 1 
The area 1S tho len gth t imes the bl'erl(lth. 

4. A table 2 ft. (j i ll , wille and + ft, lOll !; is t·o be l)lacru in 
one of th E' rooJUS. nnw Inrge :i spo!. will it l't'pl'esen t in th e 
ill'awing on the scah> of ~ 21 '( 

5. On a m a.p \\ 1l 0Sl' Rrale iii .31 mi. to thE' inch) th fl di:;
etween Chioago an(1 A ntI A rbo]' is :j~ in, ,\'hat is the 

act ual cl isrance ? 

6 , ~ew Y ork is 14~{ 1111 . hom Alba ny. How faJ' apart are 
they on thE' ll)(LIJ refene(l to in E x . :i :' 

7. .A sh ip Oil le~lv ing port sails ~. \,- , 18 mi., t h en S . 15 
miles. Dra w a map sh owing 1ltll' ('OUI'SI ', tlsiTlf{ tL scale of 1 
in. fo l.' 10 mi , Til Lhis m:ll lllf'l' fi ne1 (b) lJ1eaSnrem ent on 
yOUl' ma p) )-Il' r flppro,xi.nlate (libhull.l8 aud h1..:l· bearing fr'om 
port ; that is, how lIl allY dl~gl'ee$ West. of N l!l't lt. 

8. When ~L vertical 1)01e 20 ft. 11igh cash; it shadow 35 ft. 
1cmg, what is t he a(' ute angle HIe sun '" rays make with tIle hol'
izont a] ? 

[ThiR angle is ca llf'cl t.he angle of elevation nf t he "un D raw 'l. 11m]" 

Berue 10 f t. to the in rh, ll.nrl 1l8!l a 1,rO LrllCtor tOllleati llre tl le angle ] 

li'l ~DA1IIENTAL 1DF..A8§231 

22. Triangles. N otation, A fi gu l'\: UQUllJeu by three 

stra.Jght l in es ill o:al1(:d <L t r iangle. Thl:: boumlillg lines 3.I'e 

Ja.1JeJ tI ltl sicle~, Hllll t i, e l>oin is ",hel'l:! the sides lli eet are called 
t he I,ertiues. C-smLlly. the ;;m all l ettel'~, U, b, r, are llsed to tlenot 
the sides. while t he ,!a IJital letter!:!, .·1, B, 0, a rc mled to denot 
t he vertices. T Il l' si tlo l.t is t hell al way 
placed op}1osite tbe veT'tex ..d, whil e u i 

ali ke wise placud opposite t u R, ::md " /:\A~B opposite to C, as iTJ(h\!~Lted ill t hl' ti g lll" ', 
Fill . 211 

T he cLJl gl e at. • t is cal1 t-11 t,ll(' included 
angle of tIle sicles /I, c, S iltlilarl ,v . B iJ:i the in(']udeu allgll" of 
t.he sicl,3S a, c: a lid ( ' is thu illc1udell anl!l e of ,to b. 

T he a ngles at ~ I , 7;, (.' cur. knowTJ 
as tJll~ interior angles of thtl tl'i 
angle. ]3e"ides these, evcl')' t ri-

A- - B
J~x 

1\iI~le kls wbat a rc k11 0W11 os 

, . 1 ti Fit "1
extenor angles. J\l t If' i; lll'tl, ,I' .. 

l'eprt'sl: J1 ts the' exterior llTl!,;lr at .B, In gl·'n.,;t'al , all exterior angle 

i" lJ l1(' whil'll , like ,I', is fOI'lH ell lJPtlYC\'l( un e :;i.de uf t hp. tri angle 
awl t h,' }Jl·olllnga.tioll \cxtell sion) of anot.he l· siue, 

23. Circles. .A circle is a clo::;ell Cl1l' \ e, f'\'el'y point of ",hidl 
I S e(plal l), di"tan t f rol1l a. fixecl point within 
call..d tIlE' center. 'l' l lc di,,lfLllce from the liente l' 

pto auy point 011 t he cirde is callet1 th e radius. 


.\. stJ'a ight liue llll'nugh t li e eCll tcr termill ateu 

by t.hc circle, is ea l1 e,l 3. diameter. 


It foll ows frolll tillS Il enll itioJl of 11 chcle 

that all it s radii a rc equal. lIlllI' (lu tl w FlO . :!2 


radi\ls an ti tI lt! dhli\E'ie r CUn1] I:lI'C ill ]"IIg;th ~' 

II hen seve ral cin· jet' 11 a\'0 tile :mme center. but differell 

radi i, they a r e call(,(1 concentric. Iha,w three cOlwelltrit: circles. 
T he Ctl l'\ e t 11:1 t j'nrlll s LIH~ cil'e le is " fl ell ctllleu f he circumference. 

The word ,;i"c7e i'l :;ollletiuws u.,;vJ to denote the ,,<])(((;e enc/o,'Ieil 

uy t Il e Ci l'( 'll lll J't're lJl :~ , 
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24. Squares and Rectangles. Any figure bounded by fout 
line& is ca)] eJ ;t quadrilateral. 

A rectangle is ,I f1Unthil a tcml l!ach of w bos(> angles i ll a. l'i rritt 
ug le. Tb l~ two sid~b that llleet at al ly 

comer (vertex) of a l'ect 3.ngle l\l"6 therefore c 
pe qJtlmli c;uJul' to ear.h oihe l". 

lille tll a t joitts op]fos il,e corne l'S (yel" 0 .tic'es) of a, l'edllu gle ib c ~lll ell a djagonaL A 
Thus _Ie i ll Fig, :?;~ is a d iagonal of the .B~ 1tl. ~ 

I'cctallgl t1 _ID(']). 
If a ll til e siues uf a reetl111 gil" tU'l;! uf t'tltUU length, it is ca,lleu 

'''' squarv , 

25, Areas. 'I'll meas ll re an area of allY sOrt, a uui t is usual1y 
cllOsell Wll ich is a sf111:1re, :l [JY side of which i ~ equa l t o the 
ulIit, of leugth , Tile lIlost eOlJ1nHJIl unit of area is one s'lua.r 
fflot ; tllat is, a. sq lltl l'e e a(lh of \dlOSe l:;i l le ~ is 1 f t.. lOJlg. 

Any giYel l :t l'l!fl is meui>ul'b'd by cOll1p<1ril1~ il-8 size wi th that 
uf t.h (' Ull it sq11 llr e. J11 p:tl'titulfJl', the ar,'t( ,~f UII,(/ '1'1! t:l CliI(ll(J is 
found tu he t he p l'()Llnct, of t li e Ull lllUCl' of units of 1(mgLh l U 

its Ixu;\! times tlll' mUll her of u nits uI l('ngt.h i ll it s height. 
This mI t! is HsuaHy leal'lled in Arith m",tie. 

l\. reas that urI" hOl1lHted by curved lilIes or Ly piel:es of 
straight litu", are llsu ally lll ea::lUT~a by s lipposing th enl ti. ll ed 
up wilh liale ~'1n :1l'e s, e;lI:11 of whu::;e tH eas "' 0 can find , ]f t b 
al'(!U uOlluded U) tll~ fig\ll'o CUTIIIl)t Le ]Jl'c(JisQl.y fi ll r u ill tllj~ 

way, at kast it is g l'p:tl er tl l.tn t I l l) S Ll lll of tlJ e areas 1)1' tlJl)sll 
,-qual'es tba t lie elltirely w l t llllL it; alld it is li'!s l:l than t ile SllI ll 

of l he a l'('aS of Sllll;U'8S t1w t clJt il'lll y covsr it. 
A guod p radical wn.) t u estimate the urea of any Hgure is t 

draw it on paper tkLt is rul ed into little squ llres of k now-n size. 
Such paper (call e!l sq llitl'e (l papol', or (TOSS sel'tion paper) can 
usually be bon~ht at any st n,tirluel's, tIl!' ruli ng being into 
squal'C'S oue t.t' ut h of an 'illch (m e:lC'h side. There a l'e, of 
C{fUrsC. uU S lmlldJ'erl SUClll:lq ll;ll'es ill an t:: sqUtLl'C iuch , 

§ 2.'5] FUXDAMENTAL IDEAS 

Uencatli , ill Fig. 21, ~c\'eral fl t:"l1rcR are d rawn on a shcrt of sql1a,ff 'u 
pa per . r:slirn :tt~ t he llf t!Ol!! (I[ e:leh uf tlH;rn in th.' l1I;1 llher jUl!t d 

scribed. 

FI(,. ~~ 

The very b@~t conc('pt ion of a\'ea iH that. wll ir'h results by ima)!in ing 
tI ,e rulin gs on the sr[lmreu Vapar jus, mcntiOllud to be maue fi ner Rnd 
tiner, so tha t the eJltiw a tud arell bCC(l f1l !'s more anrl wore nelu'ly the cor
rect f1.rea. The ideal or exact aren WC'lt l'S The same relatiou t o t hese e~t-i
IfLates that the drawings made by human being!! do to t he ideal fl ~ures in 

geometry . (See § 11. ) 
In the same way, lencths of curved lines can uc. cstim:llcd by first reo 

placing each sm:, ll bi t (a rc) or til !' curvet! linll by a Rtmight lim' joining 
tli " ends l lf th e 31'C, nnd t hlln WRing the sum of the lengths of a ll tl,cse 
pieCed of stmight lilies, Tlle :illlaller the arc~, tli e morp accul'ate t-!l is l'l!sult, 



2 24 INTRODCCTTON l§ 2.'1 

EXERCISES 

1. H ow many exterior all gIe~ has ., tn:),)l gll"·;' 

2. I n a certain t l' ilUlgle ..olE O i ht' i ll tenor angle at A is 1·9°. 
'Vhat is the ex terior angle at tJJ P ~UJ 1Hl yertex '.' 

3. Draw t lll'ef> tJ'iangl(,s ( If !li1f"n~n t !l1 J11pes. and then, usi ng 
the protl'act,or, rleteJ'lniw ' 1111" ;\11111 of nw tlll't'o ill terior angle:' 
for E'aeh triangle. .Are tlw l liree lil11115 p(lllal , flllll if su, tu what '? 

4. The C li ft of t',he minn1 e kllJU or [1, c lock : Lh~'nys travel s in 
a eil'i.!le. Why? 

5. nraw 011 a pieee of Rqua l'C'd I'ap() 1 it l·(·cb ngle l ill. wi ll e 
by 1 in. high. Draw it s u iagoual. Bstil1lat~ tl le area lU each 
t rianglE' into which t hc" rectangle il> ,liyiclc,l1 . A re the areas 
of the two triaJlgJ ~s "(1ual ? 

6. Draw all squared paper a iong-le with one right angle, 
and with t he pE'l'JIE'J1(lil' 1I Ja r hi(l 1; 1..") in. and.8 in, long, r l>· 
spectiveJy . Eslimatf> it ~ al'l'Cl. 

7, Uraw on sqllarecl papcl' n. l·eciangle whosp d iagona.l is 
the lOll!lest s ide of tIle trJauglA mentioued in E x. ti. Find its 
area, 

S. Dra w on sq lIarerl paper t wo concen tric circles. witll til 
radius of one t wice t hat of tLe Oth" l', Estimate theiT al'eas. 

9. COll sl fll Ct . on SqllJ.IWl paper, a triangle whose s ides arc, 
respectively, :t .ill. , 1.5 in " awl .1.7 ill. E.s timato i ts area. 

[The :ll'efl ('an a lbo be foulIli h ,\' di Yirlin~ L1le trin ll i! lr. in to t wo lna.ngJes 
tll ~ 1. ha\,(' Oll t' rkht :lIlg.Jt, ill eaeh. hy ;. pcr/lPlHllcu]n l' {rom OlW eurnet' to 
the opposi te tiirl." and thel l cOlllpll'tiu" each of these Rr"",UeJ' trhlllgJes into 
rectnngles, a'l ill I-:x8. 5 nud i. ] 

10. What is the sum of the fOllr angles of a rectangle? 

11. .A courtyard is :2ti .)'r1 . lon g hj' 15 yd. ,,-ide. D raw a plan 
of It ou sg ua retl pa l't'r, scale 10 YLl. to tltp i nch. 'Yh at, area 
li: represente(l hy oue of t lH' J'llh'll sq ua rE's ()n JOur paper~' 
F ind the area of the courtyard. 

§ 2fil i~PA~IT::KT"\ L Il)F.1I.~ 

MISCELLANEOUS EXERCISES FOR PART II 

1. I Jl Fig. 10, 1'. 17, the Ull!{le~ ", and Nm'e Yel'liuul angles. Tf 
,'; = '('0 ', wlwt is t, hL val liI' of ..:. ", ii s Sll l'p l c 1I1 ent ~' ~ill( , tI 

..: 1I is (ll ~o the S1]JiPl~lll\.!n t of L :/. Wk lt is th e ,"a lHe of L. !J ': 
" Jlli l':n e L:c a l1il L. 11

2. Tf: L ," ill Fi<j. t!) iK 8~o, wkd is ~hi ' "alne of I/ ? J r L ,V 
]:-; iil,o, w]];(1. is O I l;! \'alli o oi'L.t': 

3. ~run!! pail'S of vel'tk;ll a ll g-If's 
ill t h e [t(l.ioin i ng fi (!lll'r. \Vliat. ie' 
th e valll !" uf L ,,: + / !I + L z ',' D 0<...... A 

4. 1>.1'<1\\ a rliagl'll. lll slJu\\'inlj Ih!' 
cOlllpllllHC.llt ;u Hl t he suppll!Ul ent, of 
an [lcutP. angle .£11.>('. \\"li at is rhf' ir ,1iffC!'r'll ce? 

5. Show that the hi sectors uf t wo ltJ.i~t(:"l1t supplement a,r,V 
angles a re ]WTPeJlClic llhll' tu each OUI"l' . 

6. 1\)' lise 0 1' squ;u'l' <1 p :lP!' \' (let.er. 
lJlin u (ap])l'(lXi lll al(>ly) l lJl' 1I111 Ili" ' I' o f 
t>(luare indl ('~ ill t1lE' a,ljoiu i Il g tiglll'(' 
tal,illg .AR =..j in" Re =;-; j ll .• mid 

CA = 2 i ll . 
7. The fi g ures (fI), (ill . (C) of Ti £,. 2 1, 

p. 22, ha ve the same 11 1' r (t. ls the J en ~t h 

of thE' houndary t herefore \.l Ie salli c f or each of t.i IClll ',' E sb 
1I1a1 (' tbpsp lengtbs. 

S. hi II'lwj,]'atin is tl le rlrawillg ll!' a lln l;:;!:' J' l'tl!l('I!,l f rom t.h~ 
actual II Ull~e.' if a. dh;I<tII['(' of 12 ft, is l'Cl'J'eSel1t.:: rl h.\- :;J lirlc 
1 } i.1L . lUllg',l \\· lr at Ht;\l\a t di"taul'c is rept· l~se llt~ r.1 011 t li e lS8.1.ne 

drawi ng by a lilll: 2 ill. long? 

9. Fi nd tl lP Ililtel'e l1C' c in lOllgItudc' :It two places on the 
earth it th e dillrl'E' ll c(' in ~ l\ t1 lime i~ :! In. :10 miu. 

10. F incl t he diffel'cnc'c 111 !tIC S ill I til ne ]Jehn'en twu p laces 
tlJot differ i u ]on gl! lIdu by :~OO: betweUl! t wo places that di fter 

in l on ~itmle Lv :30°. 
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P ART III. R1'ATK'n~NTS FOl~ '-!,'ETIF.NCE 

26. Assumptions. III Chn,ptpl'S I-V, \VIlielL wp are aLullt t {) 

studs and in wIueh many of the IlI'illciples t.h us fil l' USE'U al"P 

more l'a refully ('ull si dered, we sllall ma,ke U tile of cpr tflill self
\rident fF' IWI"(lT::;tatp IHE'nts. Th Q~c siaiL' lllEmt'i an' t llosP upon 

whil:ll Geometry i ~ basC'd. T hey are rl iyi.1€'ll illtn t wo (o bHS('S, 
k llown re,; pedi vely as .Axioms a lld Postulates. ~' f. '·i() IIL,~ l'd'el' to 
qn<ln ti ties in general, that iq, witlirJll I; sl'i;cial J'cgHnl to ~'CO lll' 

tTy; pusl lI/(rll' 8 l' l!f el' espaciall.v tu geOl!w t l'y . Tile follO\\~i Jl g 

li sts (§s 2/, 2k) I!ontaill uxiollls and postulates tl mt willl.w clea l' 
a t t,h i8 t ime. 

27. Axioms. 

1. If er]lwl8 are added 10 I'q ll Cl l.~, tTl.
if (( = lJ an d G = rl. then a + I] = /1 + rio 

m .~ ar(' ell' laT. Tllll i;. 

f'(/1W I. 

3. 1j equals 1.11' 

Thus. if (~ = band 

also th e flJlnain der s (11'1' 

= u- d. 

ual. 

4. If equals rue clivir1pcl by NjIlO/S. the '11(()f i ell ts f /1'l' ('1)11(11, 

Thus, if a = b ant! r. = el, then ~ = ~ . I n applying th is axiom
/. rI 

it is sllppose(~ that G anti rl a l'p lir .! e([II (l 1 ~(.J z(c, v . 

5. If eqnals ar /lfl(>(J,w l,q, t li e rl' .'iII lt .~ art' '/II/ eql/al 

1111 8, if (l = 7) a nd c > dJ then a -t ~ > 
b+o. 

6. If eqlw Zs are slIbtl'qc:ipil from. 1l11 eqlwls, tli e re,qll ll,~ are lUI

glial alld in the scwla o)'rler. Thus, if (( > b aud (' = d. then 
- c> b- a. 
7. If wlcqn(l Z8 are wWecZ to 11l1 e1[u(,I .., in til 

esults un, 1I)I I'qua i i ll the "ill/~e ui'del'. Thus, if 
theli a + c > u+ d. 

lJa ,-rc.e lIe'IM, the 
> b and (! > d, 

§291 

8. 

STA1'E:\lENT~ FOR REFERENCE 27 

il als, tTt e res /Li(1I are 111(' 

et = IJ a n d t; > tt, thell 

9. (J u~ li tilies efj llul /0 Ihe .~lL iI! (> qU(l)l t il!/, or If) equal gllaILl/

lies, (,1.1'1' equal to eadl oflH' r . In othe r words, a fJ. " u,lIlil!i ?n£.W b 
substituted fvl' itt! (' Ij'! a l (It un!} lime in (In!} expressirJ/l . 

10. 7'I(I~ II'hole 0/ (I lj IlUl/li /.l/ i~ f/rea1ei' tlUtH a l/!/ one a/its 1J(tl'l" . 

11. '1'/1 11n·hole l~r U Ij IlGw ti l.1J is elj llrLl to Ihe BUilt vI il lS IJ(.ut lS. 

28. Postulates. 

1. 011 /,11 IJII I: lS / i',)iff"l UI(/' CUrl be draWll j ui/tilLy t wo ui-t;t'll 

IJuilli s. 

2. straighl l ill e ClOt be e.d ellilecl illdeJLdtely. 

3. ...:llJlrni:,ht lill t: is lite "la.JI'/esl <:ur tJe thai I.'IJ It bt t{rawn ue
I ICef' /i l ieu I,JO i, ils. 

4. _t <:i,'ele (;rJ/, br! (h!Naiber7 about W IN poinl tl,~ ct cell t el' tWU 

wilh (/ nltl i u .~ cf rI ll?! 1I: I}(Ilh. 

o8if iu l! . 

6. All straight a/lgles w'e eqllClZ. ilonc!>, also, all r ight angZe,; 
(tte . (,I/ [/U/ , for a ri g-lit angle is half of a st raight angle. S 1T. 

29. Names of Statements. Asi<le from t he abovtl axioms aut! 
IJu~tnbte:s, the word:; 'l'/i eoI'PIIt, P" oulellt , PI'ol)OsiticJiI, ant! Cut'· 
til/U I ',I I wi1l 11el'cat'ter Le u;;ell in th ~ follo\\; ng sp"eial senses: 

Theorem. A "hLWllH!11j of a fact which is to be, ot' has bee n, 
pro\ ell i ~ called n theore]n. 

Problem. A statement of u. const ructiou (see § 30) which is 
to ue w ade is calleel :l p roblem. 

Proposition . Either a theOl'em or a pl'oblem is known as a 
propositioll . 

Corollary. A tlleorem wllich follows immediately as a conse· 
qucuce of SOlDll other theorem is ca.lleJ. a corollary of it. 
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30. Summary of Construction Problem s. 1n t his I ntl'o
cluutioll we kLVt;' :;howlJ hl)\\ to w ake the fo llowlUg uonstrul}
tiolls (witI! l"lll e r ,~llli l'Ol llpf~:>::Iel:i aJou£!) : 

1. To COllstl'LH:t u t, t' i all g1 ~, e:ll'h of whose siLV·g is equal t o a 
1£1 veil length. § ;:;, p. 2. 

2. To CODSt.l'Il ut a t l'laugh., whose t1 11' t:: tI sides al'e. n :bpec

tJ vel.v , efJ.U1l1 t v thJ'ee giV l~ 1J JlJugL!tS. § ·-L p. ;;;. 

~~ . '1'0 ('Ol1 SirUC't <~ pl't'[J(~ lllli e lllal' t o a giYf:'ll !ltl'ai gli t Jill e at 
a gi nnl lJviuL in tll [lt li ll '· . S ti. 1" -1-. 

4 . To UII lI stnt(' t ,L ]J (' !'l,PlIu ir'llhu' tu ,L ~ll' t::U Ji ll!! hl' l lI a 

gi \'ell poillt lIot on tll:li; 1ill e. ~ ti, p. •i. 

5. To Ilonsi l'nct, (It a gi l'f'1I l'oilJ i in a. g iven Jiue . a llot ilel' 
line that makes al! angle erl'l al to a gil'ell a ngle -with llli~ gil'en 
line. § T, p. G. 

6. Tv ,Ii " jd" ,t p(Jl' tiol1. [ Ii Ml'ai glJt l ill ilJto t\\ 0 ,~qual 

p.uts. {'1'0 lri,, (w \. ;, Ih lC'. § S, 11. 

. T o di Yilil' :t ~ i l'\ ' 11 otll g'k int.o t WII l~qllal parts. ['To hiseut 
all (lug-h-.) § \/, 1J. K. 

31. Facts or Theorems DOW Known. We ha vo also eit her 
assulJIed 01' pl'o\fe( i t-l l followi llg' geollletri ea l t a.ct::>: 

1. All ratlii of t Il ::IaUle cire ll! lire ~tlual. § 2, p. 1. j nd 
S 2;), p. ~1. 

2. ( in:l es wllU~" l'!lllii il l' Cl ~q l l al Can b(· placed UpUll each 
tlwl' :>(,1 iliat" thHil' CC11 trl'S ,mu tlllo!ll' ci r (;Il Illj" ' l'<' uees eoincid 

(l ie L'xneil y I1jJ011 ear h 'ltllL'l' ). 

3. Ef[1J<ll ta lJ g-les lIlay be plae"d ll ])!)! 1 e:!(Jh othel' ~o t]lat 

their vertices eo ill cli lu rLll t! theil' COlTUsplJl lI1ing l:I itk:l f;t!1 along 
th e same s t raight lilles. This is, in fact, what WI;! mean by 
e'li/ul an&!les. 

4 . Two sb'aight lines have at most olle IJoint in comm Ol!. 
Se\.! postulat... J . p. :!';". 

5. 1' 11' 1> ('.i!'r it's 11<Lv,! at J110sL tW() I'Ulli ts ill (",01l11i1011. SCP S S. 

§ 31) S1'.ATF.Tl I1.o:1'<1';o; FuR RLFEHENCB 9 

6. A straig-ht linG :ltld ;:J cil'cle way k ilt: ;I t most 1,1'.'0 poinf~ 

in common. 

At a given point ill a gh·, ·Jt lil ll' ouly V\le pl'l'l'f' lHl irulal' 
C",l1 be dra wu to t lJat liue. (A cOnS~ ( L1 le lwe oI Pl'uhlp1l: ::l, § 5.) 

8. COlllplemeuts of t llll saine angll', 01' of P(11ml :nlglE' s, a re 
e'1 ual. ]~x . 0, p. 18. 

9. SupplelllC'n t.:; uf 1111\ SH Ill £' ang !c ', (>1: of l'1l1l;\l an~l es. 3 1'. , 

eq II:tl. I~x. 10, p . 18. 

10. \'el'ti(lal a llgles al'l~ e'1 llaJ. § 19. 

11. If two n(lja\·('nt. ;)nglPs hal'c thei l' t'xtenol' SlIIes 1Il a 

stl'aigll t lin E', the) are snppl f' 1I1ental'Y. § 11:). 

12. If two arljacellt angles aTt') slI ppJellleutary, t hey have 
thei l' extel'iQt· ~ iLlt!S in <t st l'aiglJt- Jjlle. ~ce l1'ig. lK. 

13. If each (If two JigUl'lI.'1 1'3 11 hp pla.('L·d 11 ]10 11 a thil',l fi~lI r 

SO as 10 cOlDlli rl e with it, tb"j can be placed upon e llelt ot.hel' 
so that tJl e:v l'1)i neille. 

14. ~\.n'y de~ired angle IDay hp draw lI, allLI any a.ngle may be 
meas1ll'ecl. by the u')(- of a p l'()tl'actol'. ( But t he usc of thi s 
i nst rumen t is n ot PC'rllJltteu wlleu a fi gmp. is to be W ll8t rucled . 

See § 20.) 

15. A perpemlkullll' Lo a given lllle through any glven poiut 
may he drawn hy lIIealiS of 11 se t srlll:U'8 or a til'awillg tTimlgJe. 
(Hut the USt' of t hese i JJs I I'u lll f'nts i". lJnt lle l'lIJ it teu wLen a figure 
is t,ll be tr'! / .'<I r ll t:(pd . Sre ~ :.m.: 

16. The arl.' ;1 ,.,f :1 l'p. ()tangle (in (" l'IIl S of It uDit sqllare) III 
q ua,l to th e product ( I f its wi,1tlt amI its llClght, measured in 

uuits of lengt.h equal t n OlIB sille of t he unit sC111al'e. 

17 Th" al'pa of any given ii f,'lU'e IS gl'e,del' tllan the area of 
any fi guru that i ~ ll1'<tWl1 (, i)1UTJlde1)' wnliln It. 

18. The al'ea;; of two figu res ar,· equal if they consist of cor· 
responding portions thai C!all ue IlHule t 

~ 
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S UPPLEMENTARY EXERCISES 

1. Dr!!\\ (using p rotJ-acto l') 1111 a ngle of ;.0°. t'Ollst l'U(·t 
(using r ul er and compasses) it s ctlln pl e ltl e ll l . ;\rl'~\S ll re y our 
new angle with t he l,rotractol' ami see if it hat. U IC prol ,el' lllUlI· 
bel' of degrees . 

2. Dra.w ::\11 l'\.('ute a,lI gle <mil the·1J a n 0utmw ollgle, I II 
f' ac.h case I't;ti mate as neal'ly as YOllI'an \\ itllfillt us in g' t he pro
t l'antor }IOW mall.'" degl'ef'H then' tl l'l! i ll til l' aug Lt- , 'I' ll I'll1 rJ ,el' l( 
y our estJmate h,v II lea 'l 1l1'61lHm i , note YU il l' P ITOl'S, auel tind whtl 
fraction of t.he t orrf'ct a mounts p;; clt (If tltesll l' l' rf>l'~ is. 

3, Finn t he angle wltose cmnpl6mell t fl nd SI11Jpl (;! [1I el i1; are in 
the ratio 4 : 1~ . 

. Show how to constl'ur t an anslp. (1 

22° 30'. 

j~, all nnglp 0 

5, Coustruct t wo lin t's t ha t h1secL (diyille into t wo eqnal 
parts ) eac.h other at r iglit nll gles. 

6. Draw t he pat tlJl'll s ~hown bf'lt.lw. 
be j;wiee t he si ze of the copies. Tl ' El 
joining a rcs of certain ci rcles. 

Y nul' I hlllY i n~R ~h Ul1]d 

(' m ves aTe fO!'IIH'U hy 

'T. .A travele!' wishes t o go clue north b llt find s h is way 
barred Lya swa mp. H I:' tlte ['('fol'u gor's iil'e wi les nort heast, 
thefl fi ve miles north , then f] \' e mi les llurthwest, UJ} (1 h e 1I 0W 

fimls himself d ue North of his starting poin t , ]haw a m a p 
s~ al e one mil e to the incl l) aJ1(l tJe t el'mint' b,Y measu rement 

how many miles li e lost by going out of his oourse. 
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8. A towel' 18 obsel'vell from a point 500 ft. c1 istUl1t, fI'O ill 

its foot, and the a ngle t he 1i ll(; 01 sight wakes with t he hori
zoll ta l ill fo unu to be 1':;", W11:.lL is tlle he ight. of t he tower '( 

9 . It is a pr incip le of physics that WllPIl a ray of ligh t is re

liGHT 
fledeu from a mil'l'o l', tho 1'e
fioc.: te u l'ay makes the smll 
anglo wi t] I a line pe1']wndicu. 
1 1. ' 1 t "l , . S SUrflco 01 ~ Mirror M «1' to Lue 111 11'1'0)' t l a t 18 01'l[j1' [5 ". '\ '" '" 3'S 5i *" 1 
11 ::11 1':1Y 1I 1l1k es with t he 3ame 
liue. Shuw tl, at t.he original ray and the refleated wy also mak 
I11H11 a ngles wi th tll e mirror itselt 

10, T wo fOl't s Jl:f~ IHli ng tho mouth of a ri,'er, oll e on eaclt 
sidt', a l'l' 10 mi. apa rt. Theil' guns Jl ::1\'e a range (possible 
shooting rl i!ltance) of -t ~ mi. Ul'aw a p lan (scale 1 mi le t 
the inch) slJOwiug what part of tle 1'i\'cl' is exposed to fi re 
fl'l)1I 1 tJ H~ t wo forts. [ G ODFHEY .1...'\ ]) :-;ln l, n x ~ ,J 

11. COll;,tl' tlct I,\\'o tl'ian ~les ellul , with t he A 

sj de~ It, b, ::111\1 c, :J.!i illdic ll.t",d in th e lul j ,.l.Cent b/\.C 
f i ~lll'e. Seo ~ ,1., }" 3. C\lt t hem ont amI place ~ 
oll e U ll tllt! oth El I' Su that t hey coi ncide. \ Vhat C a 8 
utJlwlusiol1s d0 y uu d l'a w CUlIcl' l'n i u g such tl'iaug les ? 

12. ('onstnll"t t wo triangles e.~ch with the ba,~e ~113 = :? ill" 
angle L.iRe = angle DEF, and an ~le ACB = angle DFE. C'ut 
ODe of these t ri a ll gl rs f l'om t lw paper and lllace it npon the 
othe l' so that. th(~ eOl'rl 'spolHl ilig PaI'ts coincide, ·What cOllclu. 
s iolls ll o y ou Ihaw ('onel' l' uil1g' snch triangles 1 

c 

~ 
B 2 IN, A 

F 

~DE 2 IN. 

13. T he lellgtb of a l'et; tallglllar fi eld is 
nlZt ll of the entire bounda ry it> 180 yd. Wh 

u-nu its area ? 

o yd. and the 
is its bl'eauth 
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14. Construct t wo (·(llLtl I all gl t';';, .L fJG' :111 (1 h 1:.'F . Ull the 
sIdes of thl.!:j~ t1ll~Jes lay .,11 t,!U! ,list:1l1ce;; 1>...:1 and RD. eaell 

2 in. ; ;tIs .... tit \! d istnllCtlS B O amI EF, etwh 1~ m . Join 

.: ~ " ~ ~~-~ 
B &Io ...t ..... ., 1M A. EL.....,.u'"'.-:-:~ -:::-c-,::-;-:"..,..--~ D 

AC a11<l UP, thHI; f(l rUL i.II !; 1\\"0 h ia ll glus ,,1130 il l lll })EF. 
'\\~hat cOllclusiOTls do y uu lIraw ,~oncerni ll g stll'l, t riungles ';' 

15. Draw a t l'iun gle with tw o sitl !:';; .•JO =:~ In. [U1I1 AB 
= 5 ill. all J. t1eir in<"1l1dell <u q . .:h! = ;l.,". (L S6 l'j"()ULl.c tOr.. 
])l'J W all otlH~l' t l"lan~le in w hit'h .• :l e = ;~ i u., ...ill =;; in ., 
b llt !llcir llJf' luded mlgl o = ~OO. Du t wo sill es a lolil' ti x (deter
llli n() ,L il'innglc '! 

16. 1:; :\ tri: llI g1e det (' I'IllUIf'd if two 
i·;i des and tl (('! ir illd ll ljl"d all~ll' ;t!'l! gil'Nl . .' 

ho\\' tll .) reltdifJll o f till' hi~t f}l1t: stion 
to t1 11:: followill t; f ac L fl'()1u ('\"(' I-y day lit'.,: 
T wo pice!::;; Dr llfial'cl .•JD UTI,I Bt' hingl'd 
at B eall be Jwld ri t{ id hy llaili ll~ a 
crosspiece DE to bO tll /iiJes. 

c 

17. l\Iany clesib'llS lUll)" be mill le. by eIli pitusizing :1 j,art of th 
lines (111 s ljlitned I'ftjler, or tJ He' a i n~lIn nl:-; of tll uilt' squares. 
<'opy a ml "uIlIl'l c te l Ite fol1 0wi1l '''[; aua a.hu invent othel's. 

§ ;H j ~1"PPlli ~ tC;XT \ It'1 l":XERCIl:;)E~ 

18. rfu 1:(,T lst nw t. the jJlali fo r u O()thi " 
"i lll!ulr , l' l' u ()",~d as JuJ]ow", : T ake allY l ill 
ID ami di vidll i t i nto fo ul' eqlla l IJttl"t s. 

\\ lt ll .1 alld n a::, c(wters and a raili m:l equal 
to AB, llJ'aw are:·b intel'fiecting at C. What 
radius an d wbat cent ers a re used to <leo 
,,(Tille t lH' sll laJ] arcs ? 0 ii; fOllnd by t nk
iJl g . 1 Ulid n a s center ;) allll ..:.lIt' as a r ad ius. 
ligm c. 
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'Ol1lplctu the 

19. ('<)}Jsil'lwt (b,) l'u lt,i' alill compasses) }J[tt t ern li 1ike the 
011 0\\ ill g : 

I 

8 ' :::..j 

I 
\ 

-""0./- - --_c, 

, 
I 

I 
" 

'\jv. '.L 
" K, ... 

- - - ~ E'-------F·· ·· 
(d) 

n 
(e) 



SYIHROLS AND ABBREVIATIONr: 

'l'he foll owing symbuls amI uhbrev i<:ttions will be used for the 
f;ake of brtlv iL} th l'ouglJo\1 t tlJe present book: 

equal, \)1' is equul tu"* lIot equ tU, 01' is Hot tlq uaJ t 
> gn mt.er than 
< le~s than 
~ is congruent t 
1. perpelJdicular, or is perpen

dicular to 
parallel. til' is val'ullel to 
imilar, 01' is siruiw' to 

Mgle 
.& angles 
.6. tr iangle 
.&. tria,ngles 
o parallelogram 
ill j)arallelugl'Ulll15 
o circle 
® circles 

arc 

Ax. Axium 
nOlla. CnJlstruotiull , 0 1' by CO II

stl'UCtiOIl 

JUl' . Corolla l'Y 
Def. Defiui t ioll 
Hyp, Hypothesis, 0 1' b) hy 

pothesis 
ILlen. being jdellt i(~al 
Prop. l'J'(l}.lositiuIJ 
1't. rigllt 
st. bt.l'aigllt, 
'rlJ. Theorem 
Prul), JJ l'/)hlellJ 
Fi~. Figll1'e 0 1' ,liagl'an 

aild .'II) tI " 

hell c,,: 01' Ihe"~ /(JI'~ 

The signs +. -, x , + . ate used wi t,ll tllE' salli e lJl ~a llrlJ ~S a~ 
III ah!ebra, The fo llowing a g l' e SllIl'll ts UTe also ruadt:l : 

If X 7J = (( , fl = !,/J 
tl + b= u. ' {, = tI : 

34 

CRAPTER, 1 

RECTILINEAR FIGURES 

P ABT r. 'l'HIAN G L ER 

32. Definitions. Tt. i!i desirahlp to (1 iRt iugllish hetwppn 
~e\', ·t'al kinds of triangles as follo;o;B ; 

b!\' 
~ A c B 

b A 
dA c B ~ A c B 

EQI 'n,.\Tl·j H \ T.... T H.rA N (H. ...~ I~ U~(lE L.': l'\ T ll lA..NOJ, F 

F IG. 2:'1 
SCALmu , '1'111 ~~" Ljo' 

An equilateral triallgle has all three of its siMs e(plal. 
A t riangle that ]la s allY t wo of its sides equal to each other 

is call erl an isosceles t riangle. 
A scalene trian ~ltl is one that h as n o two of its sides equal. 

gC 

a 

LA ·LB-LC 

A c B 
,Lj, 

:EQ t:' L\XIH L.AH TI~ Ulo.GLt; ACUTE 1'1:1 ~NI1L l> 

Fw. :l<i 

A< 
TRI ~NGT." 

An equiangular tr iangle h as a.ll t lu'ee of its angles equal. 
An acute triangle is one whose allgles are all acute. 
An obtuse t l'iangle is II Ll'iangle that has one obtuse angle. 

35 

C 
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A t ri an gle on(' flf " holle nnt:(lefl is n l 'i~lit aog l" is ('a.l leO a. 
right triangle. III s llell a tJ ·ia ll ~le. th v ~i d (l opposite tI le l'il!ht 
augle i :; called lhe hypotenuse, wltl 
the wonl H siJe" i :> llsed oIlI), ful' 
th e other two silles, a ~ inll ieatc,l h 
ltiL!. 27. 

\ej\\.\&e 

\',,\1:'0 

B 

<!l 
'C 

.c: side I 
' I' lw sid e lIpon w h i(d, ;l-ny I l'i al!gle A C 

, II l ' .I-0t:]r f 'i' II ' "N.:T.P.appears to res t. lS ('a ('L .It i) base. 
TI, e yert ex opposite to t ho h tse is Fl o. 2; 

called t ba vertex of ill c t I'in.ugle, 1l.11d t h... an~lc oP11o~ite to t1l 
hase is r:alled the angle at the vertex. 

The nerpendicu lal' (li ~trm(;e from allY vertex tu ULe oplJosite 

c c 

A' r. 's 
F lO, 1!l 

side (extended ' f JH' r:ps~al'Y ) is callerl an altitude of the trio 
angle. 

The distance from allY "er lex t.o the mjcltl le poiut of th 
opposite side is r.allerl a median of the triaugl!' . 

.Any p ortion of a st raigh t line bet-ween tll'O points is called 
a segment of that line. T lills the side~, ah itlLut' l', [llId mellians 
of any triangle an>. line segments. 

ADJ' fig ure composed wIlOlly of poiuts ;w (I stra ig'b t lines is 
'aIl ed a rectilinear fi g-mc'. 

33. Congru ent Figures. Two tl'ifll1g1 es that, can be' made to 
fit. eacll otl ler exactly (c:oindde) b) properly plaf'i llg the 0111" 
upon the oth t' r are called congruent. ) [ ~ll'e generally, ClIly t w () 

geometric fi g ures a re congruent j f LlH:Y (;all he made to ('oi 1I ('id 
exactly. 

I, § 3-1J TBJ .L'\'ULE S 37 

"'lle Jl twu O(lngl' lI l"Jl t figUl'b lu'e 11laue t o coim'i ti.], any C'ur

1 " ~1'0Illli l1 g- l,ar t s c'UiTlI'illc': " ' '' '' 'f' IiJ 'ollflill{l u lI ylf!lI I!f Cti"Yl'ltel'/ 

.IiU/lI·I!.~ unt ellllttl .; l,/)/',.e''.i )() fldiIlUle ilUt!U:i LLre tfj ual; ullY portioll 
uf Olll' vf t \\' ('l eong l'l!-

tlJ l t li" lll'CO: i ~ ('011 "]'11 E b 0'" '" r-·, r
eut t o lll e concl:>p (JIld

i11 " l)OJ·tioll oj' n t. CM 

CIthel'. A 
II illl!;'(l'a li olL of 

2 
"J c 

E~ b' 

I 
C 

A 
• FJI;. ~!J 

\.\1' (1 ('I"I ;! I' IH~ n t hg-

-, 

cl 

UI'Ptl, paulL LJ'oli:u ll II]) iuto eel'tain CLll'l'Els])0l1l1ing part.:; II hieL. 
an! also ('ollg l'uent, i;; given in Ii"i;!. :39. 

EXERCISES 

1. Jfo w !uan :v .J t itUlle:; has lL t l'iall glp? H ow mallY m(~-
II iw n; ': lh-aw ligures illust I'l1 tiug your a.lIS\\'( 'l'S. 

2. ('au <L righL triM lgle be i~os('e l e" ? Draw jigll l'es, 

3 , Al'e ell! ri ght t J'i ant;les isoscel es:' D raw Hgl1l'es. 

4, Can a ,l' igllt triangle Uf.' eqttibte ral :' E XlJlai lL VOlll' 
,~1! SW('l' . 

5. \\'bat kind of tri angJ 
I II j'l'obh'Jll :!, p. 3:' 

was drawIt in Problem 1, p , 2 ~' 

, h:\ " :l tj g-a te the f(J llolI'illg questio lls : (1) Is there a.ny 
kiwi tlf tri_all~le t'rJl' w]lit;ll th e 1I1cthll ll S ('oi llciil (l with t he nlti . 
l l1l lt> ~, aull al so with the Li.selltO l' ~ of t il e th rea angles :' l f so 
ill' s('L'iul! it.. l~) Will !- ll Pse li lL es lI snall y all be diffel'ent fo}' a 
t :-i:lI ll,:'I,·" IlluslJ-ate y uur fLlI sweJ' ll)' d r'a lV in g~. 

34. Congruence of Triangles. \ \"e 110 11' proceed to state amI 
pl'oye ('tll'taul rlieun:llls l-eg'fLl' d i.lI g t riangles. 'f ile pllp il s hou ld 
ii:'s!' reread cal'pflll1.v ~ :!2. 

0111' first topie of stU(ly will he t he followin g qUl'stion: 
I . \Vh pll ;l l'l' t il'" t l'i;[II ~ l e8 eOllg'I'I1t?1J t. ': ,. .xole agai n Lh e defini. 
ti ll1J "f L:u lI l::(l' uen t lig uL't:s a~ given ill § ;~3. 
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35 . Theorem 1. If two triangles have two sides and the 
included angle of the one equal, respectively, to two sides and 
the included angle of the other, the triangles are conmuent. 

c 

(~,'A' :> B 
io'H1 . au 

In the fi gure, let ..lEG' anll ..:1' lJ' ()' be tl1e twu t ri al lgles, gnd 
let us suppose that wu kuo w (as the theure llJ says) that ..:tB = 
A'B', AO= .d' U , and that the angle A = t he angle A'. 

\V e :1,1'6 now to pro,'e that thesf' two t.riangles a re congruent, 
which me n-lit; t11a t we huve to show that the olle 11la), be fi tted. 
OlL to tLe ot.he1' 30 that 1. lll:'Y will exautly Coillcide ill all their 
lJ~1l' ts . 

No w, SillCO A U = ..d.' lJ' , \l'U can pl ace t Ill) tl' i:Ul glt, A'I1' (" u 11 

the irlal1g1t! .AB C' SU that. A'1f will t)oin cid e wit h it. ::! etlua l 
..lB. lII ak iug t ht! IJoint 0' faIl ;;omew J. e J'~ 01 1 the saJil e side uf 

AB as O. 
rr hen, A'O' will lie a10llg A O, becaustl <l llgltl A ' = allgle A , 

t hi.s being also one uf the givell (supposed) facb . 
MOl'tlovel', 0' wi ll f all exactly at 0, sinet! ~1' (" = 4J U. \I bieb 

is another of -the gi. \' en facts. 
It thus foll ow~ that the sille 0'B' will fit ex actly UpUl1 GE , 

ful', ac.col'ding to l'ostnl a te I , olil y one stl'ab!ht li lle call ua 
J rall'll t lirongh the two point s, 0, B. 

T herefore, the two b:iangle.s are (!Ollg l'LHmt. 

X OTE. The fact stated. in this theorem was lmlicated i ll 

E xs. ~ a.ml 8, p . 6; and in E x . 14, p. :3~ . In those exercises. 
however, t.he truth was only suggested. " -bat we do i.ll a pl'ol{. 

nch as that .i ust given is to make caTtalu ·what was previously 
simply plausible. 
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36. Corollary I . Two right triangles are congruent if the two 
sides of the one are Ujua/ resPectively to the two sides of the other. 

Heasonill g [!'I1ll1 Theorem r. the IltlJdent should convi.nne 
h imaelf uf t.he t ruth of this corollary. 

[ l h S"T. F irstl 110tf> the I"TI11 of ,, 11 right triangles, a~ 1I1t1St.raLeci in 
Fig. ~i. Note also hOin the ~flJlI l ' jj ~ur" hnw t he wor c! ., I'icie " i!J U8p r! 

or Sllrh t rlilligies. Xnw cl rr~\\ two ., II .. h I d a ng)"", ha vinj: U,e .. "ides ,. 0 

(li t' (fu r' e r] IT a l l'esl'!!ctin'ly l l1 Iii !' .. !ihk s" III U, e ulher, aud ,;ee I II)'" The/).. 
ro;>m I applilJll u} t h llIU. ] 

EXERCISES 

1. Wriit> ou t the proof of 'l' heol'l.'lU J fo), t wo 
f.haped a~ i ll the adjoining Ji g-me. in wh ich w 
.·IB=,A'B', ...1(1 = 41'0', :1.lJn 

ria llglcs 
sup pose 

ang lf' ~1 = ang1!' ..,,1'. 

2. Usillg a p rrl t l'artoJ' , d raw 
triangle ill which on e nllgl!? is 

;{OO and. til!' two side:; tlmt ili

C 

A~ A~---.I 
c' 

dude t.hat ang lo are l·es pr(·ti yely .'3 ann 4 1111'1,, '''; lOll g'. ~h(J\\, 
by TheOl'clll I, that if another triangle is dra\l' lI which ha:; 
t.hese parts, it is ~oll g1'l1ent to t ll e one fu'st am \\' ll . 

3. In the figurt" L represents a lake. Tt i~ reqnired t.o ti nd 
it,; l l'ngt h . -tJ'. t he distance between ..1 and B. $ 11ow that t his 

>n'J b. '\ono ", follow", A~' 
(1) F ix a stake at some r onl'f>ni en t point . 

; , il1](1 llleaS lll'e t.he l1i stnncf'i'l ~ I (J mIll B O. 
(:!) ] n lin e 1\- itl l 410 set a &tnkc D, StH ·)' / c ", 

that cn = ..:1 C. '1'JII.'!I in .line with B O, 5e t a ,/' " 
stake E , sUc,h that UE = B O. £-"- --------- "'D 

'r he distancf' f rom slake D tv Sblkc E \I~i ll he t,Le reqll irPll 
di sta 1J cE' bet-ween . .:1 and B. Show t.hat th is is a consequence of 
T heorem 1. . 

4. ~hnw how ti le mdllO<l of Ex. 3 ('onltl be appli ed to dH
termin I! tilC greatest leugtl l of your sellOuJ build inC!'. 
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37. Theorem II. If two triangles have two angles and the 
included side in the one equal, respectively, to two angles and the 
included side in the other, the triangles are congruent. 

A~B "~.' 
Fil l . :i1 

lu tIl e fi~lI l'e, ) (>1, " IB O ~l.llcl ~ I'J)' O ' he tit" tWf) t. l'i:l nt;les, and 
let us slll'l'(J~e that we kno w t lmt 

LA = L ..: 1', L JJ = L n'. all (l An = . ,'B' . 

[ For hrl'v ity wc' 11 1.'1''' ll~t· the sVllll",J L fnr' Ihe word illl~ l e (Rr!' p. :)1). 
Also, in~Le.a ll () ( I. ~ itl o .-1n =~i ilt·' A ' /I ' , . w e writ!! ~i Ui pl y .All = ,1' lil. 1 

\VB shall lluw jll'OVE' tl lHt th(; triangll"~ ..:J TJ C :\D(l "I ' N' G' a l'l' 

Cllll f; l'u eli t by Rlw \\' i ll g tlmt it is jlu ~~ible to pl a(!t) t.l ll] Oli O lI P( '\1 
the other so t.ll<l t they sh all eoimi df'. 

To calTY out the pro~)f. 1,I ace tI le i r htTl!{lE' . 1'13'0' 111'011 th e 
triangle .1RC so thrLt ~.l ' JJ' l!oiucides with it" eqnal _ t B. all.1 lio 

that C' :tll ll 0 f:1 11 UpOli t hr. sawc si de! of .dB. 
Then ~I ' C' II-ill fa ll aJoll g ~ to becanse L ~l = LA', Whi"l l 

Wil S one of tile J.:i. \, f'1I fa Ms. 
}ffJ1'()OYf' l', ]]'(./ wi l l f ull alon:.! no. "il ll'l l L I; = L n'. Wllll ·11 

\\' :1$ ~ll so :,\'i 1' 1311 . 
It. full ows from thi ~ t k lt, (" will b]] ex nd ly at (/, for . 

by t:\tatellle nt J , s ::1. t l ll? tw o linE' S ~ lC aml B( 'tu n iJlt(J )'sc(' t ill 
only nov point. 

Th us, tllp two tr iangles can be made to e'nilwi tle c()JIll'letel.r. 
aud t Ill" )' (1 1'(' , t iJ el'f'fo l'r, con gl'lll'n t. Using the symbnls of 
p. 3..1, this result is written in th t: j'ollowill f; form : 

6 ~lBC ~ 6 . I'n' ''' 
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38. Corollary 1. 1'wo right triangles are congruent if an acut~ 
angle and its adjacen t side in one are equal, respectively. to an acut.. 

angle and its adiacent side in 

the other. 
Thus, the t \\' o ri ghL t ri

a ngles ~ I no ;11111 _ 1'13'(." fi r e 

('Oll~ l'l \l'll t if ~ J B = .J 'l~' il lill 

,t = L .1 '. 'fbi :; cOl'ullar), 

by rue ::;1 1ll1cnt. 

~C~C' 
B A 

11 ku a11 ul i Ill l'S, :;11OU].1 be lJl'uvcd 

EXERCISE S 

1. ]Jra\l II rigM h iring]!' IlllV il1 ;::: ol1 e :m '_\'l tl ~OO alld th e a(1j[[
cen t s ide (not tile' hy potclluse) 3 in . l l'll,~. }leas UI'6 t,lt c otlw l' 
andf' with a }lrotl'lH't lll'. anll nt<: ilS lIre eat' ]1 of tlie (ltlll' !' siUrl:). 
I: f' p I'at t his with an illlg] C 01 1,,)0 ill plat' 
nf :ln~ . 

2. TIJf'ol'l'lll If wtls tlSl"l hy 1'hnlpli 

fj to- f,.Hi 1:.( ' ,) to dl't(' l'm illc t Ill;' dbl:ull'c 
of a v (!sR PI rr t rom 111 8 ~ll()l'e, 11.v 111l'(1slll' '7 B 

in ,~ t Ill' ~lIl g J el1 /I alltl v al ltl fl ll'll (' IIll

<; tl'lIl'ti\l ~ t Il e ( '(JIl g l'Uil l1\; tl' i:l1l gh' ~ IIJX')11 ;;ilUl'e. 
thi~ ('all be d Ulle. 

3 . .A (hawi ng t l'i :lllg1 u is u:;n:dly 
111 (1I1e of ('(,Uuluic1, wit,h onl' ulIg)r (.!.. 
in 1 hI.' fib'llJ'e), a r igL t : IIIgh'. l) \le othpl' 
a\l l-(l l'.J is lI~uall .v 1I1:llh' ;;(1". ~lll'w tJmt 

X 
.ExIJla in how 

b Ci [ tI ll' hmgtJ. ~lC i:; ('h ( )~I 'll , tll P i'''l'ln of A 
t he tri angle i ~ cOI ll p h ·t t'ly Uetel' lIIillcd. 

1l 1l,I WTl'I <: T" t \~t1 Ll 

39. Form of P r oofs . TIC'!'f':lrt('l' In sk\ll nsc s.\ nt11l1b ",he l, 

e\,e r po,;slhle, t.h\1s ell (1 bli ll g \1::; t f> giv e' pl'o,-,f~ i n n II lore (;01:

cle n sell fn rl1l. See Ule li "t. uf ",\'lI\h,;ll), 1'. :; I. 
X utc t h:lt in th e a rrall gPlIIP nt of' tit,· proof !Ill' different steps 

are in the left. cohu t1n, while the l'CnliOll f o r eacl l step is in tho 
ri gh1 eulllllltJ. 



42 REC'flLIl'."'EAR F.ll...J 

40. Theorem III. 

'Ij)posite the 

A< I ~B,) 

F ,(; , ,I' 

[I , § 40 

ngle th e (m rlle:; 

Given the isosceles t riangle . 1 ne in wb ic h ..1U = B 

To prove t hat L ....I = L B , 

Proof. Dl'aw OD bi seding L 

Then, in the .&. 

The l'et or f' 

nd hene 

iLnd BCl I WI" Itava 

(I}) = (' 
AC = B 

L 4.,l('D = L B U l ,. 

6.ACD ~ 6 BCT) i 

L ~J = L .R. 

Telen. 

n i n~ll 

Con ti. 

§ ~.') 

§ :~::; 

41. Corollary 1. ~ 
II I/gflZur. 

Il' i(lIl;l' " i .~ P1 /1 i l r/ f el'n l , il is rtlWl "fj/li.. 

Rtatf' carefu lly t he reasons for thi s concltlHion, in t he fo rm 
of the proof of T heorem l IT , 

EXERCISES 

1. Const.ru(·t (using r uler and ('ompasses) an isosceles triangle 
and measme by rn ea llS of the protraetor the angles opposite 
the equal sides. ])0 y uur resul ts eon form to what Th eorem 
[U says '? , 

I, § ..Wi Rlfu"OLE~ 43 

2. A n ordi lla ry gable roof lUL.') a f Ol' TIt (Ul'OSS sectioll) such 
a s indifJuted in the aCl:ompallyillg fi glll·e. H ow does t his ill us
t rattl Theorem IIf 

3. l\l entiull Sli llie uthel' f;Hll 11ial' oLject ii' whid , au 11:1 
t.riangle occurs, (haw a fig ure to repl'ellellt it, an d state 
it iIlushates Theorem Il l. 

It! leS 
how 

4. Prove that the lIl eJ ians L1rawn tlll'ongh t h 
I.mse angles of an isoscclc8 t l'i anglC' a re Pljll:11. \Yl'itfl 
out the proof ill tb e precise f orJlJ t l ::ied i ll t.he proof 
lif Theorem IIT, using two aolUllI lls, line for ,;tat e
IIWIlt.S of fact :lwl tile other for tI le rea~ t.Jll S; and nse 
tile sy mbols of p . :0 ... 

,AD
l2S1A B 

[HI,),]'. a 'h'en th l: Isosceles b..dJJ I ' in whi~L At.' = Bt: a ud let AD 
a lltl B.b' be ti le lllNlians drawn lli l'" ul[h the base !Ingles A :tnd B . 
T u jJ I' oo'e AD = li E. Tn t lw proof. ,li rcl!t yonI' attt'll tioll l o th e & EA 
dnd DRA . The)' have L EAB = L DB_l b:. Theorem III ; at tLe sam e 
ti lD e lhey ha Vll . IE = B lJ l oeca tllo\:: each j,; olle ha lf of the equal s ides A 
ami B C'. A Iso .-ellj =A R F I'OIll the,e facts, reason by means of 
Theorem 1 that D. A BE ~ ~ A BD. aml Iiellce AD = EY, which was tu 
h I! prOved .] 

5 . 1'1'l ,Ve t hat thlJ bisocto l'S uf t he Lu!:!!:! an gles of !Ul i::;oscel" s 
t riangle a r(' ('(Iual. 

[ IIlx'!'. DrflW a fkure sl1 nilar to (har ,)1 .E x . .t , but lIIake AD bisect 
L . 1, alld BE Lispct L B. Dirf'Cf ) OUI' atten ti,m to rue & EAIJ and 
DBA . 'fll l:) ba \ e LEA R =L.A..lJD by Theoreru III ; a t the same time 
L E BA:;= L D~.tB. Lei lH; baIre, of l'quul angles. Whrllce. ~I! ow by 
Th~orem II that D. E~lB ~ D. DBA. Then, AD =BE, a~ was to be 
proved. ] 
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42. Nature of Proofs in Geometry. H ypothesis, Conclu
sion . E\'t'l'j pruof, as Ul'nlllged. ill Ill l! fUl'l11 whir ll w e h iL\' l ' 

n OI\ adoptpJ alll[ as i ll m,! I'aleLl by ttliJ Jll'ouf u[ Theot'l' lU Tl I, 

'onsists of fOIl l' l'al'h , a~ fullull' s : 
(J ) A cat'ej'u! :;tateJll l:! ut (If the. t lJ eore ll l, l1l: t:lJlJIpall iell bj 

art ap)Jl'Ol ,riatl' jj ~II I ·I' . 

(~ ) A 1'( 'IILl L:u SUll ~ liltell lllnt of \lhat we lta\'l~ to work with 
or ",Jta1 . is (Ii (" ' /I. 'l'l lis pur l. (I I' t i ll' Hlat" lOlmt of II II' t1w(>rl;11l 
is ('a1JllIL i t~ hypothesis, Ill' t Li ll g ~I\ P l'();; I ' Ll. Thn~, i ll '1'b e ll}'I '1 1l 

II I UII~ " /ll'ulhe:< is i " l llat; tho Iri:"tlI:;I', is i~o:iceIL'8. 
(:3) .\ (; lJlltl" ll ~ell S\.;J,tc'llll·nt ul' "llat i>l to be p roveJ. Thi.:! 

j :; palh'Ll t I lE! conclusion. 
Tll us, in 'l'IH!Orf'l tl 11 T tl lP L',»,dllsio,l is tll at h t he allg'l ell 

0ljjlusitt, the ("1' ''.1 s illes are olllla1. " 
(~ ) Tut' Ile tai ls of t,ht> pl'l>o L Tlli~ cnn si~t~ of " ~ I'l'i~s of 

!; t. atelJll!ut s, 1:' <11']1 IiC cullI] ltI n ipd willi i l ll r p;t;;Oll. 

EXERCISES 

1. ,,' hat is till' ]1)' put hL>sis ,,1' ThpUI'l'1Il I 't ,Yhat is its 
C\l 1Jd\l ~iou ': A lI ~ \\' er t11 1~ ~ :ll n l! 1111 e5ti UJI I) f ul' Tl t\ ~ () re lll I I. 

2. H y p o l1l e!"l'S ami C'ondll~iun.s OC(:lli' iu all careful arg LI

In cnt !; in otllt' r $uiljeets a~ WL,n a-; i n lJeOinetl'Y· l'i('k out tI le 
h~'lh,the"is <l1l d tl le l:l,lll clul>ion in cal'll of ti le ful lo wing tlbte
llH:mt~ ; 

(tf ) Ir 11 (' is ~lI i 1t, ) I l ll' sll onll1 1,(> 1'1lI1isliC'LJ, 
(II) If a pi('(;u of il'lJ U il;l llW.g 1I1'1.iU"ll, 1\' w ill a l,tract oth er 

viel' el:> '.".' irull . 
(,', A hU(1) ]le:I\' ier 1']1:\11 \\:d ,>!' will Sill k ill wale l'. 

(eI) COtlJlla l'i es of ss :;G, ;j8, U . 

3. )[ake ;;Olue cDuditional stateJn eut similar tu those of 
Ex. 2, allLl giv ll t he ltypNhesi'l :Iud Th e eOllc:lusiul l. 

4 , )1akn SOlll C sta tellJel lt t hat ,\ Oil think is tril l' tthput som 
geolflet l'ie fi gnre. P ick llilt the hy potl le:;is a llLl t ill! t.lo ll c l u~ioll , 

tJ rall' a tigUl'O t o lliustl'3.h, th", stalemen t.. 

T, *-I ll TRLL'\ t1J.ES 

43. Theorem IV. '1'1,(' l);,'I('ciol' of tltc (/]/r/'e {It th e 
1'1"/(';,' (d' ilil ;s()sl'eles l /'i(ln~/lt; is PCipcll£!iw!lU /' to 
U(l~C ami 7Ii~~ec/s tlw bw,c. 

Given th e iKos('cl,>s t:-. _IBO i n 
which CD bi sp('i.s th .. YCl' t,iC'a l 

L G. 
To prove t ha t (']) 1 _.{n a llL[ that. 

.jl) = DR 
Proof. Til Ule & A 7J(f:l.lllllJIV1 

we l1a vro 

~1('= C" .1 
. At I 

J Iven " '8 

anrl LJ.l('j) = L. 
:\[urro l',, 1' 
Th er(' fo J' 
wll enc'[.I 

';4) t h[~t 

l,so 

44. Corollary 1. 

'E. 3 i Vt! ll l"J( ,. :i:l 

l(l(.'l1. 
~ :iil 

1 _'111. § 1j' 
...: .-' ....
';-. . ,.) 

111 any isosceles triangle (/I) Th p b i.~e('ln,' 0/ 

til(' W, [/Z" at II", ['(-,.1..:,1' (/il'ir1f'8 till' I " ;'I II :J [/> i"hl /iro ('olir/,.u (.,,1 

righl lo·f/lIg lt:s. 

0) Th e oil)edu)' of ffl e 1'(, I'Iir:rt/ w,,/h coillrftle.s 1('il71 I;,,{ II lite 

((/l i l tl de ((1/(1 (he lIu:d ia ,( drr.l1c" throlluh Ih, r,' d r ,('. 

l') T he perpel/,/ictiZa /, bi,~ ('l·'o l· (~( th e 7}(I"1! i;a",w~s III NI"t/1I IT! 
1''' 1'11',1', Hlld cl icideli tlw I,' i a ll ')/{' i)ll o tWI) L'()liai'Il !; "t dahl Il'iflr'(11i' 1:I . 

EXERCISES 

1. If a plllllll J lint' (n. KlI' i ll ,~ \Iilh ;1 Il e:wy lIn], attac hed at
OIW r'ntl) be lL'L lln w' l hOIl) t]lP ridgt~ (It t l1t' ronf reprC'scnted 
iii Ex . ~ . p, .J-::;, t be Lob ,~trikes t hu Hool' in a way that i ll1lstrates 

'1' Iwol'e l,ll IY. Hu\\' " 

2. Prove that if the hi :)('etor of t he angle at the I'l: t'tex of an: -
11·1 :1I1/.;le is p erpPlluieuhr to t ll P basL' , tI ll' il'l:u l ~le is i"n>.(' ('lf'S. 

ril l"\,. Apply Theorc'al II to the b.. ID C. OD e ( Fib' !)8), ,md show 
lit "" .10 :: t.:B , j 
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45. Theorem V. If two triangles have three sides of the one 

equal respectively to the three sides of the other, they are con
gruent. 

c 

~" /' 

\ -
J~" 

''(II 
!"Ie; • 

the & AB~ and A 'B'r'" 111 whICh .111 = A' B', R(' = 

'B'G". 
Proof. Place 6. "-.I'B 'C ' in t,h" position A 13 0 " , thus mak ill ir 

th e side ,A'B' ooincide wit h its eq ual A U and oausi ll g tIl€' l)oint. 
take up the l>Q~i tioll m a l'.k l' tl C ". 

.Toin a aIHI 0 " t)S a str l1 igllt lin t>, Th E' lI , i ll 6. AGO", w 

have AC'= ".1 (, ". Give'l l 
Therefore L ACCll' = L .JO"o. ~ 40 
L ikewise, in t:. B GC", we h a,,1> 

hence 
Tbpl'efol' 
hat is, 

whence 
that is, 

"f iven 
Why? 

§ 3:) 

§ 2. 

46. Corollary 1. Tlu ee sicleg cle/i: ,' tll illP (f II'i(l 7l(lle ; th ett i.~, 

U' /lIP tlu'e p sirles u re [jh'e1l , Ihe {rier i/ Ule ioS thel'eby ji.).'ecl. 

The ;;t ate ment mea us t l!rlt if tl1P th ree :; idl~ :; of a t riangle 
are knowll , any tri angle mnde with tltp se siut> s is cQng )'uent t o 
any oth er tr ia.n gle that has t he sam/> sides. SeC' "Problem :!, 

p. 3 : Exs. :!. 3, p. 3 ; J~x. 11, p. 31. 
r 

I, § 46J THL\~ULE:::; 47 

EXERCISE S 

1. If three b Olu·ds 8J'e Hailed together in tho £0 1'111 of a tri
angle, " ith one nail at each cnl'uel', \"ill t h e f l'alne t hus lIJad 
be qu ite stiff '? Show how t he corollal'Y j ust sta.t ed is related 
to y om' ans W"P.J'. 

2. T wo eil'ples whose c',ell ters are at 
o all tl ()' i ll t el'seet ill _ [ aml B . Prove 
tlta! t:. O.dO' ~ t:. 0 

3. l)l'ove t hat two il'iaH gles ...UlC' alltl 
.L'He' :it' ll ('ollgruenL if . 1 D = . 1'B', 
B U = B'O', an d the mediall t h rollgll .1 e' luals tlw n1t~l1iall 

thl'u lHrh A', 

[J[' ~ 'r. Dr.L'" tllil t wo t!' i angl('~ . "Ll·t D 1>t, tha poin t of i 11Lel'~rr. l ion 

of the mediall th rough .1 wit h t he' ~ i u(' eo III A AH(', a lld D' the ('ul'
I'e.' polliling pom l ill A .1' ])' 0'. J:I \'~t sl ,ow, hy 'I'I IC (1l' lilli \' . t hat L ...1lJiJ 

~ /':; . ['D']3' . l'~ lJleJJJl)(' ri l ' ~ tU:Lt BD =! B C' m ill }J'D' =1lJ'lJ ' , IJ ~ l1e 

tlhuw tha t L. ID c' = L.t 'D' C' h.I' Hid n;.: !I, p. 2!I. F ili ally, sho ll' tha t 
,·iD C' ~ A ..1 ' IjI (" . 'j' '' ~ IJ A A B C::::. t:, .1'B' G' b) § ;:3, J 

4. Thll fl'a.mewOl·k o f bl'idges, scaffold ing, all d ut hel' stl'u,·, 
tUl'l:$ consist::! usually of a network of t ri angles wlm::> t! siut!s are 
stiff pieees of i ro1l 01' 11'0011 . Show, by meaJl s of Tht!ol'elll \ ' 
awl Corollary 1, why tIl e eJlti l'e struct ure is stiff. 

5. !:'llOW tha.t t he tem p()rary bra(' illg of a WillUOW fnuli tl il l 
a lmiMin g (hrrin~ it s el'pd ioll by a boal'u nailed t o the frame 
awl to Uu- fl uur. h. an illn:,t I'fl Lilli I ut" ~ U.i. 

6. Poillt uut th e hi:wglo ill the l'1)of cOll iltruetiQU uf E:x. 2 
" . 4:1, w hieh lII akel:i tI le w of stl' u(~tu re rigid. 

Non:. These E xorcise" illust.rn t~ the great impor tfUlcl' of Theu l'em v 
in stntet ur('s of 1111 k iTII!:;. The l"'II.C t.ical vnlue of tbe study of triang le ,
ari <;e~ prin('ipull y from t ill' i relj1lent applic ~t i oD l ,f TheLJre ' l1~ I , II, awl V, 
§§ 3':;. 37. 46, ooth in pmrtlcnl affairll a llfl in tli e pl'OOfR ('If otl,er geoDl etric 
tlwol'l' ms '1'111' 41' thrt'c tli eol'P lu!\ a re pri ow d in boldface type to indi eate 
LLe u !lsI' ial importance ; t hoy llliuuld b tl t!tudJed lion e.arefully. 
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47. Theorem VI. .LII 1'.I'!r";U/' IIII!"" ,!I' lf lI'i(lllttiu [H (1(1:111,·, 

tltall dlh ,' 1' '/ tli .. lijJIJlJsi l e i, L/ruioJ' u tI !Tlf!lJ. 

Gi ven 11&(' b,. ..:lDU kl\,
i ll g t he extcri Ol' L U 

To prove 
tl la.t L 1)] ;(' > L . 1: 

c . .,.F 
~~ ,-- ./ 

-////' 

.11so tkll L OJJC>LC. / ~~ \,/- /Proof. 'r h)' [ I\l ,~1i E .I,lle A -: / 0 , n 

mitl-poillt of ]lC', (haw 
., 
\ 

\ 
'o K 

. LE a lit! pr( ,l ull ~ it (:() F , 
11l:lk illgEP= _IE . •\l ~o, FlO, a:; 
Un 1\ \ B F'. 

T ben, in t bl' .::.. _-.1Be amI BFE we llave 
..:'I E = E F, <lull BE = Ee, 

all d 
T hel't'fore 
wlwl1ce 
Htlt 

L CK L= ~ n EJ.' . 

L I ,'B 8 ' 

heIlt'l' L 
thaI is, L DB C > L. 11. 

~ ons . 

10, S 31 
\\ 11Y'.' 
"liy '! 
\ x. 10 
\ x. \) 

[Si ll ti lnrly . b~' bisGl:tim: I B IlIll!lJl'I)Cl'diLl," 'L~ alyo" (j it (':I ll ·1)(' provel! 

Lha t L . IHi{, which elJlla l:; ~ 1JB O ( lI'hyl) , i~ b'l'cater thall L ..1. ] 

E XERCISES 

1. Tly I lr;\\Vill ~ a. Rl'J' if'R of t l'iall prles, 11f' t OrJ ni ll e w-hat fo nl1 a 

t l'i:ll ll_d c h' lI ii-; to lake :l ~ Pil i' (,f i l- ~ extQ )'iul' :Ul gtes l 'O IIl r]~ do,w !' 
~lI1tl (' lo:;el' in ..,i l( t ~ ttl ('i UIl' )' ,A i ts Clp p()~ite i ll t H l'l Ol' all ~i ('s. 

. I'I'U \ ' (" t klt l In Il'ia ll glc C;~ l l l 11:)VI ' t wu riglt t .1 I1 g1es, 

[ II IST, tf L C, F it! . ;J,::" WL't'(' I'lp"t1 In DO · . th 0Jl L D H C \\' owct 1) 

!--,l'oatr'l' L} l<Ltl nl)- (§ -! i ); l, ~n('l' L A 8( < !lOo, sin~(1 it istli t' :mpplelllelit 
of L D Be', Wri le !lIlL t1 11: IJr""f il l fn !L 1 

3, ProYO tl l:l t Ill) b-in ll~l l' call hrtve ~"O outuse angles. 

4. 1' I' lI ve t]lat 1,1H' lli sC'l; lol' 01 all exteriul' ,uIgle of ;\, tl'iall ~le 

is pel'jlf' I IJ il ' lllal' t u tIle hisel:tOl' of the aujacelJ t ill t t~ior 'L1I1! l e. 

r, §50] P AIULI,EL LlXES 

P ART 11. I'.Uc\ LL EL L1S ER 

48, Definitions . 11' 8 tlw.! lie i ll. ,I! 

-meet hn{l'r:ce i' j(lr tllI'.'1 11W/1 ue l-:cLeHded W ' , 

A B 

C 0 
Parall el Lin es 

Fro , ;-;6 

If U II) lilH'S cue C1 11 by:L t hi ,'d li ne, til ;:; thi rd line is called 
,I, transversal, alld tllt,: '1IJ glt~t; at tlle poill ts of inte l'!\ectioll are 
!latHe,1 :1), follow:; : 

t, Il, ;e, a nd /I ' a re interior a ngles. 
s, L' ) .II, :mJ z a re exterior anglC'!\. 
8 and z, 01' (' a.uu /I . an: alternate ex

terior :tll gl (s. 
I ,'l ll( I /1 ' , 01'/1 f1 Il J .1', :lI'e alternate 

interior 1I ll glrs. 
, amI 1" , Ill' II 11I IIl .t, 01' 1/ aJl(l ~, 

OJ ! nu ll .'1 , a re correspondin g angles. 

s 

" . 
. Iii I B 

o 

F IG, ;l 

49. Parallel Pos tulate. Brs ides the postul ate..; of § :?8, the 
foll o'ili ll g i'l necessary fur tile Shiely of parall el lin es; 

Parallel Postulate. Only one line can be drawn through a 
given point parallel to a given line_ Tllat is, any otller lin l:! so 
dl' rl WIl \\' il! cuil' citil' wit.h t Ilt: fi r~t one_ 

'l' !li s poshlLt tr was s tated iu a sOllcwL,lt d i ffe rent fU l'lll b)' 
EUClid (:LiJuu t ;\()(l I:,n J, It was l'ceognized by Jlim lllll] hy 
la1.f'!' Iit ailie llt utieian s ilHit i t i!:l pceuli ctrly ilnpol'tant, It iii ofte ll 

eall ed th r E ll cli,lean pOi't ul atf'. 

50. Corollary L J'/II e.~ 1)(li'(111el I f) the 8rt.?T1f! l iue lire p rlt'(Il/pl 
til ('(1;; 11 nllll' l' . F or . if t wo li nes parallel to one al1( l t he S:Ulle lill 
HilulI ld llI e.>t , tlH>1'1' 11' IJil l tl he lIl!) r !' than (,J il l;' parall el th rough a 
pui nt, thu s l' ullll'IlJ id in g' 1.he IJl' l'l!Nlin g' post ulate, 

I. 
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51 . Theorem VII. W71en two lines are cut by a transversal, 
if the alternate interior angles are equal, the two lines are parallel. 

T 

A E( B 
( ; ----------

-- :: ~~; 
C ) f )' [) ....---~-----------

5 Fro . 38 

Given any t wo li nes AB a11(l CD cut by t he transversal ST at 
E and F, so that the al term. t e i nterior angles x and ]I axe clJ.ual. 

To prove that AB 1S l)al'allel to CD. 
Proof. Let ns supyose fo1' t he moment that ..IE and OD llIe 

Hot paralleL I II this case they would mec.t in some poill t 
which we will call J{, and no trian gle EFT{ would be fOl'med 
Thell the exter ior anglo :tl of this tl'i[w gle w ould be gr('ater 
lhu,n it s intel' ior an gle Jj , by T llcol'em VI. Hut th is is i l1l lJossi . 
b1e, since O\ll' hy pot hesis is t hat L .l' = L y. I n ot.lwl' words. 
the conclusion t bat .A B auu CD are '/l ot p ar allel caTIl10 l' UP t l' ll 
if our h.rPothcsis that L x = L Y is true. T he only other possible 

onulus ion is that .LiB and CD li f e p arallel. 

52. Corollary 1. L ines p etpell diculat the W ine I fne C1 

p arallel. 
EXE RCISES 

1. If sevel'al SU'ill!! ar e nailed t o a boa.rd at r ight aTlgles t o 

it, 8ho\\ t hat the st r ips are parallel. 
2. If anothur boaru is nailed per peTld ieuJar to the st rips of 

Ex. 1, show that it is paral1f'l to t he ti rst LOfll'U, 
3. Draw any line OD (Fig. 38) and select nny point E Hut 

11 it . D l'aw any l ine througll E t o cu t CD at some l Join t, F . 
Lay off L .l' = Ly with a protractor, 0 1' as i ll § i, p. 6. Show 

line pa'rallel to OD though E. 

I , § ?i;{l PARALLE L LINER 

53. The Indirect form of P roof . Argumen t by R eduction 
to an Absurdity. Thc st u.lent may have obserVf·a that t h o 
V1'oof .iu ~t givell i ll *ii1 duIer s essentially frolll other proofs we 
ha ve given . I n th e proof of Theorem VII we meet for the 
firs t tim e " hat is calleu an indirect proof, otherwise k nown as a. 
reduct io ad absurdum, or reduction to an absurdity . Thi s form 
of proof is of frl ' ( lm~ 1J t o('.(·urJ'encf'. In substance, an indirpct, 
proof of a 1\leorelll rOll Rist s i ll tirst su pposing sOnlet.bing d(ffr,r
(' I I I from t.h (> theorem's ('onelnsion, a ntI t hen showing that an 
abSUI'Jity result s, th us ll:!a.ving tll e t,heorem itself as th l< on ly 
possible staternf'nt of fae-t. 

Tl1P U ;;6 of t he indirect proof is common. not oll Iy in geom
etry, but also in many of the familiar expe riences or every n.a 
Iii'e. Suppuse, frll· E'xamp)t:', t hat on a. certa in nigll t a, robbf'!'} 
i ~ oommitted in a ce rtain s tore and the next day 1\1r. A is SI1 S

pec.te<l of lJ aving done it. H e succeeds in proving, h owever, 
that throllghout th e n ight, in qU(lst ion h r was jn a noth er town. 
This is sufficiell t to free h im of suspi (·ion. Why :' - Becau s~' 

th e supposition tha t he ?'.~ j,'1 lilty is t1ms matle t o lead to th 
" bs l! l'd concl usion that he was in two different places at th e 
same time. The very strongest ki nd of argumen t is to show 
that some contention of an opponent. leads to absurd conclusion u • 

EXERCISES 

1. A closed wooden box is k nown to contain a piece of 
mr ta.J. A magnet is brought near and fOllnd to be attraetf' cl. 
The c.onclusion is drawn th at the metal within the box is either 
iron 0 1' st eel. Show that t his cOl1 clusionis d rawn by a process 
of indi rect. proof. 

2. U sing Theorem Ill, give an indirect proof of the follow
in g t heorem : If no t wo of Hie till'ee ang les of a triangle ar 
eqnal, the trian gle ca llnot be isosceles. 

3. Sho,,' that tIle reasoning lIsed iu § 50 is rean y a reduction 
to flI ) absurd ity. 

http:alterm.te
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54, T heorem VIII. If two parallel lines are cut by a trans· 
versal, the alternate interior angles are equal. 

,T 

A B 

c'--- o 
c - - 0' 

s FlO. ;~!1 

Given tbl? two parallf'J lines .AB aud CD cut hy the trans
versal STat E a.mi F aJ1U making the ulteru ate interior a ll gles 
x aml y. 

To prove that the angl €'~ .)' anfl J/ are eqllal. 

Proof. Suppose L ,",' * L. ?I (For tlli~ sym bol =p, see p. 3*.) 

N ow draw 0'1)' t h l'Oll bh Z;~ moki ng L Jj'F T = L:r:. 


'l'hen 0 'J) ' 1\ .L IB i § :. 1 

bnt. (!J) ..lB. Givcn 

Thus we sh oll ld bave twu diffe rent lines t hroll j!h th o sam 
point Fpal'allel t o t Il e line ~ lB. wh ich is 1I1I}Jus ,;ible, according 
to th l? postulate of § ·19" 

Thl?refo l'e L x = L y, which was to be pro,ed. 

55. The Converse of a Theorem, The stude nt. may 11a'l"'e 
obsen; ell that 'l.'hevl'ell1 s vn and \Tll, thoug-b lll)t the same, :u-e 
very r losely robted. C:1.l'eful eXamil1(ltion of UW t.\I"U wi ll show 
that the preei sc nature of t hi s CUIIIH~cti ()ll lies i ll thtJ fac t that. 
th e hy potb esis [\111.1 cOll clusion of the one have become, l'espf'P
tively, t he cOlJ(;Jllsion an ti lJypot hesis of th,,, ot bel.'. In otllCr 
words, the one i::; t he other simply t urn erl about. I n ~el!e)'a I, 
wh(~n all Y two theorem s are reJated in tl1is way . t lle one is said 
to be the converse of the other. 

A,dde from p;eoml"tr.v, there arc mallY i1!stmlC'cs of state
ments and their converse. Tho following will iJlustJ'ato t IllS 

I , § 55] PAR,\ LLEL LIXES 53 

fad , .llld also the fact th ilt becan se a iliCO I'''IJl or fIt,] W l' state· 
lll ent is tril l! we canllut al ways be \'cl' tuiu that i ts convet'se 
IS true, 

(Statem ent) If it boat is malIc of woou , it. Moab . (T,."e) 
( C"lIwetSIl) If ft boat fl UIl,ts, it is made of wood . (F'aZ.<.e 
An in~t"ljl'e 111 I..tPOmetl'Y i.n which the r~Oli \'e l'Se 01 ;1 t rue 

~tat,'nwnt is Jill~e IS: 

(St(l/I' II/ Pilt) Tf iL ti gul' l! is a sq l.lRr C, it is a rCdangle. ( J'i"/I 

( COII l't·!''''') If a fig ure is a ]'eclallgle, iL is a :; r111:11'l'. (F"'.~") 
\ 11 imlta lll'C in ( :{'ol ll vt ry ill whi,:h Loth the ol'lginal :.llIU the 

{,Oll \' t' 1'Se tlteOI'~ 1I 1 S are I l'Ile is: 
(S{atf' lIu" tI ) If t wo silll's of a t l'inlJgle at'e ellllal, ilie aJlg1es 

ll]J l,os ite tlle ll1 arc eqllfd . Tbeort~Jll H I , § 40. 
(Oollt''' l'se) If two al lg lt·s of a, t.ri angl i' are equal , t.he sides 

opposite tll e lll art;' eqnal. Tl!eOn?ll1 XVI, ~ 72. 
In ca..;\! lJOth a t Leol'rw :lnd 1ts CUll ve l' :;e are t,rue, llwy 

lJl:IY btl statr"] tog!, jhel' i " ull e sPlltcne p 1y Pl'Ol"~ l' ly using t.ll(' 
l'la,,~e " if alld tJII1 )' if." Th ll S, Tlwurclils VII lUltl "\7111 lil f' y 

It · " l'll11,illl' d in to Oil" a !> foll ow$: " ' ''lam t w o lilli'S ::l.1'e ('ut 1y 
a tran~\ el' ~al, tlw alteruate i llterior angles are equal 'if (1Il1 

011/:1 rftl lf' J illt,~ an' parall el." 
TIle pltl':l5eS "all tl t'O li verseIy " or "alit] ('ice 'cer8a " ,[\1'e often 

\I :>el] fv t, the same pUI'jJO"p,. Thu s ,I'f! might say , " 1£ a body is 
l i~htl?l' t Jl an watl'r, it will fl oat.; aml cOlll.'el'sely." OJ', " If a 
b(Aly io; lighte r tlwu water, it will tl out j and dee ?)el'sa." 

EXERCISES 

1. '[akl' u h' ll El s t.atement wlJOse COllv(")'se is false. 

2. _\bke a h'1.l (' state ll l8 l1 t whose COln'cr se is h ll ~. 

3. Write out the illustration y ou ll sed ill Ex. :J in the fOl'1ll 
of a ,)lng-If' ~l' l1 i"e n('e, usin g the t'lause If j[ and only i t" 

4 . Rewrite ['uell dOllble statement on th is pag-e. usin~ th 

1'lmtlic, (((', (. if allll only i f"; (0) "<tllLl l'IJl1 versely ," (c) « and 
rice ('(' J·~U." "\\l lidl ,He (.]'UO allll which are fals e '( 
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56. Theorem IX. If t /J.J/J ii ll eR a re cui by a t J'anSlJel'sul UIIc1 
the co/,/,eSjJOn lUIlY Illly ll!lJ are I!<jlwl , 

th e lilll:s cue p o' 1'Clllel. 

Given AB ant! OD cut uy the' 
t l'an sversal ST in snell u way that 
the cm-re:>volldillg El.11gles .c and " 
a l'e eq u a.l. 

To pr ove that ",--l B is uarallel 
to Of). 

Proof. L .I.; = L z, 
but 

tlJt:reful' 

and hence also 

~ ,J; = L !l j 

L y = L z, 

rlB II CD. 

11. 4u 

I 
x B 

D 

10, S::I1 

Gh e!l 

A x. ~ 

§ 51 

57. Corollary 1. b!j q li'QIl Srer/io l Lind th e 
side ((I' th e li'((/ls vel'sal ute S1IJJJJZe

58. Corollary 2. }!'TO /l~ {f !I h t ll pOint (JIll!! Ofte JJel'pelld ioll lrll' 

CCII, be rim/Ct. to t~ fli vefL 'line. .for , if there W~l'e two pt' l'pfll 

,-lieLl lar~ through t ile saine puint, theywol1ld be parallel ( \\,h) '! 
but parallel 1ine~ cannot meet l§ 48). See also E x. 2, p. 48. 

EXERCISES 

1. T wo parallel pi}J~s for Jlot and coltl ==~__~_-. 
water lie fl at a long tho salll e wall ; at tb e end 

f eac1! of th l'm a.n elbow is sC l'mved on which 
tlll' llS the pipe through a right angle. If the 
pipes connec teJ to these elbows also lie flat 
against th e sa\l1e \\'all, will t1ley he parallel ? 
Connect your answer with §§ 50-58. 

l: .- - ~ -'" < ,- ~ .,0:...., 

2. A rectangle (s ~J) has all its allgles right angles; show 
tll :lt tll~ uppusite si tle~ <[,1'e paran a!. 

J, § 001 

59. The<>rem X . 
/,., Ii ,,1'8 m 'e !J u t II!! a 

" Ij 11 11. I . 

PARALLEL LTh"ER 5 

Tf 'I f!O pcr /'(l,'

i ng all !lll!/i Ilf 

Given th e two THl.ra llel lines ..dB 
lWei CD cut by t ho transversal 
..... T, making C'OI'HIS}1011ding :illgl t3S A i ~I Y B 
~) an d V. 

To prove t,lIa!. LJ1 = L 1/. C E/ V D 
} 

Proof. L .11= Lz, Why? 

also L .'I=Lzj W hy ? S 

t.herE-fo rl' L :e= L y. " "hy ~ 
FlO. 41 

60. Corollary 1. 1/ (t lin e i.~ J!"rpenr1;'clIltll· in on e nf two po r
ol/" ls, it iEt p el'peilfi ic1Jla.r In III " o/liP )' al:w. 

EXERCISES 

1. Rtate a n a pT' L1V P the ('OlWP I'SE' of ('1'1t'ollat'y 1. T hpol'PIIl 

IX 
2. The l;rosspieees (aTillS) wh ieh are pnt on a telp, plJOne 

),ole to car l',\' th e wires are u&ually all perpendieula t· to th 
pole. How does t.hi s illustrat e TheorellJ X 01' its corollary? 

3. Prove that t he diagonals of all of the squares on a sheE- t 
of squared papel' form continuous lilIes. 

4. PrO\-e tlmt the bisectors of a ll,) pail' of c;orrespondiTl~ 

angles f<.l l'med wh en It trallsversal cut s t IV O parallel lines are .' 
t heHlf;elves pal'aJlel. Is this tr ue also for bisectors of alternate 
inten or an gles .? 

5. 1'r()ve that the bisectors of any t wo interior angles 
for med when a Ll'a ll,sversa l cut~ two parallels are ei ther par
aBE-I, or else pel'pencli culal' to each ol her. 

6. P ro\'e by § ~ ;jfi , 59 that. lin e,~ ].l (f }'pendic /lZa /, to /lI e so m(' 
i," > (o/' /tl l'OI'f!ll,:l li ll ('s) al'(' /lal'allrl . (Sel;' also S 5:!. 
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61. Problem 1. ('01 / ., / 1"/1'/ II l i ,, (' /1fI)"(d [" 7 Iv (I !I ; ,. Jl Ii .... 

((lui j.lfl.,;,,/,,(/ tlli',J//flh II !li!'!? 11 )10i,,/. 

T/ 
I 

I 

0 / K 
- ------------, - - - - - - -

.-I 

, 
A 	 B 

I 

;,' 0 
FIC:. 1~ 

Given the line 4 1J] and the point O. 
Required to COlltltl'uet a l ine tltJ'f)1igh 0 l'al'flll f'l to ...r R. 

(Nec I·~x. ::? , p. ,;0. 
Construction, Draw auy li nt' OT Ull'tmgh 0, Cllttill g "'IB at 

sOllie poin t, as D. 
.\t () constl'lll' t L TOr.: = L OUR. Pl'uh. 5, p. (i. 

'l'ltl'lI tll e lill l! OK (extc·mle,l) will be i he uesi retl Jillt' tlll'(>llg11 
o l' iLralJ d to ...lB. 

Proof. Since 1'01': = L ()f)Jj, lbe lin es ..J n [(nil O/l <1 1' 

pa rallel. § ,ji) 

'OTE. T he fne t thaI ill tb e pl'ol;l .-Dl [If § lil , above, we h nVl' not 
on ly Fl l!O\YJI h ow to tImw the desired line' , \.Jut IIl1V., after\\,;ll'J~ proved 
that our metl. l,d is currcc1, ilJ nst t'f\ I('s Ibe l' rine ijJl e Ib llt e \·",ry COJl structi on 
pl'ob lf'm slwultl , in itH ~olu Uo n. contuill l lot only Ihf' cO l1 strnctinn, but also 
tho proof of its ro r1'edll t'ss. ' 1'1 tis w ill b, ' do ne h l' t'('afll' l in l)ur,\J 1'l'Olllf'lI1s 
n~ ,Lrt· \\Ol'kl 'U Il \1 t in tbo tex t , 111111 tlte ;;tlllJtonl sb ould ut> tbe s;uno ill all 
Cllllst l'lictinn pl'l,blc-w8 tLat UCClll' in eXI'ITiscs . 

E XERCISES 

l. 8how J10W to con stnwt a lint' pn.l'al1 f'1 to a gil'tlt11ine antl 
passing t hrough a given point , by liIean s of li 5:2. 

2. 	 Show ho w to (,Oll f>tl'Uct a lin e that. lUal<('s 011 6 half a. gi \'en 
an gle 	\\'i1h a g iy('n line at. a gi l'en llOinr. 

[HL'I·T. ·F i l'st bis~ct til t! !:i \'(,11 a llglp . J 

3. Show how to ('Onstl'llC't a linE' that JllRk es all nllgle of "H)o 

with a given line at a given POUlt. 

r:~ 

I, § fill PAlliLLBL LINER 	 U 

4. ea) I n MIler tn nmw n. parnll p1 tl) n. lilH' 1 t.hrough a 
p oint P, :0\, d raftsllHLTl wili ['la(· ... a thawin~ tr ia ngle, or otl I 01' 
object wi1%1 two tixed t'llges, St, t LlI t ull e s i( l t~ uf t lie triangle 

o 
T' 

B 

1'10. (I 

coinC'illps with I, and the ot-l lel' sitl e l'a~ses throl\gh P. He 
will then Jay a l'ult:l' agn,inst the side of t he t.riangle th at 
passes through P, and fimuly slide the t l' i.rlllglp aloll g the edge 
of th E' I'uk r , ulltil (In .. C:Ol'1l er of t Il e t riangle eOlll e ~ to r. 
f'how th at a Ji ll t? d ra wn aloli g' l,ll f~ !, i(1(- e.f the t. ri tmgle, originally 
in eoiuciLlcDce with I, will Ul: llt" jlarallp.Jlu 1tJll'()ugh P. 

b) Rh ow bo,,· to d ra.w, by IIll'allS of :1 drawin g tri angl e, a pel'
pcndicular tu a givell lille .AR t111'ulI gh a given point, (Fig, u.) 
Xoticc tbat L H = 00°. See r-:x. :l, p . -n. 

5. Dul\\' Fig. 38, omi tt.ing rhe portiull dotted in the figure. 
Tlll,(JUgh some l}oi ll t. C' on ClJ eonstrll ct a lille pn l'Ctllel to ST. 
(Th~ C]lIadl'ilatel'a.1 form ed is (' ~tJled a prlndle/nljl'om.) 

6. A parallelogra m (E x. oj) if: fO l'm ed Wll Pll OJl e pail' of 
porallel lines ell ts nll otll el' pHil'. Show t Lat the Sllm of tll e 
t.wo illtel'iOr angles that 1l<1\'e one sidp in comlllon is 180°, 
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l.' ~ RT H I. ANGLES A]l.T}) T RIANGLER 

62 . Theorem XI. The sum of the three angles of any trio 
angle is equal to t wo right angles, or 180). 

E 

~ /, ," 
y ,

•~' \>_______9. 

Fro . ~ a 

Given an j ll' iungJI" ...1 
To prove t hat L. .:1 + L B + L (' = 2 1'1.. 6 . 
Proof. Prolong AB t o D and throngll B thaw B 

Denote L DBE by .c, ami L EBG hy y. 
II ~ I r. 

T heil L x + L it + L ~. LEt' = :1 r t. L; 
moreoyer L .tl = L. .r, 
,lnd L C'= L..'/. 

Thf-l\'efOl'e L.J + L C + L. ABC = :! l 't, / '~ . 

Why? 
§ nil 
§ .14 
Ax. !l 

N OTt·; . This fam o llS t1 1l~ol'elJl is of great j1ructica ) iUlporLnncp. 
It was known by Pythagol'8." (about iiOO ]) . C.,). T lti :,; figure was 
llsed by the Greek pltilosoph cr Aristotle (;:;1)4-:)~2 Jl.(".) and b,) 
t.he famous Gl'e!lk geometrician E uclid (about :)(JO R.C' .). 

63. Corollary 1. The sum oj the two acute angles oj any right 
triangle is one righ t angle, or 9 (/'. 

64. Corollary 2. An exterior angle of any triangle is equal to 
the sum of its opposite interior angles. That. is, ill F ig. ./.: 

L. eBn = .~ _1+ L.. 

65 . Corollary 3. E(ICh (1) ' ~/le 0/ (nl efjuilalei'(I / tria.1l9le i s 
Pi/llflr t .~" ::,, 

66. Corollary 4. ~JN o.r ( /II I' triu f/ gle 

flll'I' t r i oIIU7e, ail' lI th 
'e equltl Te

th ird (l1i !7le,~ 

I, §tinJ ANGLES A..'O TRlA.."'\GLES 5. 

EXERCISES 

1. T wo angles oj' a, t rill1 lg ltl are l O° 30' aud &1Q1.5', resllec
t ively Wllat. i ~ t he size vf t.1l ~ t hud angle '! 

2. If the l'fl.ite l'$ of the roof l'eptesellteu in Bx. :1, p . -1~, 

make au angle of 3.:;° with t ile lWl'izon t.al. SIlO\\' that the tot al 
illigIe ttL the ridge oi 1JlI' 1'001 is 110°. 

3. A crank .dB is O]J61'l\ted t ly Jn ef.l1lS uf a rull D(,B , whielt 
lides throug h :1 l'ilJg at (J. Show tklt B 

the 1111,;112 .dOn is a lway s half lhe angle ~~ 
XAB, provided. .de = .JB . 7n"" A X 

... 'rile e.xtel'ior rUlgles at ..1 and () D 
uf :1 t rlangle ..lBO a re 71 0 and B OO, J'espeeti vely j it tlll JIl a ll )' 

uegl'ee ::; h l the angle B'1 

5 . Find til e three angles uf an isoscl;' lel:; tri<Ulgle when one 
of tilt' allgles a t tile lnlse i::; ' ~qllaJ La OW) Imlf ilie angle at t lte 

verlex. 

6 . Draw un eqniln.tet'a] tl'i[Lll gll;l, ~\11d draw 
three other oCluilateral t l'iallgle". plauil lg oue 
uu each of tlte sides of th e fil':lt uno <lg a base. 
~how t hat if this procoss is r epealud CIJut iuu
ally , the phme is di vided in to cljllilatel':ll tri
allgles that cumpletely fi ll it. T his fac t i" the La::;is fol' lUau 
mtercsting aesigus, SOUle of which ~l re shaWl! below. 

I ,) ·~ 1'),,1 
·1"J/ · 

1
, 1/ I

·/1'·/1'-...· 
I)j(l) j(l
·1'-...·/1'-... /1
·/I'-...·/j'-...· I\I Y v 'I 
I ')T~ I '>~ I L______ 

Orchard Plan Tiled Floor Pallern Linoleum Pattern 

7 . Show by § 6!? that. (]. triangle " }I ll Iltlye 110 wore than oue 
obtuse <lll lile Call it ha ve lUore Lk11.1 one l'igll t angle? See 
E xs. 2, ::5, 1" 48. 
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67. Theorem XII . Two fI ll ,/lc;; u;h(}se sidus w'e r~ 
."UJI)(:6I'el,lj jJ (l ('/I l! 1./ A A 

, /(I r e either I,; fjl lCd III' 	 ./ 

, • / C ,. ~suppZe IILwtal',Ij . B'-- - '? ~ -- -- ' B - --,.... -- - . 

Thert' are t wo C:HW':. ,~A' " /rA' 
[) C C Aas illllil:ated hy Figs. 

io'l fJ . 11 a FHI . 41 Z,4 1 (t :1n rl l4 b. 

( 'A.S.; I . Given _ ami 13' w i th ~1B ! 1 ~ J ' IJ' all(l B( ' II 13' 0'1 
CIS ill Fig. 4-t «(. 

To prove ,/ IJ = L B ' . 

Proof. Pl'Ol ullg B ana iJ'. I' \Llll il they Jl t . t h 11..'; fOl'm

lUg the angle x. 

Thell L lJ = L.I', \\ hy ':' 

anel L B'= L .I>. Why? 

T llerefol'e L n = L lJ'. Why ': 


C.iSJ;;~. Given ..1 TJ ;lI Hi B' with _IH A' IJ' a lHI n OIl B'O', 
a:> ill Fig. -+.1, /1. 

To prove 1,]w t ..6 B !lIl Ll JJ' U l'l! suppl el1J ell tal'J ' 

[The uetails of tLe proof fo l' tbill e lise Ill',' left to tll " SlUllell l. ] 

EXERCISES 

1. \Vhen ill 'l'h eOl'(: lll XII will the two angles be elf,wl ' 

\\'hell slIl'pie " w lt/ tt l'.'1 ~ 

2. Show j"lm1 'l'heOl'enl ..'W I is illusirai rcl by t lIe angles at 
t he intp l's (~C'tjOl1 of all Y two stmigh t street s of u11 ifor 111 width . 

3 . Show th at rrheorclIl XII is illustrated by the angles at 
the illtel'Seci.ioll (J f two :!trnight raihoaus. 

4. 1.... parallelogram (Ex. 5, p. !i7) is a fig ure f ormed when 
one pail' of pa l'all r ll i lll~s ellt s au other puir. Rhow 11.\' llJeanS of 
§ 67 t hat tbe opposi to in tCl' i o l' <Ulglcs aTC' P 'I lHU, awl that th 
allj :well t iJl t p l'io l' anglus Ul'C S UIJjJI Ulllell t:J. I'Y . 

\ :\ T HHKGLV,S 11. ~ (iS1 

68. Theorem XIII. Tll'o (w y7es 'Iulwsr: sirles rUe /'(;

,-;jlcctl/' el.ll p eJpcndiclIlal" to eac/t otl,el' fl l' r: edlt f'l' N IWtl 

')1' slipp lemci1 to,.:/. 
T he rs arc t wo eases, a" i IJ dicated by Figs. ~ ;; (~ awl .J.5 li . 

( ' A~ F 1. Given L .lJ alJ(l D' with .•:1B ..l B 'O' [ll nl n C ..l A'B', 

t1 ~ ill Vig. Ii) (( . 

To pr ove th at L IJ= L 
,£ ' C 

Proof, P roloTlg A 13 r'l1ll1 B' (" unti l 1!ley '  r ' T' 
meet at some poill t. ;; lI d l Uf, T, <l ll U t!J rongh 
T d raw a. line T T II BO, lneetlllg . 1' 13' 1'1'0 

10ngHd at It. 
FlO . 40 0 

T h en L .1' = L y. " 'T]l\ ' ': 
Def. § 18X ow L z i;; th e cOlll pleJUent of L II . 

MOl'eo\'er, TKB' is a ri g-lI t <Ln g-j p : 	 ~ 60 
§ G:1 hentE' L z 1S t he c·omplel nent. of L lJ' . 

Therefore L II = L B', X, § 31 /
01' L B = L D'. '\ x. !l .' 

B, C
I '.\i"F.~. Given .& B amI B' wi t 11 ~ 

. tB..L B' f) ' and 130 ..l ~l 'B', as in Fig. T ,(1-___ 2<_____r l 
.t5/). 2~ jAI 

To prove L B allll B' supplement.al'Y· A "J
B

, 

[The details of tho proof for t.h is case are FIG. ~ 5 b 


left to the SlUUL'l1t. ] 


E XERCISES 

1. W hen in TlH'ol'em X LiI wi.ll (,he t W(\ angleR he equal '! 

when !>lI pplelllcntuJ'y ? kB 
2. An object lies at :1 point it on an im;lill ed 

plane ..:lB. Show that t he angl (~ between t he K 
n rt ieal line th rongh I { and a jlPl'ppnc1i r uhu to A C 

JJ at It is equa.l to the all g!l' C..113 whieh t he inclined plan 
makec; with t ilt' h orizontal. 

http:jlcctl/'el.ll
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69. Theorem XlV. Two right triangles are congruent if 
the hypotenuse and an acute angle of the one are equal respec

tively to the hypotenuse and an acute angle of the other. 

C 

A~' ~~ ,
A B 

Given th 
h.rpllte1ll1 ~ 

To pr ove 
P roof. \Y e hay 

lIenee 
;\Iol'eovpl' 

"lnd t l lf' l'f-fol'e 

1' 1< . no 

t autl . I'H(,' with l il t-' hy pnt.t' l1 l1se R C' = 
'~=/_ /l '. 

b. .. I B('~b. A 'R'(" , 
L. I = L ...1' ;uHl L R = L H . Clivf'll 

§ ()Ii 

Given 
\\'-hy '.' 

X U'l'g. T lt r'on" ll X I Y is fretl,ne nlly stat,l'n in the foll owing 
r i!fllt t ,.i,wfl1e ill (/i' ter llliot'r1 " :/ ,'I.~ h !/DO/cll tISe (/),f/ 0111' 

EXERCISES 

1. Draw an ltrllte all gl~ an d tlwn construct the l'if!ht t ri an 
con taining this fLn glf' aurl Il :wiug a hy potenuse 2 iuc:hes long. 

2. Show tlmt if two tight tl' i<l ll gles have Oll t' acute all gh· (Jf 

one equal to one aoute angle of t lle oU let, all of the an gles of 
the on o ars eq nal to the (;OTI'C'spomli llg" l1nglf' s of t h E' othol'. 

3. If one a.ngle of a r ight 11' iangJe is 15°, SI! Olv that tlle h i
angle is isosceles. 

4. Stat!.' anrl pr ove t he (J onverse of Ex. 3: 

5. H ow conld yon coustruct (ll:; ing only ruler am I compasses) 
th e righ t u'iRllgJe one of who;;(> ;j p. lI te angles is HO° and wh os 
hypotenuse is :1. gil'on lllllgtll AB ~> (See ~ 65. 

r. § 7 1] A!\G Ll:S \.,\D TRlAXGLPS 63 

70. Theorem XV. Two right triangles are congruent if the 
hypotenuse and a side of the one are equal respectively to the 
hypotenuse and a side of the other. 

Given t Ile l't. 4\ .tJ BC Hl1d ..1'B ' (J wi th hY11. 
no = hypo B' ()' ,mel :sjL1l~ ..lB = side ..1' R'. 

To prove Ulat l·t. b. A B C' ~ l· t. b. ..1'B' 0'. 
Proof. P lace b. A 'B'O' i n t l tt: l'USi tiOl l 

_LBC" so t hat. A']]' coin llides with its equa.l 
.IB alld 0 ' falls at 0 " , opposite lo O. 

T hen, the ~ C_ I E aml (' ''~ Leing n . .& 
(why?) . t Ile l illt! (LIO" will be a straight 
Jinf'. 11, § 31 

N 0\\' , in t he b. ('(.''' R, we have 

( .' =B'O" : ('; i veu 

thCl'pfol'f' 1::. C'O" 1J is isosc(JJes; 

lllmce L..1(,f3=L ..J C" '~, . 

"1' L..1('8 = L _1'0' 1, 

Thtl l'ef Ol:e rt. b. . lBC ~ 1' t... b. A ' ]]'(11. 

A~B
1 ,.i" 

I ,/"
1-;;
C 

,~. 
A 

FlO , ,I 

. ~ -J.O 
A2., H 

§ I.i~ 

71. Corollary 1. If lwu ohlique li ,LI!." of f'q lw / le,III'h W'(' 

dt'fUf lt ./i ·oll~ a puiot 0 i ll a j )(' i j J/: II (licu l cu CD /" /I !i ll l' "I B (Fig. 
;{2, ]). 402 ) , Ih"!1 cui u.!r e1jll(ll t/ i lJll ! II cl!lI / " 0111 Ihe lOlA of the per 
J,I!/"Ucu{/I 1' , (('/ti l C(/ II I.'1'I"~f'I!I . 

EXERCISES 

1. III t lt l' fi g- Il l'\;! ll. 11 1H~ 1 is btl ing' lleIJ in u, vert ical positiulJ 
l,y weans of a lll il li bel' of 1'OpE'S (guy l'll pes) a.t
taehetl t o t.he mAst at i h t: StUlW disla lJ ce h um ill(' ~ P 
~I'O llll(l. Show thai t,l le ropes ,,-ill aU 11ayf' 1,h 
salUe length if the,v are an chored at, equal dis
tauces f rum the fout uf t htl lIlast. 

2. C Oll:<tl'lI (:t a. I'igltt tl'ia ll l;lE' w11(O;;e hYJ:lotenll se 
i~ ! iuclle:>, 101lg 8.!IU out) of whose :;itles is ~ iueb e!> long. 
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72. Theorem XVI. [ Crll ll'e l'" '' Il r TlI I'III'!'1I1 

,wyles of Cl t !'I'I I i/uia CUI' (1Il 'l ltl, f/u: sitles OJ/J.ws !1 

the tl'ia 11 ule is is()sveie8. 

Given the ~ .-113(' ill wll ic:11 _ .1 = L B, 

To prove tha t. . l ()= no. 
Proof, Ik 'lw C/J hi s (,('tl ll~ L... (', 

Thf' ll , in 1'h" & .Jon nll ,l lJ ('J) we bnv 
L ,I' = L !! ,lwl L . 1 = L 1J. 

Tl lel'dol'(> 
Lut 

H ene 'D, 
a. nd therHfllre .1('= 

W hy ': 
§ ()(i 

[1, §72 

I IJ. l Ii' 11110 

t.l1'£, 1'1111(11, l10d 

c 

~ t.; '8 

F ill, 48 

Illen, 
W h) ': 
Wh,) '.' 

73, Corollary 1. II f'fjld(llltI11 1' 1J' Irittlt rJ11' is LtlM) [,rlililutel'a ., 

74, Corollary 2, Ii' III'() ,,/lIi']I! !' lill e,s 11 1'!' ( i I'II /I' 1I ji '!I(l t 1/, po illl 

C ,:" I( j!1' rJ. w lIri i(' u/u)' ( ' j ) In (/ I i iII' . IB (li"i g, IS) , ,~o (1 8 10 !lwl,' 
~IJ '/ltl ullyl l'lllU lI/l .I H. II/I'Y (/I'!' 1'lll1(i/· 

75, Theorem XVII. !f /1"0 "/I~/II'" I~t' a triCl oull' IlI'e I/ I( eq nlll, 
tl, e side;; OPI/ul,i le Ihe1l1 W '" IIl1 eg ll (ll IIIII{ I he UN(t/"/' sid/! is Ij }II 'V

site the {Fealel' (liI U'I' , 

Given the l:;. . 11K' in whieL L n > 
. 1. 

To prove tl la !. .II G > c. 
Proof. ] J l'U,'1 BD 1I1 l.!et i l l l-: ...,[ 0 ll. 

'lIulllJ:.lki l1 g' L ," = ... _1. 
Thell, in the l:;. . 1JJ [) 

and 
herefor 

t}u.t is, 

B. 

A .~, 

' .... 

>A B 
! i'J U , ..H) 

Wll) '.' 
P ost, :' 

x , !.I 

76, Corollary 1. IF lit'" tl' i{/ tI(l7es hili'" t/l'O ,~idl',~ (~,. lit e Otle 

(~g ll(11 to two sirl es ,!t Ihe 0 /111/ 1', bal Ilu! ; ; /I'l" tll' (/ '{/I !llt! vI Ill/! .Ji l',~1 

T, §771 \XGLFS AND TRIA..."\GLES 

111 '1 1/11'1' 1/1 (//1 ,hi' i'Il '!I1/ /f'r! tll '[II,? r~r //11' '~(" '''tI<l, lli ell III 
:}llht' IiI'S' is ' / I'I'Ult' I' I {ill II the thirll sill!: (II' 1/,(· .~l'I") lId,. . . . 

[11,, ·1. III 
> L .J 'Bt(". Sll Pl"'~{' .l J: '5, EC', 
.IV, .Jnill c r 't, 'I'IWl1 /:; lJ{'f)' 

li e lll'" III t:. t ('l (t, L A C' (J > L..:I 

65 

third si 

,\ 1)'1'Jo:. COI'(lJJ aJ'Y t is somdinHls IItn1'r(l in t he f'oll owmg 
l.ri uf fo rm w lll.'n-i ll it fililb Illl1JJerO lI S illl lsh a t iuns iu jlhY:fic:, 
awl med lnl li cll. "The !:,'1'u \\'th 01 11IL auglu i n l~ tl'1(w gle rnea us 
t ho ,;rowth uf tile t;iue oPIJos i1 e it." 1t ill to be ulJdul',;tooJ , 
01 comsl'. iu th is statemellt, 1.lmt as t he 3.lJgJe is allowed t.o 
1!1'OW, the JUTlbrt lls of its iJl(:l wlill J; siues remai u fixed, 

77. Corollary 2. ~!' ((1'0 oMit/'iP 7il /l ',~ dre U. /'UIl'II frolll Ll poi,l t 

C' ill /1 1 I'- /jw l /(7icl " (!1' ('D (0 (( lill!; .IB (Fig, 18), ami If Ihe 

""M al' rll( ' ,~ ' It . 1 ((lid II (/ ,'1' IIl l trl ' llrl, th e ObUr[1le liil e /)11J.)osile tfte 
:/ t'I ·I//I I,' lll l.w- (11i~tll' ,..~ th !! (} I'/li t/ (' " ,' ill pa1'l ienlar, tlU' jll!1'jlenrlic/l ltu 

1'1) i,~ i(t;l'{f'tli l! ,~h(JiI /',~( liill:ji'"m Ola ""!1 l'/J;,,' of.1B. 

EXERCISES 

1. J f, 011 acCU llllt ut' -;O.llW ub~tl'll\'ti ( nl. onf.' of the g'lIY ropes 
lJl f'lIti'lll!'d in J~\':. 1, p. G3, lU ust be a l1(' lwl'pd uenl'!'!' t.Jw Jool of 
1.lll ' Il la~t Lllali the OtJleJ'S, sllOw w11Y tllat I'()Jl I! w ill be th ~ 
11 11111'1 est. 

2. I s t.1IL" st l-j ug attar'hed to H kite tL~I I:( lIy 
pqllil l i n lellgtl l to tll( Jl\~i ght of the kite, aIJ(' \' o 

thl' gl'()uJld '/ ('OUIlI"et ~'Olll' :lll!;Wl'l' wiLh § .5, 

3 . • \ si ll1I Jle f01' 1II or lo rUll ,' (: onsisls of a beHln 
.11; h j n ~ed at.1 io u vortil:ul IrlllHt ..lC and COll

t rull "u by ,t wire rope altacl ll'd at 13 ,u ld l'IL ll

uillg OYeJ' a pull f'y a t C. \\ ben t ilt:: rupe is l eI" out, 
.11$ (l esOl~ l!tls, CUlluect t illS fact WIt h § 'iG, 

p 

fI
Crane 

tlle be3111 
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78. Theorem XVIII. If I ,co sirle.~ 0/ a tr iu II[fie 

Ih e (O Igle8 op}Jv;;Ue tlUf 1l1 ur(~ tllI lHl,wi ((IIrl lhe 
p as ite the (J realer 8' 

A~B
F .LO. 5U 

Given /;0, A n O in w b ich RO > A 
To prove that L. C_1/3 > L LJ. 
Proof. 011 OJJ t~Lk(j CD = .:10 ; draw A D. 
Then, in tlle triangle ADe' II'e have 

CA D = L. GILl. 
But LCD .! > L. n; 
therefol'e L O..J D > L B. 
l\I()l'COYel' 
t.11 Cl'efoI' 

LOAn > L C:tD; 
L. CA B > L lJ. 

(I , §78 

W hy? 
!i 47 
Why':' 
Ax. 10 
Why '! 

79. Corollary 1. If 'u'O lo"IiLuTes Iw('e IIW :s irle<! (~f the (jIlt! 

eqlwl lo 11 
" 

0 sid"l1 vf Ihe III hl'l', /Jllt. the (hinl s ide (!f' tILe ,tit'sl !/I'eu[el' 
t !La,1 Ihe th irtl sitZe '!l lhe .01'('0),,7, Ihen Ihe ii/el" de(l allyle of the 

'i1'l;/ i,~ !j/'eali't' th a'l th e bl cl l{rletl l~lifl7e of the seco l/d . 

[ Hl ',.. Pn wp hy recluctiun III nbsmrl it)'. Show first tha.t equality of 
Ihe in <.:l lldr-d anq;les leads to u v iulation of ~ 8;:;. Sh Oll tha t If th o included 
allgle of Ule ~ccol1d t,riallglll is the. gn'atc r, § 7ti ii< violatel!.] 

N 0 1'l~ . Oo/'ol1a t'Y 1 i s O:Olll flt i ' ll es !S tated i.n t,he fD1l0Wi11~ 
bl'id fo rm w1l01'ei1l it fi nds 11l11JleWUS ill ll stnLt ions ill l'hy:lics 
a1l Ll lJ1 ('c h:l lJi c' ~ : " 'l'he gl'Clwth ()f a siLlo of' a t ri allgle means t he 
growt h of the angle oppusite. ·' 

80. Corollary 2. { t'. tI·om ft. p oint 0 in (t l)(Jrpelldicuia'r OD to 
CI Nti e AB (Fig. 48) 100 efJ lw i n"li?lI e liile.~ (l.f l' d lYtWIt tu Ih e base 

_ID, tlll> hl'wJer of the a'dirl'/(' lia"s is oJ 'posit!! lhr· huger a/ th. e /11':0 

v({se ('{J/ !]le:; , 

t. §801 A..,(GLES TmA~GLES 

MISCELLANEOUS EXERCISES 

1. }'rove thfLt the hYIJ oteuuse of a l'igllt t riangle is itll lDngest 

sille. 

2. By us.e of T heorem A\ 'U T/ l'l'ove t hat t h e pI:'TlJend i(·u lar is 
the shOJ'Lest lin e that can be dl'awll from a point t.o a straight 
line. (Compare § 77. 

3. If the crank ~ I B meJI tioned in Ex. 3, p. 59, is so arran ged 
that .JC > AB , se p. the fi ~ Lll'C , p. 59) , shuw t ll at t he a ll !;'l", ..dOB 
wi ll always remai n less than llrt.lf the angle X..JB uming the 
r()tat.inn . 

4. If t.he pans of 0. balance of t he ordi
nary form sh own in th e fi gll re are not ~l'e

cisely on the same level , show tbat each pan 
is neal.'Pf t o' t.he middle post thall 'whell til 
balanee is leve·]. Show also that t he pans 
are alwn.ys at equaJ di stU1 ll'es {J'om til 
lII iddle post;. 

~ 
b l 

c~ .
c' ~~ ~ . 0 

. ~ . 

Balance Scales 

5. A :.illlple piece of bri dge work r'''n"ists of a frame lik 
that shown in I lJ e aJ.i llinillg fig-Ul'o, .Llt and JIB bOlllg stiff 
pieces of steel merely hinged together 
at J!, but the hinge resting 0'11 a plate 
P, which at some lower point C is 
('onneeted to A and B by s tron g fipx i
hIe wires. Show that a beavy weight. 
may safely be put rtt ~lr, CVE!ll t h ongh 

M B 

~ King.Post Truss 

the bridge is supported on]:)' by buttl'E' SSefl at A and B. (All 
arrangement of t.h is killd is called an illVol' teu King-Post 
truss.) 

6. Determine the a ngles of a t.riangle when they are in the 
ratio 3:-1: 5. 

7 . If the exterior angle a t . 1 in a triangle ABO i s 115°, 
and C is three times n, find 13 amI 0. 
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r .\l1T IV. Q{L\IJRTT,ATEl{,ALf> 

81. Definitions. A plalle fit-.'111·C 1J00u1\11'1~ h~ rOI1l :;t.l·night 
lines is called :l. qU.Ildrilateml. It i:, ,lecli l'ah]" t il ol itd ill,'; lIb IJ be· 
tween stlver:.tl ki nlls of '.l llurld latt'l'u);; as fullow'l: 

f two siJes of n (l'l lllhibtel'al are pal'ailp], it is (·alletl. a 
trapezoid. 

If e..:1.Ch pair of 0pp"site side::; oj' a 'luucli'ilatel'(l.1 al'e parall el, 
it is called lL parallelogram. 

D c"i\\ \~c ~I P PM,II.'ogrom ~D II T"",old
A Quadri latera l 'm.51 

!\. parallelogram all uf ",1)08\;1 angles are right angles is called 
a rectangle. 

A qnaJrilateral all of ",1 105(\ ai a r!! a re equal is called a 
rhombus, 

A rectanale all of wllOse sides are equal is ealled a square. 

D D
Rec tangle Rhorn bu s Square 

]1'.1 1'). ~'.J 

The side upon 'wbieh a q l1adl'illlte l'al appears to res t is called 
its base. T l'a]Jezoids altd l)urallelogl'a lll s, however, aTe consid
ered as h avi ng IlI'() bases, one being the side upon ",11 ieh t h 
fi gure a ppf'Rl'S to res t, and t.he other being HIe parallel side 
opposite it. Thus, in Fig. !'i3, AB amI CD are ba$es. 

I §1:. 11 QUADRILATERALS 69 

The }J"'rp~lliliculal' distulJ ce betweell the bases (pl'()longell I f 
ueeessar) uf ;L trapezoid or jJcu"Uil elogralll is uulleu i Ls alt itude, 
ll:l tlle lill a 11 ill t he figll re" be lu l\". 

',. "Ie 
~ ~>C 

A A <0 ··, S 
]t' H . . n:~ 

A HIIO .ioinitl~ oI'positc' l 'OlTll'l'1l (vel'Hees) (If a. IJllaw:ilatel'Ul 
is duled a diagonal, as the li ll c AC 1Il Fig. 5:t 

In the fig-utes above, the angles ABC' and B(lD are saill to 
bv (f1(i<1(,('/lt fo t.1Hl s ir1~ 13(1, "\. pail' (I f al lglcs 811C L. as ..1 allu 

I an! l>.ti,l tv lJe ojlpo.~ifll lnlbles of 1l1ll Uuuul'ihliel'a l. 

EXERCISES 

1. I'ruve that t.J lU (llIg1es a(lj ;wellL to any silla of ~1 [JlU'al1dn
gl'[[m llre St11JplOJllcntlll'Y. 

. Pro\'(~ tltat opposite angll'.s of a pUl'al lelogralll are elj l1a L 

3. If two aL1.iaCf'lI t ungles of :l. ]J~u'all('log l' a11l al'u in t.he ratio 
1; : I , how larRIc I S each angle of t he p<uallelogralli " 

4. tJol1 ~trnl't, LIll ' l'hOlnbl1 f; I:: ,, 'h 0 [' wbose sides eCllla)s ~ irwhes 
IUJ ll 011(1 of who:.;(' ull gl t's is 30" 

5, Hho\\ 11m!. two "ll\lila trl'll.! t.riaugles t imt lw 1'(' a COltllLJull 

$ 
"klf', tOl,{et hel' fOl' lli a I'h ol1lllll s. 'l' liis i" pt1plucl1'ly ralied 
" lliulUulHl," auJ iD tlJe basis ()f lIt llUY uesib"T1S. 
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82. Theorem XIX. E ither diagonal of a parallelogram 
divides it into two congruent triangles. 

Given the parallelogram 
ABOD in wl ti ch the diagollltl 
La has been (l l'lLwll . 

To prove that 
~ ..:1730 ~ LLIL 

Proof. Tn thl;l&' .UJ<',. lD 
we llav 

and 
the refor'· 

.JC = ..Ie, 
L.t = L ,I1t 

z = L ~" ; 

.ABU ~ A})(,. 

J··lG . "* 
§ 54. 
Why ',' 
Why ·t 

83. Corollary 1. ..: l" .II lI irle of Lt },(tt'alle/(lgrmli 1'" (: '1" ((/ /u the 

,~ i ' le ojJjJo"ile il. 

84. Corollary 2. TIll! ""[I "l elts nf l J(U'

ailel l ill es i" duded between pUi'u!lei /i" e.~ 

w'e eil iwi. 

[TInts. ill FIg. oG, 0.1B a nd CD are une pail' 
of parallels, while A' B' ;lnd C" D' a.re another 
palr i thp), form t he quadrila teral whose sides 
a r9 represented by a. b, c, amI fl . ,[,luln, the 
coml lll!'y Slates thM a = c am] /; = <7,J 

EXERCISES 

C~B' cO' D 

d b 
A a B 

A' C' 

FlU . [jij 

1. H ow dof's th o l'uled paper nS l~ll i ll (lTawil lg'R in the I ntl'o
(Inetiun ( S00:1 !i 2[) provide an illustratiull ur Corollary ~ ? 

2. I n the pal'all elogra 1l1 s tllat QC(:U l' ill the f ralliework of 
bridgcs, a crosspiece is usnally illSel'tetl alollg at l east one of' t he 
diagunals. WIly will t his make the whole pal'allelogram st.iff ? 

3. Cut a piece of pavel' in tIlll f onn of a parallelograll1 and 

then cut it. ill t wo along llll e diagollal. " ' ill thp two tl'iangll~s 
t hHt; formed til, t:lX (lotly U JJOll eauh otlt tH' ',' Why '! 

I. ~ f>G] QUADRILATE&\. 

85. Theorem XX. has 
opposite sides 

C?7C 
A B 

1O. IlU 

Given t ho lluadrihtpral .IB OD in w hich ..:JB = 
=AD. 

To prove th at AJ3GlJ il'< a D. 

Proof. I n t ll e &. .·WG, .,j no W(' have 

..JO = .iLO, .AlJ= DG~ and J1O= .l D. 
Therefore A A B C2!; t::.. A[)Cj 

l lf' lJeE' L ,r = L :'/ , alltl L z= L I I .'. 

It foll ows that _IE II D C. alld B O II _In j 
!W llCI' .J.nClJ i5 ~~ D. 

71 

irs 

aJlri R 

W hy ? 

'Why ':' 
\Yhy ;' 
WlIY ,' 

stil 

86. Theorem XXI. If a 
(/"wlr,/ale,'ul has Oil e pai,. Of 

"irles "'}I'al a nd J)(frallel. it is 
jUI)'(( /!dOf! i'O in. 

Given t h e qlladrilattwal 
.IReD in wl Jich . In i~ 8ljHal 
'LllI.l val',) ll el to nu. 

C/7C 
A B 

FIG, J7 

To prove that ~JB01J is a D . 

Proof. Draw the diagonal 
. lnC, we have 

'fhen in tIle &. AB alia 

AG= .A.C, ..:1B = D(}, L ,r = LJ/ i 
lwnce A J1JG ~ /:::,. A 

Therefore L z = L 11', aud hence .JD II B 
But. sinl" () .W VD C, ABOD is :1 O . 

Why? 
WIly ? 
,n11" ? 
Why? 
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87. Theorem XXII. ']''' (' "i((~f(lill il-, (!f I I 1,(urrl1l'/' )[II'((1/1. vi. 

H(> ('/ f I l ch ullll'r. 

Given the 0 . 1 m.'lJ, Hll d l~t i t. 
ui<lgo J] ;l.ls in tel'sed at Jl. 

To prove that . U[ = JrO and t,l l:lt 
lJ.,{= Jf7I. 

1><1' 
A B 

F i r:, ,~,~ 

rn,.,.,.. r'r('\y l' I IlILt ~ . 11[11 "< D. D ,IIf '. 
8 iJl ee t,I, O j'I'I)( ,f i ~ l':i,·dly e:lITiL-d n ilL if is ldt to tlu · !!t ll,h'1J t. J 

88. Theorem XXUI. T wo l'al'trlltl(Jrlr" ltL .~ (/1'1' j.'lllI !l ""~III if 
111'0 sirl(>,~ (l ot! tli e illellf rled (( II!,/!, vf Ih" (J ill' O ft f' f1'1 "/ ,.e~l ll!rli /'d!J 
t f) Iwo .~itl,>.~ l /i ,d Ihe il1!:l lIf / ('( } t/ ll!!', - If ,h ,> "IlII I' . 

, 

D 7C

/ "" "",A 

0 , c' 

I / "'" . 78 
1

A ' 
FTf ~. fIn 

Given the 
A1J = 

81'1 (1 .J'[J'e'Jj' in which AB=. l lT>' 
j = / lYA 'Jj' . 

To prove 0 A B ~O ~ l 'B ' G'n' . 

[ Hnn . Draw t il e d ia,!!nu ols DB, 
180 p rove th at D. D C [J ~ D. D 'G' B'

, R' , Ilnd pn w p D. A 
T1wII Hppl) § 33.] 

EXERCISES 

1. Prove that tl lP ,1iaguJ1ulR of a rectanglu 
arB eq ual. 

2, Prove t l la1 t he di agona l s of a I'h nmh\18 ate 
perpendicular to f'acb ollI eI'. 

3. Show that if each of the r1 ia~ol1al s of all 
of t he s(l ual'es 011 a pie('e or SrpHil'ea pal,er ure 
(lraW'll, t.wo llell' set.s of t!on1i ll uuLI <; f> jl'ai ~ht 

li nes at right I\n gle~ to each otllPl' are i'Ol'lHe-d . 
This is the basis of lll an) llesig-1H;. 

~D. A !H' ; 

, I 
..,~ 

.;'. - ... 

wur: 
-- ~J. - ~ .. 

- ~: 
. ~ .-. 

P! I,! !If 
( ; I " I ; 

I, § nO] .CADRl LATER ALS 73 

89. Theorem XXIV. The line joining the middle points of 
the two sides of a triangle is parallel to the base and equal to 

half the base. 

c 

n 
/BI 

D r E ...s---r 
A I

B 
f lo . 1;0 

Given /lI B t r iangle ~1110 aml the liue DE join inc: the mid· 
points of the s iJes AG an J B C. 

To prove tlJa t DE II .&O IB, and t li nt DE = . ...1 
Proof. Dr'aw 1 

Why? 
Why? 

O . ' Yby '! 
§ 81 

Th e fact that DE = AB '2 7JW]I 11011' be established a.s fo71ou's : 
Rillc!', as just shown, ABFD is a 0, we have 

DF=..JB. Why? 

Rut DF= DE + EF. 
-alort-over D E = EF, sill ve I':.. ])EO-:::... I':.. E BF. 
it fullows t hnt Db~ = 2 D E, Ul' ~JB =:1 DE, 

that L~ DB = . W I '!. . Ax. 

90. Corollary 1. 
tlte middle }IOill / f~r 

iJil:i('cts th e olli ei' si(le. 

(CO )/ t'(, i..~e of §8!),) The line drawn tlo'01tgh 
III' sic7e of u. li'iunale parallel fo the base 

[ H IS'T. D r:lW t))(! paranel ; nIld draw th e line conn ecting Lbe middle 
pOllltH uf th r t\\'" ,,!<le~ If thoi'c on n ot cuin cide, s],o,," by § Sf! tba; § 4!l is 
vj.. lnt{'d . l~"r nllot haf prpuf. Ree Ex. 1, p. iii. ] 
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91. Theorem XXV. If three paraUellines cut off two equal 
portions of one transversaL, they cut off two equal portions of 
any other transversal. 

I, § QU.\D RILATE RALS 

94. Corollary 3. If til fI'I! j lrtJ'l lllpl li /II'.~ 1: 111 q/l 111"1 ]I()rtini l s ,d 
Oll a 1t'(( II s/'I! /'i/1I1 , olW ,~r IIJh i, ·1i i.~ " LiI11 (, .~ Ilt l' oIli er, t1wy Gilt· (~ Ir l l/) 

pur/iel/ Ill uf a"!i olh")· II ·(('ll il ~'l! r.9(( / , (J l lf1 of 11)ltidl /.iI II tillies thll nl lter. 

E F 

C D 

A p _ B 

US 
.1" ,,, . 0 1 

Given Ule three IJ:trall el !jl ll-S ..lB, CD , amI EF j let ST be a 
transversal of which th c t ll'U p or tion s l~Q awl QR cut off by 
the t h ree pcu'allels, are equal. 

To prove tb !tt the thnll:l patallels Ci lt off eqruJ p ort ion :> L ..1f 
••nd ..UN on an.y other transversal Uv. 

Proof. T hrouglJ R rkLw ::t line lU{ II U P' cu tt ill g CD at ". 

Then l{.J=L~II, :lTIrI.JR = ,1LYj ~ R4 

but 1-.[ = .1.1.. ; § no 
hence L ..V= .JLY. Ax. !) 

92. Corollary 1. llel lin(!s 
Cilt f!tf r:qual p orliof/8 0/ o ll e !mll lJ l'ei'sal, th e!1 ('II/. 

C J 
u./f !:'l'atl podia)) ., (~( all!1 other l),(LH 8 Ci!1'8r!l. B I 

A H[ H, ,,,.. Show lhat tbe poriions cut off nn all:l t r:LlI~' a T \ 

v(,1'S:U arc equal, utkillg two lit f~ limt', l!y T hr'orulll S U 
XXY.] F H•. n::! 

93. Corollary 2. If three ljrtmllel lilies clil o.lf t n' o!'/iol1s 

0/ M l e t ,-ans,//i!J'sal, (Jlle uf 1vhJdl is clol!IAe the other , 

they cu. t o.d· tlCO portions of (to?! olli ei' tretll .«L'!';"S"" 

one (~r 1IJhich .;.~ double alA olhel'. $
T V 

--l[HI"T. First draw 1I fourth parallel Ihron;.:l' tl,a wit!· 
die point of the la rf!er portion of the firs t trnJll;versnl , nll d s u 
then use Cor. I , § 92.] FIG . U3 

EXERCISES 

1. Prove that th~ line D E tll':t\\"n thl'Lmgh C 

t he l1Iidu l ~ poin t of one s ille ( If ;1. tr iangle B 
_JBU I'll l'all el to tll e hase LislJcts the other D ~ ---:-- F 
sid !! Ly drawill g B F II AC' :'Ul tl showiu!,; that ./ 
b. j)(!E~ IJ. FBE. COIl\ i' at'f' ~ ~)O . A B 

2. l ' l'ovfl that the lines juinin~ t li e. JIlidlll e ilb 
poin ts of t he t h ree Sil,l E':> of'a t l' i a~lg1 e divide it 1 

into foUl' eOll g l'll eu t. triangles. 2 3 4 

[ II IliT. Prove IJ. 1 2;; IJ. 2 ~ IJ. :J 2;; IJ. -1. ] 

3. 1' I' OI'P that pel'p tllluiculal's (hall' ll hOIll 

Di-- E t.hE' midll1e poin ts of tW(J sides of H t ri amde 
I : to t.he third !:ii tle are eq ual. 

I26 
c 

A F G B 

4. Prove that t he lines joining the 
middle POl1l t s of t Ile sidus uf all ) q uacl!'i

lateral forlJl a p:l.l'allcltlgralli . 

[I-IL' 1'. D!'ll\\, the dla;roll uls uf tlle original 
qllad rila lernl, am1 lISe § tl!J .l 

5. A long l lO<lrd 7 1. ill. wille i ~ to be cut into -! cqual parallel 
st.rip;;. :::Ibow that {t call Le 1I1luk ed ready for sawi llg ill tl le 

f ullowin g 11lll 11 Ilet: 

Lay t lH' comer (hep1) of a carpen· 
te r's square ull one edge. of th e boa ru 
se( ' fi gllte) ana turn unti l the 12 

1Jl:l.l'k is OTt the otli er edge. " ~i t h an awl make uents at ;:::, C, 
:t1lL19. J[ol'e tbe g'llmre alltl l'epeat t he opel·ation. Then thaw 
parallels th rou~h lht' dellts t h us tnade. Vet'ify tl lis process. 

http:lTIrI.JR
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.PART V. POLYGO~S 

95, Definitions. A plane fi gure uoul1deci by any num ber of 
straight lines is called 11. polygon. The boullliing li.nes ar 
callec1 sides i an angle uetwE'pn two a(ljacclI l sidt's, as the angl ~ 
.ABC in the fi guJ'e, is call ed m.l interior angle of tlH~ pulygon, 
whIle an angle betwel111 any Olle sille alld t he aLij aeeul siJe p l'O

luuged, as the angle eEl[ ill tile figul'e, I S can oll an exterior 
angle of t he polygon. Tn wllal fullo w:'!, we aSSll lUB tlmt a ll 
l'lllygous tuenjjolletl are convex, i.f'. Ihat etwh 'illtm'iol' ~~llgltl is 
Jess t han l ~O°. 

E 

F c 

~c ~ K 
1;'h ; . Ii~· 

A line joining any two u Oll-conseoutive vedlCes is a diagonal, 
as ...:10 ill tile fi gul'e. 

96. Kinds of Polygons. 

A triangle is it IJolygon of three siues. 
quadrilateral is .L polygon of f oUl' sides. 

.A pentagon is a polygou of :Ii ve s ides. 
A hexagon is LL polygon ot six sirles. 
An octagon is a polygon of eight siues. 
A decagon is a po lygon of t en sides. 
All equilateral polygon is on e aJl of whose sirles ate equal . 
An equiangular p olygon IS one all of whoso interior l1lJgJps 

are equal. 
A regular polygon is oue which is both equilateral antI equi. 

angular. 

[, *97] POLYGONS 

97. Theorem XXVI. 'hI' .~lI il til 

l""!ltlO II i:< 1/1'1/ !"if/Itt till !!" '., I tlkf' li lis 7M"! 

.~i.! I ·I<. lesl{ tll ·f). 
'/I t,~ 

Given t he pnlygQIl ABCD ... k lvlllg 
II .,illl.'s. [Tn Fig. (,F;, )I, = G ] 

To prove t bat tile sum oj' its inte
l'lC11' [lngl (·s = (?b - ~) 2 1' t ..& 

Proof. Draw t h e (lia goll,us, A ( ', 
0 , "', .liv id in g t llP T' ul y~ull ill 1'o 

(11- 2)&. 

E 

F 

c 

~'Ii1. 115 

'rhr f'illm of tI le angles of the polygon i~ equal to the sum of 
t.he angles of t.h ese t riangles. Ax. 11 

B ut , t he sum of the angles of any triangle = 2 r t. &, § 6 
hence the sum of t h e angles of ABeD ... i s (n - 2) 2 r t. 6. 

EXERCISES 

1 W hat is t he fln m of the ill terior angles of a pentagon ? a 
.1 ecagon i' all of'tagol l ': 

2. H uW w any degrees in one angle of a regular pent agon ? 
Ans \\ el' th e same questiun for a regulal' hexagon; I'agular deca
gon ; r egul ar octagon. 

3. How wany sides has the polygoll each of whose ext erior 
angles eq uab 30°? 

4. Show that a regular hexagon can be made by plnci.ng six 
f' 'luilateral t l'iantiles with one vertex 01 eaeL a t tIle same point. 
r:';ee Ex. 6, 1" 5 \1 . 

5. Show that if a regul a!' hexa~on is 
:h a"u on each side of a gil en regular 
It!xagon, tL e ;.;pace in the plane ar ou.nd 

the given hexagon is just fill ed. 
If the process is eontillllecl , show that 

the entire plan e is divided in t o regular 
h exal!ons. In the manner of a honeycomb. 
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98. Theorem XXVII. Th,. sli m nf lhl' I'.r/el"io l" ((I 1 !lk~ (If rr 

pl)lYlJon JO)"))1ed by 7})'oL/{I cill(f t"- ~ .~ irleli i" Nlu·(·e,•. w ;m is eq l/ol 10 

/01/1' l' iUht (l1li/leB. 

Given t lle p olygon .A BeD .... ·Od-O ~~ To prove t h at the SUill of its exterior 
, EBb/'

"ugles = I 1'1'. A. ,I e ' 

F A aProof. D enote th" interior L hy A , B , \ f .- -
I, D, ... a nd tll1~ (,(ll'l'o~poudi n g axtel'i l)r 
 \ 

angJes by a, II, v, (I, .... I(t. G6 

Then, L A+ L ((= 2 1·t . 
L n + L /) = 2 l't. L>. . 

I n like mannel' the sum of e ;~ cl 1 11;1i1' of awrles at. a ve rtex = 

2 rt. .&. 
Therefore, the S lilll of both intori or and enel'iol' angles about 

the wh ole jJOlygOll \\rill be 2 l't. .6 j [1k CI, as m all) times as the 

polygon h as sides j tlJat is, it w ill hll 11 • :! rt. 
Bnt the sum of t.he interim' angles :110n6 1:> (1/ - 2) . 2 r.. = . 

§ Hi 
'rhereforc, t.he SHIll of the exte l'ior angles !l.lona is 

11 • 2 rt. L5 - (n - 2) .2 rl. oW = 2 . 2 l' t. L = J rt. .&. 

E XERCISES 

1. What is I.he Sllm of t lle interior angles of a. square . 

W hat is t.he sum of: t.he exter ior a ngle!! " 

2. \Vhat. is t he smn of t he i llte l'iol' a nglE's of a ny IlUluiri
lateral ? 'Yhat is the Sl1nl .1 f til e ext erior angl es'.' COl11p:ue 

wi til Ex. 1. 
3. \Vhat is t he sum of the extel'ior alIgles of a l'entagol1 '! 

of a h exagoll ? 

4. H ow large is eadl of the exteriol' <Ulgle!'\ of a r egula r 

pentagon .? h exagoll ? tlecagl)n': 

5. H ow ma.ny sill",: bas the l)olygon tlle Sli m of whof1e 

intel'ior angles equals the SUill of its exterior allgltls? 

I, § 99J LOCUS OF POINT 

1'.\ TI T TU E LQ(T~ tW A P OIN, I. 
99. Locus of a point. l!t S :13 (J lit J'L)Li u(!t, io ll ) i t is stated 

that a l:irnJe is a oul've every poiul, of whieh i::l eqnaUy distant 
f rom a poillt wit.h in (center) . T il it; tletillit iOll may be stated in 
the follu wing' l rllt guage; A circle is t hl' [onls (position) of all 
poin!.s equidistant fl'om a g iven po in t.. Using the sallie lun. 
gtt:l~oJ, it lll l'l-y ho said that UH! IOI;us uf all 
poi1l t:; ...quitli st:m t from t wu parallel lilltlS C D 
i ~ t he lill!' ly iug miuway LBtween thelll , a.s E F 
th e Jill e E F in tlli~ figure. A B 

Silllila rl), t he locus of a ll puin ttl commOIl flU. (j, 
to two ilJters<'c tilig li ues is simply OI\ C point; naUlely . their 
poi n t of intersection. 

N O'L'I':. It if' important to obse1've t hat. in each of the PI',,' 
cectil lg illustratioJl s, Iii" lOI 'ux HoI Olli!! (1) t;Oil! (u'1l8 ((1/ JNi,,!:; tha t 

sati.~t!1 a c;e l'lail, lIil't'li ('oJll lilio)J , but il iN (i/I«) (ril e Ihut ( Z) t/t et e 

It l'P 11 0 jloitlts em lite locJls ,fUlt do not sCl ti.~/!1 Ihis co)!(1.iti071. 

Thus , in the fig'lll'e ;llJOvp. WI! ('an make t he foJlvwing tW t , 

sta t ement,s abnuf Ell'; (1) EF co utaius nll p()int~ cquillistall t 
t rom .JJ] aud C'lJ ; (:2) t lwl'(, al' (> Il V P Oi ll i S OlL EF th a t nrc Nul 

equhlistlUlt frolll . IB and UD. 
E l'e ;'Y t )'ue locus p()S8e s.~(,8 lit e jl l'ojJf! l'lies (1 wd. (~) j h ence 

ill all lvcll s problems two things are tu b proved. This 
will be illustl'ated presently. 

EXERCISES 

1. What is the locus of aU pomts 2 inches d istant fr om a 
gi ven strai ght line '? 

[HIlo(T. Note that there are such points on either side of the given lin!".] 

2. What is tile loc us of p oints 1 in. f rOll a fi xed point. 

3. What is t.h e loc il s of [111 points J illches distant f !'OllJ pach 
of two gi\'eu poillts wh ich aJ'e (j ine ues apart. ? 
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I , § 101J LUCUS OF A POINT 

100. Theorem XXVIII. The locus of a11 points equidistant 
from the extremities of a line is the perpendicular bisector of 
that line. 

E 

BA 
F lO. 1;8 

Given the lil1e whose I:'x trell1 ities are . 1 and • iven also 
the line EO drawn ..L .AB at its llJ idJle poiut 0: 

To prove that E O is the loclls of aJl poill ts equiui sta.nt from 
t and B; Hlat is (sea § 99) , to prove that 

1) any }Joint D W11icll i:-1 e1llli(listallt h om A :l.1ill B h es Oil Ee, 
~) there j,; no point un EO not. CCluillistant frolll A il llt l B . 

Proof. F raU! D uraw D _f an tI D B. 

Then f::. ..1D(, ~f::. B § 4;; 

'l'herefore L. A CD = L. DOv, WI,y': 

80 that D e ..L Why:' 

Helll!e D mllst lie all EO, which ill t ll property (1) tll bl:' 
proved. 7. ·~ :H 

Again, 1pt D' represe nt ally [,Oillt on tli e pel'pendicular 

bisector CE'. 

Then b -,tile ;;:b BC[;'. § ;)5 

H ence j)'.f =D'l 

whioh is tIle proper ty (2) to be proyed.. 

EXERCISE 

1. What is the loans of t he "ertices of all isosceles triaugles 
const.rllcted 011 a given base Y 

101. Theorem XXIX. The bisector of an angle is the locus 
of all points equidistant from its sides. 

A:=:E 

B G'G 

1"W. tji/ 

Given the tmgle ABC and its uisector BE. 


To prove that BE' is the locu~ of all poin t<> I:'quidistant froll 

A.B and B O; that is, to prove that 

(1) any point D equidistaut f rom A B antI B O lies 011 B..., 
(~ ) Rny voiut D' 011 BE is equidistant 1'1'0111 .dB and RC/. 

Proof. F or tI le p J'oof uf (1) s how t.hat f::. HDF~ b ED",. 
]<'01' tIll; p roof of (2) RlHl w that f::. BD'Ji" ~ f::. Bly rtl 

[ 'I'Le dcta.ih ( I! tlie pro,)! m'l' Itlfl ItS an eJl:cm:isa. ] 

EXERCISES 

1. By means of Theorem XX \7TU p rove t lle correct ness of 
the ('ollst rncti,Jl\ !:"i\'en in § r;. p . 4. Simil:tdy, l'rove the 1'01' 

r eut ll (,SS of t11e cOll sL1"Il t:tions i ml icated ill §§ 6, 8. 

2. By means of' TL('Ol'Pll l llIX pl'oye 1he correctJj es ~ of tLe 
L'OIlSLrllc \. iou f!iye n ill § 9, [I. R. 

3. \\ 'kd-. is tIll! 10C'lls of a. lloi nt that is e'1 tlidis fan t. I' ro lll 
t.hre(> g iven point~ ': Show 1ww to COll~trllct tb e Joe1.1S. 

4. A carpenter lllsects an L ..1 as fol10\\'s : 
Lay of[ ~L13 = ..Je. Place a sterl squar~ so 
that BD= CJ) as shown ill t.he .figure. ~lark 

]) and then (haw t.he line ..J.D. ~bow that A D 
lJiseets L....d. ' Yould this lllf'thou be con cct 
if t he sa ultre wet'e not a right angle at D';, 

http:equiuista.nt
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102. S upplementary Theorems on Altitudes, Medians, etc. 

Theorem XXX. Tlt e 'jJup elld ic ,t!afs t'recler/ aJ Ill !! mit/1ft 
[JO illt.9 or' tlte sicie.q 

O/r\F 
~ 


A E B 
1' 10. 7 

Outl ine of proof. L et 0 he ll '6 point. wlll'ril n", }It! rpallu lcuhu' bLo;ectors 
'1, PH, of tbe sid,,/! .A B, B O t IH<et . JOJII 0 to the middle point D of 

A C. Pl'Me tllat OD is t /l N I the perpendicular bisectuf of 

Theorem XXXI. Tlt e blsectol'IJ the analeIJ u/ a l f iuilllle 
11,eet i ll a noilll. 

c o 
E _ ,~
 ~B 


A }i'w 71 

Outline of proof. Dl'(\w th e bi ~ec tol's of L A and 1:1 atlll ~up.\Jo~e that 
th"y meet at O. .Join 0 to t.Le tllil'(i \,erLex C lO U pruve that 
r t A OeD ~ rt. A oeB, tJ lllS making L EOO = L D('O. 

Theorem XXXII. Th e ultftudcs of l/ (r taflgle ,neet ,in a '}JUI fI ,. 

Outlin o of proof. Gin'lll":. .1/JfJ. T hrou",], 
itq Vt' l'lices dmw JitW.-l p~ I'lll l pJ l'e~pect.i vl.' J y I G__ ___ --~AI 
to tlte opposite sidell, iOl'm ing A A 'B' U', B"~---~- 0E " 
Then ..1 !I\ ti,,, wid·point of B' G' , since ", ,, 
B OAC' and B OB'A are parnllclo&rralll s . " ,

A" F • B
Similarly , 0 and B are m id-poil ltJs of ~l'B' \. , ., 
and "'t l G'. Then, ..tID, BE , and CP lire p er. " , I , 
pendlcular tu thu sides of _t' B' 0' at the ir c/
mid'poin ts and therefl1 re lI1l 'cL ill a point lo' lO, 7 
(Theorem A"'XX) , 

I , § 102] I\nRGELlu\.~ElJUS EX"ER('If; I . 83 

Theorem XXXIII. The 1I/ ('d iWtt; qf a triaT/ [lle In(;" / in (/ p (ji ,,1 

".hich i .~ (11'0 Ildrrl.~ of the diIJtalll'e from am} rertex to the lII i rlcU 

point oj tlll3 opposite siele. 

Outline of proof. D raw the medinn!! OF 
find BE and s upf'OSI' thl'y in tcr;;ec( at O. 
nra w ~J 0 !lIlU extend. it to ent E O at D. 
:'\ (lW (ir:). w B O 1'al'alh') to Fe', JIII' et in ,!!. . 10 
(I' I'O) OIl~I ' ,J ) a t (7• •Jo;" a· fi nd (". '£11<'11 B --- _ ~ 
il l the Ir;"",~IOj . 11](; we' have .11i' = F fJ . - --- ~ ~ ~ ~' 
Tl wl'pflJre, .10::: 0 0 , (§ !lO, p , 7:1 .) G 
t'cxt provo OE II 00. Then {I()("(~ b a Frn. n 
pllraJlol,lgI·;\ ln. T hen I1n = J) O ( § "7 ) \\ hid l provt's that th E! media.ns 
mpet ill l\ point. 

\Ioreover. A 0 = OG, wl,iIP 0(; = 2 0 D (§ 8;) , W lien cl', A I) = 2 OD . 
But. A D= ..:1 0 + 0])=3 OD 80 tha t .dO/ AD = 2/ 3; that ls, .d.O =~ A 

MISCELLANEOUS EXERCISES ON CRAPTER I 

1. C}h-en two angles of a, tr iangle. (JOllstruct, thf' t.hird 
an!!l e. 

2. Prov e that trle bisec tors of two suppl ementary adjat:ent 
angles arc perpelluicn lar to earh other, 

3, If a weight is hun g from a Rmall ring that slips freely 
flll a cord, an rl if the coru is tied fast to two sup· 
ports at, equal heights , the r ing will come to "../
l'f",t at. t he middle of ine eonL Prove that the 
~tl'ing by which the weight is at tached then ~ 
bisects tho angle betwep,n the t wo portions of the cord. 

4. A simp1p form of cal'prntel" s level consists of thr 
pieces of board nailed together in the £lm 
of a capital letter A. A plumb bob is hung ;/,~ 

on a hook screwed at B. Show that any 
objeet npon which the feet Lt, a are set will 

o. : ; Ebe le \' el in Case the plumh line passes through A
the middle point. Q of lJR. A ' C 

http:media.ns


s,~ REC'TrU~ Ii}AR FIG LltE. [I , § 102 

5. An anglll;u j oin t, for w:,ter J,ipes is tv h~ const rLlcted JOI' 

t wu p il)(!S tha t, lIleet eaell olbel' at ;L1l [wgle G ---', H: 
f -I-Uo. If t 1l0 seam PJr i" tu llll\kt- equal -J-~;n- _A 

a.n gl(~s WiUl t lt ~ li ll fls of ('enteT'S ; tlll:lt i81 if E~~ 
an gle I-JOP= alJ~le .rOP, show iliat eaehot' ',:~.> 1 
these angles H11li> t he taken er]u ,d tu 700 K '-, ..8• 

6. Prove tll flt if t W(I nll glf's of ::t (lllWhilnt cl'al are' Rllpple
lIl cntal':V, 1.he olller IW(I m'l' :i llJll'lr·Ill(> J) t.:u.\" a],w. 

7. 1Yh:l t is the fli l.e ul' th r' obtll:.'-' :11Iglt. fo n ned ll(' I'wel'rl t1 1O' 
hi ;;eetors of tll P, aCll te Hll g lps of l111 .Y ri ght tl'ia llg l!' ',' 

8. CiiveTI It rIi :lgol1al, constnwt. th ,>r'JlTes jJCJ]](hn;:; sljmt,l"~ . 

9. Gi,"eu tho rlHlgonal s of a rhomll\lR, rC111strllc't, th e 
rhnmbus. 

10. A so-call ed T jo int for 1,i ])9 is :\ piece mado in tIl e f Mlll 

of. a. letter T : t ll,· nngl!' l le twpell t he 
arms is acellra!.e]," a right :lIlg1 a. ~lr n \Y , o_ 

by § liZ. that t ll'() pi pes alon g t I le' sa.Tlle 0' fi 
wall joined tv t he same mai11 pipe b)- T _ ,Y I 
j{)in ts, are parall el. fIJ.1_ ..I_.JIm____--' 

11. Prove that t il e hisl'ctol' of t he ex terior allg] / Dat t he vertex of an ibosel'les triangle it; pm'aile] to 
the base. 

Given the t::, ABC " ' ith ..,10 = BO and L JJeE = 
B li' 
To prove OE II .d B. A B 

12. 1'1'ove (nsing Them'em J), t hat, in an t"q nilatera l trian~] 

Ill(> bisector of any aJ1gle forms t\\ 0 COlI gl'llCllt tri lUlgles. 

13. To ent t,,"o cou ve rging tir;, bcrs by a. jil L 

~1B whi,h ,hall mak. ,qn. 1 angl" with ,h,m, :::J:
a r.arpenter proceeds a ~ follows ; Vlac'e two '. A:::., 
;;quares against th ~ ti mhers, w; showli :in t he 0 . 
figure, 80 that .... 10 = BO. Show that _IB is ~ ~ 
then the required line. 

I, § 1O;!] l\n~CELW.~EOos SE::l 85 

14. Let A BO a ll d E ST bl" t \\ 0 congruellt Ll'i:1l1gles. }-'1'o\'P 

that the ltledi,lTI:; tl m\\']! th rougb ,..1 <:I UU Ii [ne equa.l. Prove ruso 

t11at tIle altitudes through .1 :\omI H an' equal. 

A 
c 

15. I n the ngUl'e, OLl = 'B, ..W= BE. 
Prove D. AD]] ~ D. ABE. 

D ---"'E 

16. In:l, l'igll t -ang-lt'll tI'i::UI~l e , if ol1 e of tlw aelll'e angle ;:; i~ 
:)(Iu, prove that tbl-J siu t! C)l'posittl it; half ilielij pot.cnu s!!. 

17. J'rove that tll €' biseetol'S of t he ilJterior augles of a l'~C-

tangle fU1'lll a squar". 

18. If th e bi:;eetor of an a ll gl e of a t.riangle is 
perpenclicuhu' to the siLle o)Jpo:;it e t he angle, t.1l e 
tr ifl llgle hi isoscel l;' s. J'rovc t ]lis stlLtC1l1 0 11 t . ~ 

A 0 B 

19. Prvve that t he line joiuillg t ile lliid-l'oi lits of t he 11011

I'H ral1€'1 "id es ot' ~ L t rapezuiJ is equal to half t.lle SUlIl of tll t:' 
ba~ €'s. 

20, R i8 a l'i ,'cr, an u it i:; re'luil'eu t t) nlJll the di stance be. 
tween tht' 1,oillt s B aml ~J situateu on t he 
oppvt>ite ~ho re :l. Sho,\ tLat this lila), be 
dOlle (wit hout l!l'ossillg thE.' sln'alil) tlS Iv)
luws: E 

(l) ~l't a stake at some poillt (' ill line 
witll AU, [f 

(:!) t::lel .L secoJlll stake at, some poin t G 
]) from whieh all three of tll tl point:> _' , IJ, C <:au be ~E:len. 

(:1) t;et stake at E ill I iuc wit,1t DO allll sLlch t llat ED = DO, 
t1!lLl si mila rly ~L stake o.t F wllid l shall be ill li ne with DB and 
t;llch th:lt Fl) = 1)]). 

4) Set. stake at u· ill line ,dth Lutlt EP :md .'[D. 
'fltell FC will be t he requiretl diBtance AB. 



86 RECTIU XEArt FlGUHES [I, § 10:.. 

21. 1'1'ove that t he angle betweel1 the bisectlJ1'::! of t wo augles 
f an eqllilat el·a.! trifwglt' is uouble the t h iJ·d ~U1g lp. 

2. In t Il e triangle I{L}'''', -:-'TJI is per N 

pendicular t o K L , and l {JI = j l[S = JfL. 
h'ovtl that KL':"V is 1\11 b oseeles I';ght & ,t riangle. K M 

23. Show how to obtailJ (a.,<1 0. cl'ease, 
a parallel to a givPll JilJe tlll'fllIgh a. C P D 
given poino OIl a l ,il'cO of p apa l', hy A B 
folding the papel', ana prove that thu giviln 
l'tlsul t is correct. 

"4. between two 

a stream. 

JneaSures tlH;! (1l1 ~le TR '\": He then 

walks aIoll !! Fit pl'o]ollgeu uuti1 __ 

reaches a lJOint S whl' re L. '1'8R = Y R S 

.~ L. TBV. H e Hum eoncludes l lS = R7'. f!> 1111 l'igltt? Why ',' 


NOTE . The sailor tn:1I;lS this princil'le when lie " doubles t.b!: 
auglf' on the I1OW" to fi lHl his ui5Lanc 

~ -.........~~ .....~. ' 


from ttny object 0 11 sLore. Thus i:f he 
is sailing in the tli l'eotiun ABO, an d if 
L is a Iigh tlwUI:;e, he measures tll ~ 
:.Lu~ltl A, ::tllll if he nut ict:ls whell tlw ,
ull!;lu t hal t.lli:! l i~ lJ tllUu se makes with 
h is COUl'Se is .iltst twir;c Hie llI1c;le noted 
at A , th vl1 15[, = ~ I B. H e \nlO\\ S A B £rom his log ; h ellce lie 
knows tIle distance BL. 

5. Show t hat if the twu ends of one side of 
one square on squared paper al'e connected hy 
straight lines to the twu ends of any paralle! side 
of uny other square of the sa lll C size, taken in the 
sallie OJ·der. a )Jltrnllelogl'am is farwell. 

r, ~ 102] l\IIR IJA~EOUS I , ISES 87 

26. If a Joint.ed frame of the form of a parallelogram is 
move(l so that the angle at A grows n _ '" C 
less, sho w t.hat (1) the Angle nt B 10 ......... ,"'" 

creasf'sj (2) t h tl diagoD111 D B deoreases' "A ' .- ' .... ..._ 

(:~) the diagonal AO iucl·eases. -
27. Call th e trame of E x. 26 be lJr[lced 

'A 

t'ffectively by fiexible wires along tlle diagonals? Wby cl o("ji 
t.his lTIah t he f rame 'juite stiff? T his Vl'inci ple is uSI'd ill 

III' i ag~ lJllilJillg. 
28. An isosceles tra.pezoid is one whose sides (othel' 1,] lan the 

hases) are CL[11UI. l'rove tllat the diagunals 

. an i,o",,'" 'CRI""id .,. ' 'luill; .1", th,t i.--_.-\ 
lts base angles are equal. /, w" 

Given the tl'all6Zoid ABOD in which B O = A)/ '- G B 

.OJ D. 
To prove (1) that AO = TJD and. (2) th at L . tB() = L B~ [). 

[HI 'I T. Drl\w tJ!O nl t-it",le.' DF, ca. alll! prov\.· (:!) fi[~ t .] 

9. Show that. if a l' ec:t:L1l~'1tla r ,loot r;ubpellllell 011 11 iTJgeS 
hangs 011t of Ii vertioal line, t he hottom edge of door is Ollt 

of a horizontal lille. If tlle h inl-recl e,lge lea lls a way from 
the vert ical line by 2 in. in every 3 ft. uf its ll' ugth, show that 
the bottom eugf' rises hy 2 in. in eyery :~ ft . of 

it)' length. 

30..A 'luallribteru,l of wllich t wo pairs of :ta- D 
j:tcell t sides a re eqnn l is called ' !~ kite. Show 
.that oue of till' diagonals Jiviuf's a k it.e il.ltu two 
congruent. tl'ianglt's; AhoW' that the ot her (lia:;o
lIal divi(les the ki ta int.o two triangles, each of 
which is isosceles. A 

31. Rhow th at one pair of opposite angles of :t kite at e equal. 
If these a.ngles are both I'ight angles, show that the other t wo 
angles are supplemeutar.Y· 
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32. 

sides. 
Joustrllct a triangle havi ng l,tiYrn t.lt l> mid-llililli s " f 11 -; 
Sec TheOl'em XXXlI, ~ 10~. 

3. '1\ hat is the lor' llS of the liudil le ]!nin t:-; of all Rt raig hL 
lilleti llrawn from a fi xed point to H. "fi xell linE' I)f unlimited 
lell gth ? 

34.. 1'1'OVI' th at if tllf' <1i. aguIJ:llii of a l'ill·tll lelogl'am ar p ef]lI a1 
<l.1JI1 llOrprmui cul:U' i ll enol.l (It.ber . t l, o Iigtl J'(~ 11) a SqUill·C. 

35 . Constl'll \'l all r'llli l: ,1,pr:"] tria. lI~ l A, Imvil1g giYell i t . 
".lW.lult.l. 

36. U in 6 ... IBr', • II ' = fir', <LillI j f ..10 
i fj f'xt endr.d to lJ !il) tlHl t. C'() = ~ IC, 11)'() V 
hat Dn 1.. .AB. H enoe s lro\\' ho w 10 (.haw 

a 11erpendicu1ar to a line ..:IB at one a1ll1 
B wi thout extenrling ....LB. 

A ~C 
B 

37. SllOw how 1.0 trisect (tli\-ide ild o thret' elJl lill lla r ts) a 
s t raight angle ; a l'i ;;h t angle; a ll <lllg-le of .t.')o. 

38. ".lE G is a righ t-an~l ed trirlJJgL 
the ri ght-angle to the n1l!I-poht1. oj' t he 
pott'lluse. Prove t11 <11, the t ri ;Ull!le ..113 
thus div ided into t wu is(NJeles tl'lancdes. 

131) is (lrawll £1'0111 

lty
f i); A 

B~C 
39. Pro,"e that t he SIIW of the sidos of a. 

quadrilateral is greater tilan the sum of its dia gonals, bnt If'sS 
than twi(Je their ~llJn . 

40. Proye that the ri.i ffere ll ee lle·tween 1he d iagonal s (If 

quaJril<ttc l'al is less than the 8 11 m of eit.hel' pail: of opposit'" 
sides. 

41. A line is term inat ed by two pa rall el linc:s. 'rhrougll it 
mi(l-point any line is drawn terminated by the parallels. Pl'ove 
that t.he second line is bisected by the first. 

42. Prove that the perpencli(:nlarR drawn fro m th l' extrf'mities 
of one side of a t riangle to t h e llwdian llpon that 8ide are equaL 

I, 

CH APTER LI 

TH E CIRCLE 

l'ART I. C J[OI·U)R. :\ ll,C'H. ('8~fPRA r, ANCI ,ER 

103. Definitions. Tho circle (~§ 3, !!:~) i s :1. l'Ul'n', al l l'oiu ts 

of which are e'Jually di s! alit fl'lJlll fL poi ll t 
wit hin , callca t.he center ; n l' (§ nO), I t. i s 
t,]w /(JC7 f 8 of al l Jloiut-< Plltwlly dis ta1l1 fl'om 
a gi VPH ).J oi n t. 

By the J efi lliLi( 11l of a eirr-Ie. all its rad ii 

lllust lIe equal. I~ea ~s :?, 2:1. 
All y por1ion of tIle c j rcuJlJ f r renea i:; 

eall (' tl lHi arc i. s 3). 
()II (, qUal·t er of a ri l'l~lllllJ('''{'lJ('(' it' ('n.l1 e(l 

a. quadrant. 

FIr:. 7+ 

A. chord is a. st.ra ight lin e .ioining the extl'elUities of nn arc. 
A diameter is a r.lwrJ that. p;1 sses tJlro1lgll the cellter . 
Tlte angle bet wN'u all Y t WQ l'atlii is called n. central angle, 
lH FIg. T-~ , the cel\tr~aJ l g lt· .inn is smd til intercept (CUI (~ln 

thl' are ~ln (written A U ); wllilL' the arc.dB i:: s~l id 10 subtend 

tlte all ~h~ AOn. 
All nrp,l bOllll lltl u hy t W I\ l'auii o j' a ci rele 

alld tIll" nl'e between tll cm is ('allell a sector. 
An area, bountled hy a (' hol'u of It eirr:l 

ani! it.s are is caJleli a segment of tIlE' ci rele. 
Two circles are said to he eg!ml WIV'll the 

radills of the one is eflll a l to tlt e radius of 
the other. 

Two oi rcles t hat ha\ye the same 0enter a re said to he concentric. 
Sf! 
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104. Post ulates. .ill wha,t fo Uows we sh311 llse the follo w
WI! fact s as postulates: 

ref11l1'8, 

l-8e.~, it.~ i Me rceptp(1 

Ilflh'x. 

Frl-'l . if. 

Thus, in Fig. 7G, t he cCjual "clltral nu g le~ ..-JO n f\.1 1\1 ~I'O' R' 

interoept th ~ eq ual ,Ll'CS .AB awl. "J'1.Jf, ;trlll the elllln1 arcs ~ 113 
:l.nd .A'B' suhtelHl the equal cPIlb'al rmgles . 10 R ullfl.<1'O' B'. 

105. Rotation. Tn con~ideritlg the t'plat i,' ol; ltetweell t.lw 
angles at the cell ter of a. ei l'cle rUHl t.hei l· ill tel'cel' trd arcs. it. io: 
helpful to think of the ,.o/f~lioJ/ of a wlJ t!el ahout its axle. 

During such a rotation, any spoke of the wheel tu rns t.hrough 
a constalltly increasiu!! a llgle. ' I'h€' ~md of t.he s}Jolw c1 t' l:>cribe::; 
he arc of the cirele t hat forms the ri m of - -

the wheel, while the an f,r]e cl ~sc J' il)(ld lJY t.h 
spoke intercepts on tl ll:J r im p1'0eisl'iy the 
arc described by t he end of HIP "1 ,o](e. 

Th us. any t wo S}Jukes of t he srtlll e wheel 
describt! equ::tl angles in equal t imes. The 
arcs described by the ends of tho two 
spokes are also equal. [ (2) , ~ lO·!.] FIG . 77 

.As tht! allgle a spoke deseribes increases, the ~l'C tllil L its 
end dl"scl'ihes al so in crea ses, that is, the gl'eate r of t.wo angles 
at the center iutercepts the great !'!' arc. [(1) , § 10J..J 

fT , ~ 10·'11 'HORDS. ARCS. CENT RAL ANGLES 91 

EXERCISES 

1. Wllat is the cell tral allgle between the hall tls of a elo(:k 
wliell it is t h ree ll 'clouk'l A nswer the ~arne qnestion for four 
o'clock, eight o'clock, and half pa.st nine. B 

2. SllOW that the diameter of u. circle is its 
greatest cb orel. 

1Lil li r. 111 lue flgw·," • . ..:l =.·I U + tJ( '= .. 
LM A () + 0 ]1 > AB.] ~ 

3. Throngh tl. ]Joint wit hih a ch ela to construct the llllll!es t 
l'ossiulc ehonl. 

4. ~how that if one aTe of a. citcle is double anothel' a,rc of 
the same circle, t he angle at the cellter suu- 0 
U' llucd by the Dl'St is double that subtended by ~E 
the secon d. y,' C 

I 

l. H! ~1. Fil'lit bisect ll.lllml'ger a ngle i then apply (:l), 0 .*LOI.J ). B 

5. Sho w that if aile 0.1'(: of :l l1irclll is ,. t imes A 

allot her :ll'l; of the salll t: cil'ele, the angle at the center sub
teuued by the first. is I I tinH!l:> t hat subtendeu by the second. 

equal 
:I1'el:>, t he ce lJtral allgles sl lbtended by these arcs aTe all equal 
(oue degree) ; show that th e number of degrees ill u.ny eelltl'al 
angl ~ is eilua l to the 11umbru' of Lhese sHlall a.rcs t'ou tai npll ill 
it ~ illtercep Lecl arc. 

. PI'oye that t wo intersecting Jiametel's di\' ide a c- i rcll mfel'
ellce into four arcs each of whi('h is 
equal to one of flle othel'S. 

8. 'The diameter.dB and the chord E -<= _f '- IA 
OJj are J.!rol olq~ed until t,h ey meet at E. 
PrO\'1j t lmt E ..d > E e and Ell < ED. 
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106. Theorem 1. 111 lit 
-fJ "lt! ttl"I!8 Hllo/emf "f/ I(l1.l 
tlltl)'d,~ . 

IW lI.e <'itch I ' l i1. eq )w.l f'il'elelJ 

Given the j wo tl(lual ® 
o ,~ I ){I U' iu whid! ;LjJ = 
------.: l ' n', 

f0 is the ~ylll l-",l [Il l' l'i l"" (' ; 

~ ib t hu "S lJ1 buJ f UT et l',·. ] 

To prove t k l.t cl uml . 1 H = \ ~h n l'd A ' ]1' 

FlO. 7~ 

Proof. D raw Ute m ilii (J.l. ()U. fJ' _I' , ()' H'. 
&> • [ (j i l, . 1' 0 ' E', W I! btlVtl 

0 .-1= 0 1 
. [' , on = 0 ' ]5' , 

!iIl J L 0 = I 0 '. 
'l'hel'efol'c 

h plH:e 
~ . LOB ~ ~ ~1' 0' fj '; 

. W = .J ' J) '. 

'l' 1J t' 1l ill tIl 

§ 103 
§ J O.f. 
§ :1;; 

107. Theorem II. I f!o"r(,i'lie ( ~ ( li: 101}. ) II/fh e .~(( lI te vl t't:[,~ 

Of itl 1'(1" ,11 <,i l'l'l('.~, " 'I'li ti c h ol'(/S ,~Il III (' nd "'/ liu l (II' ,;S. 

Given the t wo \:"[l ia l (\) 0 ilml (J ' (F ig'. 7 ~) ill whid l t he dwrll 

•• U = the CllOl'li ...J' H . 

To prove t hat ..W = . [' RI. 
Outline of proof. Dra.w the l'r1l1i i OA, OB, 0 '.1 ', o'n' Then 

sho w, by S: -to;, t hat t::,. ..J OB ~ iLl' O'B ' a ile! a)}],l) ~ 10+. 

EXERCISES 

1. Sllo\\' that in thr Stl lll fi II I' ""lltul L'il'['les 
uri:$ s llhl;endl' t he greate r' (litoI'll, ;wu I.· i l'l' /le l'.~.... 

~LlJ(l § 7(3 .] 

2. Show that t lw lIUII S! l' lletion uf an fmg lo ellual to a ::iv~u 
a ngle (S 7') llhlstrates S lO T. l lolloe IU'O \'O t hat t he constru(;
1illn i ll § 7 is ('o nect. 

3. St.at.e TlJeol 'eml'l 1 anu IT, \l silJg t1le pll l'a:J c (u ) (C :lnd cou
versel,}" i (~) " ;tlli l l' iCe " (1 1' 8 (("; ( " )" if an,l Oldy i f. " Sec § ,j;:;, 

• 
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108. Theorem III. .A diameter perpendicular to a chord 

bisects the chord and the arc subtended by it. 

Given the dialll,· tol' lJF J.. ,·l lonl ...J fj 
at K 

To prove that Ai{ = HE and t.lw.t .:iF= 
~ 

PB. 
Proof. Dra.w th ra dii 

Tll t'n 
'JK =Of.(, and () ., l= OB ; 

lw nce rt:. ~ OK. I ~ r t. D. ONB. 
Tlil'l'Pi'ol' 

;lIld 
,,. 

\Vhy j' 
Wlly:' 

• 1J\.= KB) and L .lOK = L !J 0 1'Pj Why:' 

hence .AF=liB. 

D 

F 
.FIG. 7!1 

2) § 10 1 

Xon: 1. Iu t he iiglll'e ahove the chord .•:IE may be regal'tieri 
as subtendin g nut Old y t.lte tH O ..eLPB, lll\t also Lite> Inrgel' 01 1'" 

AlJB . It is (,llstm ll lU,), t o speak (J[ (he t wo a;s tl le minor :.'\1'(: 

amI t he major Me CUl'l'f'SPOlllli li g tll t llf' given ebora . Rimihll'l.> , 
allY cellt l'al angla ~llbtentls both a millo!' and a llJajor arc . 
Unless otlJ erwis~ stated, t h f' mi nor arc i ~ t Ill' OlW to be ull t1er
stood hereafter in an:, statemellt where both might :playa 1X11't -

NOT}; 2. This ext" eli/ ely impvl'tu il l, though simple, £gul'e 
(FI g'. 79) . oeems in the g'l'ea.tp~t variety of pl'Rctical afl'ai r";j Ruel 
in mall Y geometri,· t lleo relJl $ an u COll llt l'U(:ti olls. (Ree II§ 0, 6, 8) 
9, 40, 43. 44, 72, 100, 102, al1tl E xs. 2, p . . ~3; 1, p.W, ek) 

EXERCISES 

1. Prove that a dianwteJ' pet'l,end iculal' to a cllOrd biRE'C t.S 
the major arc: subt end€d by it. 

2. '''ha.t is the locns of the lu id-points of a. sy stelll of ]1al'allel 
chorus '! 

3. Prove that the p erpendicular bi see·tor of a chord pass 
through thl' eentel' of the eirele an d bisects the arcS (major a nd 
millOI') subtendeu. by Lhe clwnl. 



94 THE CmCLI<' [11, § 109 

109. Theorem IV. I n fir 

Tf;. , 

Given t.he equal ohoros AD and ,A'B' in tbe eqmtl 01 () and n'. 
To prove that .IB wl(l A 'if are e(lllil lly rli f;ta .n t f l'OIll l h 

(~e ntel'", 0 a nd 0', respec' t,jYely. 
Proof. Dra\v OlJ 1. ~ I B a nd 0' J) ' J.. . 1' {I' ; rh'aw a lso 1,h 

radii DB and O'B' , 
Prove that 6 O() B ;;:/\ [)' O'D', 

nd hence OlJ = O'D' . 
I n the C01IV(1I'Sf', i t is givPTI that the chords ...t B rl1l<1. ~ I ' ];' are 

equally cilstant from the centers of the aqual ® I) n Olt 

To prove that .L-U~ = ~1' B'. 
Proof. Show that. 6 DOB ;:6 lJ'O'B' 

awl benee that DB =D'B'. 
But AB = 2 DB a nd ~ I'n' =2 D'B'; 

whene ~B= .d'H , 

EXERCISES 

§ 10~ 
\rhy'i 

1. Show that t wo boards sawetl from the same log, or from 
qual logs, at equal distanoes from the center, arc equal in witHh. 

, 'What is the locus of the mid-l)oints of a. system of e~luaJ 

chords in a circle? 

IT, §ll1J trnIill:-l. AHCI'i. CEVI'RAL ANG LE, !l!) 

110, Theorem V. 

f II"n II /l el/llI.ll dlOl·d.~ 

[II Il" .~(Jme .;irele, 0)' ill (',]1((1 7 cil'delf, ( 
rirC(WII, l ite lemge l' Q li tJ il; lIf' Urt't Iii" 

"' ille,.. 

Given the 0 0 wiib. ill{> Lwo cbonls _I N 
and CD such tl1at .dB > OD . Also, lei OE 
awl OF'be the PC-;lV'!Hl irll lar distallu0S fr Llu 
() to ~W alld CU, l'espet: ti vuly. 

To prove UJaL OE < UF, 

Proof. Pr01l1 ..oJ l:~y uff tlle chord An' 
= CD. Th en draw t lJtJ peJ1Jendic Cl lar OJ{, 
all d iillally join ft' to E by t he l ille TiE. 

Since ..:I E = l ..lB amI ...JR = } AB', 
it fo llows that .. lB > ..:.l K, for A B > ..:lB'. 

H ence 
:u lll ( ·Ull.S l'q liGHtly 

,[,hel 'urol's 

Uut 
Therefor 

> L IJ, 

L (I < L d, 
'JE < 

J"lO. 81 

§ 108 
GiYen 
§ 'is 
Ax, S 
§ 7ii 
§ 109 
Ax. \:I 

111. CorOllary 1. 0. ) TIL th e ,~a;ne cird 
IlI.ll!l d i"lal lt .ri·Ofll tl", 

(VI/wi· 

EXERCISES 

1. Sho\\' th at a uoa rd sa wed from a. 
HllW a nother ooa l'd s<\wed fl'OIIi thu saw 
tunes rl'OlJl the cou te l'. 

eil"culal' lug is w ider 
lug a t a g'l'ente l" di:;

. RllUlI' t.hat t h e Jea.<\t chord tl mt call be drRWII through a 
gi veu l)uint "itl1i lJ a l~it'ch" is t he clJOnl pel'
pendieulal' to the l'adiul) througlt that poillt . 

[ llniT. Draw allY other chord th rough P and draw 
OU llerpelid icuJur to It. First prove O]J> OC. ] 

3. Show thai H ll iaru 
utuel' Cl1C.;1·d. 

l' is lOllgel' thau auy 

D 
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112. Ch ords. T Ilt'! I'elatiuns between ..:h ol'us, un~s) auU cen, 
tral :ll1 g]es uf t il e sum& , 
ei.rl'Ie apl'tlRr viv idly ~ 
i ll <.:ol1nectiull wi t b 1'1'1
tatiuD Ci 105). '1 Jlll<5 
th ~~ ('hord that sub... 
ten ds Ule <1 1' " grows as 
t.he angle gl'uW,, ; tJlai 
is, It.:! tIJll wIled l'uiates, 
ulltil tIle chord r ettoh m; 
its greate ,~t lJossible 
s izl<, the diameter uf 
the ci rcl e. At tll is 
tim e, the an gle t he 
sl,oke has descl'ibed is 
180°, or a. strai.~lt t, 
angl e. As tl l(i roUt

tiUll goes on, tIl e ehul'd 

Yr. -;A A 

'J O . H:! 

sl1l'iJ iks aguin t o less tltan tho If' ll gth ur t he diameter, ulJti l t il 
wL eel lln.s JII ade one eI.J 1l1p!" lr '·II VO /lll iO Il . w Iwll Ule clior(l has 
s11l'unk t o zero. 

H a Cil'uJ ll of k UOWll l 'a,l ius h; drawlI, an y oentral angle 
suhtends u cLonl of som(' dplluite Ipugth. 'i'nl<illg tile l'adills 
as 1 uni.t, ilia len gth s of the cll ol'lls cOl'respollClillg' to various 
ef' utl'al a ngles for ovary degree frl" w 0'" to ~)()a nre gi ve u in th 
table of chords, 'L~ I: L ]cS, 1']1. i i i-vi i. 

By m ealiS of' 1hi ;; l all le. a u) c' lI g'Jn can hI' laid off fl'fJIn auy 
poi nt :1s vertex, by J I'n.wilJ ~ ~L cirl:l l: of u nit ]'CHIiu :; ahout it. 

')'],u». th e ch o rd U"Ll cOTrt'Rl'On t15 to (t cE'nt l'al angle of 2(P Is \ cry 
).early elj ual to ~. T 'J In.y off l!n - lit a poillt P 0 11 :l lim' JLV, uraw It cil'cl <l 
'.J' uf n n !t r adius ahom P lis "el ,ter, elUting Jf,\' 'll (l. till i ll § i, p. U. Then 
dra lv all arc U a,\.lIJut (2 ru! Cllll t r' r II'it" rll,d iu)'; ~. If ;.. allfl y iTllCl';;ect at 0, 
L OP(( ~ 2!l " apJ!1'Ol( im a ully . 

L et the stuc1ellt layoff the au gle!! of 3 1°, 6Bo, etc., in a i:ii milal' 
lU anne r, 11 Siug t l l ~ T ables. 

11 ,§ ll BJ 1l0Rv 'J, C~, CEXTRAL A~GLES 97 

113. An gula r Speed. T he facts aLont tbe l'otatioll 
wlltJeh (1 1' (.tlJU I' llar t,s uf 11IachilleJ'Y are uften (~ l eLLrl ,y I:lx pl'esseu 
i1l tel'llIS o[ t he ,>p eed wlt,ll wh ich th e wheel (Ul' ot her P(l.I'I,) is 
rubLing. This ;:;peell of r otation lIl ean s the JJllO l1ll ~ of augle 
tltl'u ugh w hich the wheel tlll'll S in Ull e unit of t ime ; for 
x:lJJl plt', wr ~ay tlJat a C (, l't~iD \I'heel is t urn i11g a t th e ra t,p 

of f lllll' l'('\' ()lUtiOll R I'E' I' lllil11lte, Ol' tl l,Lt some l1thel' wheel is 
l'oh.t ing ."in' pel' S81'()1ll1. k nell a sl,eeLl uf rotation 01 a wlw eI 

i:> !llLllell it:; 1''' '1111[11' .' JI,>er7. 

'\\,bicll,.t t l,(J two ",hl'!lls j ni:> !' 111l' l1ti rm ed Is m nVl11J; the f aster Y The 
,lllSWCl tt, tIlls queS1 je. l! is f" Ul HI lJY ,'!f fHlgilig rCI'olu tious l'c'r m inute In to 
d" l:!: l'el'" pL'1' kccc ,ud a g r(.llow~: 'I' hc tir~t w l ll·pl I!; l'o l U.1ing f" ur revolu
tllJUS pCI' nJi nut( , !-\i lH~e f"ur revtl iutlulls ruea llS ].\10'. t hat wheel i$ 
In :~J.. ing 14-1 0 · pl' r utinllw, Or 1J 1(1 ' every 60 ~"\!ol , d ,, DI \"i.dilig lly (;0, we 
iill(l lhaJ it j" ~o i n f!' t.l0 ellCh ci(·coml. 1ll' Ilce l.1:w lilJCOUU w heel J.S rotating 

over twice a.s fa.st. 

EXERCISES 

1. PJ'e,y(, tlmt in !J le SUIII '" ci J'!!lc. a t' ill equal cil'd es, pqllal 

e111J r l1 s Ilubtt'llll e(Il I:d ccnt l'lll l1ngles, and vi!!!? ceJ'l3tt . 

2. '\'1'0 \'1;' that 1. 11(' g' l'e rltE' I' of two chol'ds of a circle gULt~lllh 
tlH> ~rpaler centJ'al Hllgh" IJl'uvill ed the CCl1 tnll angle less tk ln 
180° b unde l' ~tooLl ill euc' h l1l SL.."lllCO. 

3. Draw n eil'd e nf r::1.l1i uR l!lIf' in c- il. l'.len.s \ll'e appruximately 
the lcug'll! or till c·lt nnlof f'(lelt of 1 111~ following an gles: 45°. 
(',00. ,.-;0, ~~oa, 1:?OO, lS0°, ::nuo, Checl" wh uJl pus:, ible, by l!1 elll1~ 

ur till' htblCK, l 'P . iii-,'u . 

4, Tf £til tlll g ie i s dnuLlt>ll, IS ib vhlJl'J (lolll,l eti ',' Uomparc 
t he 1P.ll :;1Its of dIOl'd,; or :UJ glc~ (If 1.-;0 lI.]l(l \)0". COUlpa,r c t Ill" 
lengtlli> of \"I101'I1s uf aut!l(~S of GO ° and 180 ". Cllcck Y0Ul' res ults 

by mean s of the tabh's on l)P, ii i-vii. 

5. 1£ fine wh eel is robti ll g Il troll~h i:i re \'ollltions P(Jl' minu te 
:utd :t1](.th tJr th roll gh ~)Oo pel' t;e{:oml, wllich il:l t'oin.tiug t.he more 

I':1pid ly '/ 
u 
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MISCELLANEOUS EXERCISES. P ART I 

1. Show that. [~ c1 loru equal to the radius 

subteuus an augle vf 60°. 


2. If a circle i£ drew,lI t lll'ongil all fOUl 

verti ces of a sq Llrne, show that Lhe arcs i11
ten:e.ptecl L,r its sides a l'e equal. Prove that 
aull atC sullteu,ls a cent r al all!;la uf ~lOg. 

3. 8 ho \\" tktt if the vel,t ieeN of :.1D equilateral tl'i:.ulgle all lie 
Ull a circle, cad l side i u tel'ce]Jts an an: Ill' l~O°. 

4 . Show that if the ver tices of a ll <!l1ll ilatel'al hexagon all 
lie 011 a c iI'de, each !:! itlt: illtercepts ~Ul a re of GO°. Slt"w hOI 
to COllhtru tt sueh a figure. 

5. If :l,vbeel is rotating two reyolutLous per minute, what, 
part of a revolution does it make i ll uue secolld'? How mauy 
degrees does it tUl'll tlu'OUg ll ill Du e Re(01)d ':' 

6. The eal'tjJ r evolves once in 21 II0ul' ';. 'How mauy degrees 
correspond to Ull0 huur'l AnI!, 1[;°. 

7. A juillte ll extollsiun l'ou-s\wll as that useJ. on uesk lig hts 
- is Il ul.d~ by h <1viug n. piel.l8 iu t l!fI form of a circular r iug tit 
over tht: enu of allOtlier cir(:ular p iece, ill Ute lJ.lanuer illustrated 

JL___ 

F' 

in the fi gure. An excessive motion is prevented by projections 
at the poin ts it anu H' and at Sand S'. 

Show that when the stop S has reached E, tI lt:! Ji1le .dB ha 
tU l' lIetl away from the line DO by llalf the differell ce between 
tbe allglea IWS aud E OR'. 

99TANGEN'r~ AND SECA:-"'f'l'S II. § 11<11 

PART IT. TA..'WENT :-:; ~L~ J) REl' A.NrfS 

CIRCUMSCRIBED AND INSCRIBED T RIANGLES 

114. Definitions. A lirw (If intlefinite len~th wl tich /! ll t s a. 

circle is call ed a secant. 
" line of illLl etinitt· JelJl:( lh wl-lich t Olll'll cs 

[l ('il'el e in hut one point is cn ll ell a tangent ; 
thi s pnint Pis tJJ('ll. caHcll the point of con

tact, or point of tangency, 
.A triangle m' othm 11olygon is saill to 

be inscribed in a. ei.r ele when its YeT tiCf'S 
. l ' f [ r 1 ] !i'JG. l'l ;~

all ]Ie on tle cHeum (I,]'('noe. ) ] I ( eJ' lit:' 


same conditions, the circle is said to circumscribe t he polygon . 


D> 
CfROI']oIS' BlUED T RI.um r.yIN~t:RlB JID TIUASQ1. 1 

1<"0 . &t 

A triangle or other I)olygon is saicl to be circumscribed ahont. 
a. cuele when its Irides are :1. 11 tangeJlt. to th~ eirel!'. Undp l' 
t he !lame eonditions. thE' circle is sai.t to be inscribed ill U'" 

polygoll. 
A goocl ide ~L of a line htngen t to 1L circle is obtainNl by placing 

a coin \l'eptcsanting a. eircle) against the eage (If :J, ruler (1'(' 1'

I'esentin~ a strai gh t linc~ ') . 
A tan gent t l l a circle may be roughly Ll.r::Lwn by pl aeilj~ r, 

1'1111'1' so that its ed ge just meets, b ut <ltw.s not cut a.cr os:" t heA 
eireumft>rence. 1£ several tallgell t s a re cha'V"ll to t he sallw 

c. il'ele in t his mannel'. and extelllleLl to meet, a circlnnscribed 

polygon r esult s. 
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115. Theorem VI. A line perpendicular to a radius at its 
extremity is tangent to the circle. 

A ::. .......... !o............ B 

1'1( : . /i.'i 

Given t he ~ 0 RlHl ille line 4Jl; ..L I() tilt? r: lJ li IL." UB ,11 1I"R 
extremity . 

To prove that .. Uj ill a t.a ngent to t he circ:1e. 
Proof. 'f ake all ,) poin t lJ un ..iB exeept, E anrl d raw ()L . 
'rhen un > ()E . 
rhel'efol'(> til l' Jw int fj is lIo t on tlJ(' I'iJ'd u , 

t h a t is, no poin t. of ..:IE e-xcE'pt E lies I) Ll t be ('in· l" . 
Whence ~olB is 3. t angent. 

~ i7 
~ 10: 

§ lU 

116. Corollary 1. A /(01[1"nl to ( I r:i r f'l p l.~ / lPmpj/ ,/ic/I!(l I' tn 

th e rarli'lS drawn to t/l P. poillt q( c'Ji ltad. 

[~ote that we k now thal OE < a D. Then apply § ' 7.J 

117. C oro llary 2. 

C! 

[ [II" " . Draw Ih €' r~ <li u.s to tile 
point, of con tact. and apply Corollary 
I , together wi tb § [,8 . ] 

118. Theorem VII. 'f'o/l'O 

ngents (I r C/1l!.iI I 

(t p oin t (J1Ils /d 

[pllgtll . 

rr. C,'l'eil' J rlJ/ /I 

m'" of "'l/( I~ l 

[The proof is left 1.0 U,e 81 ullen 
wit.h the aid of F il:;. SG.) 

( I f, l iI:" : 1I1 (Ll ll8 .l,oilll 

aitcle. 

F IO .8(i 

H, § 11 ~1 '1' \ XCEX To A~D S8CA ..'l'l'$ 101 

EXERCISES 

1. Prove tha t. t wo tallgents (lru \\ lJ t o a cu d e at t he extremi· 

t ies ()f <t, d ianldsr al'e parallel. 
. ConstJ:ll ct:1 iall gClJt t o a cire;1" pa1'<lllel to a given lill v. 

3. Draw f wo t;om:-eut ric uil'clefl (§ ill;)) cll1(1 pruve that all 
('horJ s of t he greakt· circle th fLt. ure taugcut tv til e s lt lalhn' 

(' l r d e Li n.: 1;) (I \1al. 

4 . I. eL () ;\1 111 V' 1,,· two c: i re1 es Wl1iuh u re IUi'~/"I<I 1.0 "anh 
lI th!'!': tha t is, wh it:l l ha\'C' lil t!. OIl E: !,oi nt il l CUlIlIIlUIl . J ' l'UVl1 

I ) t lt :1 1 the lin e .i"lIl ill l{ () a lld 0' (1i. n e ul' c l'ntc1'I:,) p;\.SflHS 

t !JI'OI I ~ ll t,1I e poiut COllllI\Vn tu rhe two i'in·le ,; (see l~J § 31); nnd 
c.:) that a pel'l' (~ IILli<:ll l a !' tn the liue 00' ,rt. the common puint 

C38 ~ ' P0 -

I 
I~ will bl.l ::l L.w gPll t tu butli cit-clol:;. ('ons il11;'1' tll e case Jll 

11 11idl the t;hdes al'e t~\lJ gell t e.I'f'3/" ,w lly, and also the case iu 
II hkh UlI'Y ure t angeIlt illte l'l( (tll!l , a" illdicated ill the fig ures. 

5. .\.. raiLroad .:nrvl' join in g' 
tw'O TJ ieces Lif straight track .dB 
lid C'D. iii u:'lIall .v :t eil'onlar 

;'il'll tan~el L t at B :111(1 (' 1;0 .AD 
:lIul CD. l'es l,ed i n '] .)'. Show 
lila,t the (~"mt"' I' 0 uf the eir
('l lb l: nee it> th e illU~l'Se ( ·tiCi ll uf 

If 
~q 

1 
, I /. 
,~,E 

;' I ... 
./ ---'----- ':... 

t he 1'leq)em1ic nlm's h I ~tn alill OJ) at Band O,l·e8 peeti l-eh-. 

D 

G. 1£ ~1JJ fw d Cf) ( l'~x. ii) are extel11lt::u t o lll ef't nL E , sho w 
HIHt EO h itieets t h e alJ ~] f' a t. O. lIeu el' "h ow t lwt P, the 

in t.el·seetioll of E O an il n(Y, is the centeT of Be. 
7. ~how that the t wo radii anll ili e tan gent.R at t heir ex· 

tl'( lln lT ips (Fig. S6, or fi gul'e fol' E x. 5) form a. kite; t,l lat is 
( Ex. :;0, p. ti7), tWo pairs of lLs aJjaeeut sidl.~s are equnl 
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119. Theor em VIII, Two jJaralleZ lines ilitel'cep t equal 
tircs on a ci,'de. 

W 
D---~----C A B 

E F 

d 1" L f \ R 

D 
(u) (II ) 

l O. Iii 

' A ~ I ': 1. lJ77l ell thl! flatal/,' I" cu e It la ,lgei,t a lltl Lt liecu il i . 

Given tJle t angent .An I Lbe SCt:allt E F (Fig. 87 a) ; also, let 
C he the point of cOlltant: of .AB. 

To prove tllat Eo = C1? 
Proof. Draw t he lliametel' un, Then O f) 1.. ,dB ; 

helH.:e OJ) 1.. l? 

and Ille l'efOl:e B U = OF'. 
~ .\~I·: II. 'IVhe/1 the Jj(ll'(l llf!l,~ Il l'e uolh "el,([ " t ,~, 

Given tIl(:' parallel se('allis _-/H an t} E.P , Hig, ~T U.. 
---. .-.. 

To prove Bfi' = _IE. 
Proof, Draw D O " ..:i.H aud tal1gellt to the eircle, 

til e poi nt uf contlilCi. 
'rIt cH D( ' 11 E fi'. 

' Vl1ellce FJ!= EM; aJ l U JJJ 
Tllel'efOl' e ill;' = .dE. 

01. 

;Aln: 11f. 1I'hl:1I Ifl lJ pu!'u lle l,~ ate /Iolli IUl/yell tll, 

§ 116 
Why? 

§ 108 

Let JIbe 

VflIy', 

('ase J 

Ax. 2 

Given AB and BF parallel t rlugents touching t he ci rcle at 
.11 a nd J{, l'espectiYely ( Ii'ig, 1j7 c). 

..------. ---To prove that JIL I{= JIHI{' 
Outline of proof. Draw ef) I' _Ln (F ig. 87 C) j alili pruve 

_liD = .iib, amI iEo= i0), '.l'Lell l\l 'ply A.x. 1. 

n, § 119J T AX{;.E1'\T S ANn ~ECA:-;'l'lS 103 

X.&RCISES 

] . Show tliat a tangent parall el to any chord of a dl'cle has 
it,t; poin t of tangency in the cen ter of lhe a rC that the chorel 
intel'GOptS. 

nil prove t ]l e e OI1\'("f~p l Jf TI IPol'cm V fll , ~ lUI. 

[UIl" I'. (Ca.sl: I) , Gh'(:n GR = dE'; tn pro", ' .-W II E1'. 
J)raw Lh t! l.l iruna[Il!' I.' 0 , n l~(' t he l'fIlli i OB , 0 I,'. 

Th on CD .L. tE, ( Why :') 
".-... .~ 

Nnw, s ince e F = Cr:, we IHwc L OOF = L (,OE. 
( Why \') 

'l'ht.' rr f lll'f' D. F'(~' O ~ D. IN N ! ( W hy ~J ), RO that 
L FGO =LEOO, 

L e p. SincCl CD ..L _1R al II I ()TJ 

11)F, we have . 1H II EP as desired. J 
3. If every ver t!'x of a tl'rLl'e7.0iel lie" on a 

(:i I'cle, p rove tllut it is isosceleH; that is, Llmt 
110= A f). 

4, U Ii tlliok boanl is saws,1 (l lli of a eiTr lllal' 

log, t ll e eil'cI!l ar arc t hat- fo nJl s oll r edge is "qual 

AQ)~G ?J _ / 
'~, '-0 

I 
I 
I 

o 

Q
c 

0 ' 
" 

\ -' B 

to that which forms t hp OthCl' (' (ige. Conn ect t h is fact w ith 
§ 119, 

5. Let _lBC he a n isosceles tria ll ~l e, wit h '- B = 
let .1D be its aJ tit lllle frOln ~J to liO. \)1':\ \\ 

a ('.ircle with center at . L and with radiI! '; ..:ID, 

; and 

EV'lC 

Jutting the sides ABlllld .d O ill P fi llilE, res pc(' A< l iD 
t ively . Sllow that E P 11 1 

6. Draw a seean t intorsect ing t wo eoncen t ri 
F7'JB 

rircles and ]1 l'o \'e t hat the pOl'1;ions int.en'epted bet ween the two 
circles arp equal. 

7, Prove t hat if every " er tex of a parallelogl'alll l ies On 
circle, any byo OTJposite sides are eqnitlistan t from t he cent e.r. 

8, P r m'f' that if a polygon is inscribpd 1D a. circle, t he pel'
penoi clllar bisectol's of the s irj i'il meet in a puin t. 
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120. Theorem I X. 

fill 011 th e srune 

i1 ue dra!~'n . 

'l'H lRC L]~ 

rll .. AA 

[U, § 12(\ 

gil'ell p oin tli /I 

(wd 0111.1} one cir,./e 

Given t,he t li l'!'f' poiut,s . l, B. an il () not all 00 t.h e Rl\m A 

s Ll'aight line. 

To prove t bat OtIC lU lU only 0.11 13 ei rc-l e crm 1.18 pll~se(llh m\lg- 1 1 

.1. B. (I lld C. 

Proof. Til t' 1m'IIS ni' <Ill poin ts e'l lll\ lIy i1 i~ l ~nd' rrOl I1 A. ;11111 B 
is tl,0. pel'lH' lI die ulal' lli sei't.ur /)8uf t l", l ine . ID, whilp the lO('I1 ~ 

of all point :;. eqw\]l y I1i;;ta ll t frolU D 11IIll C is tlt l' l'el'pewl iellb r 
bi sector FC of t h p l int: BC. § 10i) 

TherefN'" the interser·tioll () of D E awl FG is equally dis
tant frolll a ll [,hl'ee of t he 110iIJt s . .1, B . li nd ( '. 

ITcnce, the eirele drawn 'I itli () as telltpr mill with a r atl.ills 
e(l 'Htl t o t h e li n!' A 0 will pass throu g h . t, 11, awl n. 

That this i~ the ,,,11:; SlIl·ll cil'ple follo \\'s 1'1'0111 till' fll l' t l lIn t 
H It' lines D E and F O l.:(l lJ iIl j- l'l'~ ect i l l hll1. CHI(' l'iJ int. 4, S :11 

Non:. 'J'heurem l X i" f J'Ilt')Ul.mtl'y ht<de.l in ti ll' f ullowill g
brief form : Tht'lw jluiJl lij rI"t lJ li iilie (ftJ:) [( (','/ ',"". Tba 11l'OO r 

alsu shows h ow t o construct the circle passing through three given 
points . 'r hus. gi,'en _J. fl , <I n.l C ( Fi i.!:. 881: l]relW .AN a ll cl Be 
awl erect t heir ve rl'emliclllar bis ...ctors. DE ;,1H1 PG. The 
in tersection 0 of DE amI Fe is t ho e.entc r M t i l t: d e~ j rcd 

circle; its radius is 011e uf tho cqual ,Jistances O..J , OB, 01' oc. 

II , ~ 12.1J T.\ NG G1\~S A;\J) SECili'\TTS 105 

121. Corollary 1. ..J eiTel, !I va drawn to ci'rc111nscri iJe an?! 
I(/al/gle. 

[Dn1" tl, (' three perpeurliculal' blseetms of Ihe 3ideb of t.h ~ t.riangle.] 

122. Corollary 2. '['he petpellf/iculfl)' bisecto/'s (if Ihe shies of 
a tl-icmgie meet in tt llOlli t. (UU1I1pare T lleurelll XXX, ~ 102.) 

This POillt is ca ll ed tl le circumcenter, b lJ l,·ause it is tho l;Cll tCT 

uf t Ill! nil'cu lJIs cr ibed ei l'cle. 

123. Corollary 3. ·Ol1w!r·/ ptl if fI /l y (/ ,.~ of i 
is Ui l}(> JI. 

[LIn n . Take th ree lJOints 01 1 tbrtL are i\n e! drnw" circle through thelIJ .] 

EXERCISES 

1. 'rl'Y to p row' TheOl'e m I X, § 120, 1'01' t JIl'ee points A , n, 
J, t !ta1. l ie on a st-rai~ h1 l illa. At wha t place Lloes the l'l'OU£ 

hl'l!ak clo wlJ, mill wIlY? 

2. ])1':111" :1 t ri .m g le Llf any s llape a.wl t,j H'!ll COll stl'uet Ule 
eirl'le wl lii'll p~~f\SPS thl'LJllgb irs I'tjl't ir·os. 

3. H ow fll llny circ les e:l.TL he Ih awn t,h ruuhll {/I'O ,::{ i VCll 

points :' ","Vhat is the lc,,' us of tLe cent", r.:! of all snell ci l'Glcs '( 

4. How illa ny cird es 'WL'iIl:; (I airr'1I ru,li/l,~ can be drawn 
t.hrongh t wo given points? Is it always possibl e to have (Ji,€ 

such e il'e11! ? \\hy? 

5. Sho\\' how to con struct tll e ceuter of :l given cir cle. 
[1I1",-,. Eri'n t th .. IJPl'J'ell tl icuhl' lii secr.Olli lif allY two chords,] 

6, SIlO\\' that ~L d l'cle ('IHI be ei I'C, llIrl ::; njh~cl aoo ll !; it giv('n 
l \lr\,hi lall:' l'a l if (.lntI ll1lJ .y if) the l,,'I' I,eIHli cu]ul' biSector;; of th 
si,lps all meet ill a s ingle p oint. 

7. ShO\y tll flt fL C'i l'nle may 1e elreumscribed ahont, anv 
sq ll a re; :1ny J'el't:1.ngl e. 

8. Show t.hat th e pt' rpt' lIfJ ie lllar l>iS", '1.("11·8 or t lw OI)posit. 
l'i i ,je~ 0[' a. pamll plogl'am :U'l' pamll l'l lln ll~ "s t hey (:oin oiil e. 
H ew'" Ii IJl)w tiIat i .LlI i1J)'i(;I·il,erl lJ'll'alll'l tlgT.'l ll1 is a rpet:nl~I(>. 
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124. Theorem X. inscribed til un.' 
11·iallU ",· c 

' Given the t riangle A B 
To prove t hat a cirole lIIay be 

iTl scribeil. i n if. 
Proof. D raw tIw bisect()r~ " 

t.he ::tll l:\ les ~ I , n. Cj " w,w' am'f' 
In'.w!ci or 8 11I1'et i ll ( I 7IOi11( f . ~ 10:!. 

Draw tho pel']1e llllielilars JL , 
l~lf. I N, to the th roe sides 0, b, ", 

IL = nr = I .V. 

Heli ce a circle with radius ,. = 
cit L . M , a.nd N, respectivf' ly. 

N0TE. The prpoeding proof invol\rps alfw the proof of th 
construction of the inscribed circle in /lny triangle. Com lIare § 120. 

125. Corollary 1. _I ,· i ,. d(~ (/ .,.,(11; " f rom ' Illy /)01:111 fi /l, Ih 
hi.qt!l'/ur I~r UII [/0 :,11', 1rilh II l'((,d('I,~ ("Iufll fo the , //,,11(/11' (' f rul/l th..a 
p oinl to ail e side, i~ l lwqent to lj" ,h :; id".9 oj (hr' lUlglf', 

EXERCISES 

1. H ow many <'irelf''' can llc ,hawll tangent to f'af' h of tw 

given inte rsec~tin g li l1 l.'s ': ' Yhat IS Ol e 10C11R of thei r f' pn tf'l'S . 

2. Wha.t is the lol'.uS of the t'en tprs of the circles of l~x. 1, 
ill ca~p the t wo gi;-en linl>s a re parallel '? 

3. S11 0w thnt a circle can lw inSI1rl bed in a given 'luadrila 
end if the bisectors of t b€' foUl' :lll g l e~ a ll meet in a single poin", 

4, Sllow that a, circle ea ll 1)1.: i l1 !lCl'ibed in aDY square. 

5. Show hO"i\~ to rOllnd off the vC'rt ices of any triangle by 
cirl',lua r arcs. (See § 1:?;").) Thi s proeess iii used i n ronnding 
off the comers of t riangles that OCl: 1\l' iu a t riangulal'-sllaped 
p iectl of groullfl , so as to huild a f e ll l' l ' Il l' a sidewalk or a build· 
in \! without sharp corners. (See also Ex. 5, p. 101.) 

I· ,,, . 6!1 

rcspcctively j t.hoH 

~ 101 

.J JS jm'b'1' l11: iu (I , h, and ,; 
§ 115 

11 , § 1271 }'fE.lSUHEMENT OF ,-\.~GLES 10 

P AR']' IL L ME \.SUREMENT OF A.l.'fGLES 

126. Numerica l Measure. III ordcr to meaSllre any «(1.HLIlti ty, 
say a li ne of fixeu hmgtliJ wa lllust fi rst select the lluH which 
we are t o use. In the case of It fixed l ine, t he custom ary unit 
would bE" eit.her tIle inull, tho foot" t.JJ e oeu ti met cl', t he yard , 01' 
auy olla of sen'1'al othljl's. r11 i.he case of all a l'ca, the unit 
lIl ight be rL square il1 0h UJ" a sql lal"t;I foot 01' <lit acre, 01' any m iG 

f ..everal otlte l'~. 

H aving onee seleetea 011 1' unit. the IJrOCQ~5 vf lli eas ul'ilig 
eonsists i ll obtaining some id(·a. of the l'el:\tive size of t Il 
givell quanti ty :l S C()Ulpal'C'tl. \.0 t l lat of the choRen unit. 
'l'hus, in t Il{' ('[(se of tJle ti xetl li lJ e, we lay a yarustick along
side of it , anu l'eau off by meaus of tlt e scale proyitleu fol' th 
p1ll'pose, a· II llJl1 bel' whioh, at least wit it flome uegree of ac
!lll'<lcy, tells liS tht! l'elativl! size of thu line in quest ion to 
th!lt of tbe iJ iCh. 

Evell though we cannot. ll Sl1ally tlpternJi lie in t his way tl l 
,' xllel le,ngth of a. li ne, ow i l1 ~ to il11perfec.Lious Loth in U111' ilJ
:-.trumen ts awl 011 1' eyf'sight , s till we s U]J POStl, alJl1 it ;"::; i,uleed 
lilt axiom of measurement , thnt the,'e 1I 1w(/!I'~ e.c idt,~ i, t t1vel'!I ca,~, 

.i " 81 ol(e Itntnz,er which llvell e.cpl"l! ,~ ,~ e:Ct1ctlll the leayth -in lenns ~ .. 
lite Ilttil. Tlli,; Hum bel' is ealleu the numerical measure of th 
~iyelJ line, cOl'respolluillg to ti ll- !mit. :>eleetetl. 

111 general, tlw 1111Wel' ical I lJ eOl:>IJ1'U of allY (ll1 uuti ty of an, 
ki nd is a n ll mbel', obtained a.. abo"e, WIdell expresses tlt e 
relative "i.ze of Ull' flUllllt.i Ly to sonl l:l lI nit. of the S a l ll tl k ind 
selecteu in aaVaIlCE'. 

127. Ratio. 'I'llI:' lluJU erica..l J1 1t'a..'l \ll"e of olle Il uHut ity uivided 
l y the numel'i t'al 1I1eaSUle u£ fl second (luaut,ity of the salll 
kin J , provided the salUe uni t ha.8 ul)eu II l:1e tl in each case, i 
called the ratio of the first q uantit) to the secoll<l. 'rhus, th 
ratio of Ii f(~et to 8 feet ill (i '8 01' ~V4 ; ag-aill . thu rativ of 
6 iucLes tv 1 yaru is ti / ;;G Ul' J / 6. 
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128, Commensurable and Incommensurable Quantities, 
L~t .. LB :lIlU CD he t.WU stmi::;ht lill e!) of J jfferenL It'llgth alit! 
11"'1 it. be :>uPII();,e.[ th:tL 11 ('c l'tain uni t A ,B 
of lellgt,jl, :.ts JLY. is ("1Iltuill l',1 :til l'xact 
( il1 tp~p'al ) lll ilu be l' of ti ll W;:; (t iJ nt it:>, witll- C 1/,1 

u tlt a ~l.v t:e ltLa itlile l') ill . IA. For cx ruuJlI,~ , M-N 
F ltl . !~I

let .lIS hi.! (;tJll tui Jled I ('iJn0S ill .:l 13. 
T l lclJ J rYmay ub tl Ill' Ot,nlailltJcl all exw't l1t llld il'l" I)f tilil PS 

in tIl e othe .. line CD, bl11 lU ol'e often tl ds will ll i ll be' the 
!:lse ; urd inal' il) tlle 11ll it .M~'l will be cUl d:dned ill ( ']j l~ (:p ri ai lL 
exact n umber of t i lU \l,:l i'/'IIS ,\ r~: l1t!,Li\l(let' ."';, wlli l:1t wi ll bt, h '!),; 
th:lli JLV, This is illu;:;lratecl ill F ig. ~)O, i ll " hicll JLV it; ClIll 
tuineLl ,i t im.'); in CD, \\;th a l'!!tuainder .r. 

Now, if \1'8 sl!leet a ve l'y small \1lii t .1LY· that I::> <!l)l1tai ll l:'d an 
ex,lct lltUnb€ll' of timos in .lIB <l :l heful'e, we obLtill a ve ry slIiall 
tl.:lUaindel' !II when the S:l.Tlle "luit is tll' lllil'd to CD. lLowIJ I' er, 
it may b avp01 l tli at, we ClLn TWViJl' take JrN !5t) t> llIft ll t lL at th 
l:UrI espouclillg rl'm:li ll tl t'1' ,I' wil l t nt'll lint t tl be ,·.1'1 /1.;11/1 )\('1"11, 

h l t llis !':lse tIll' bye) li ll1 'tj ~JB ,~1l\1 CD (F'ig, HO) an' ::>aid t 
be incommensurable, 

BXaJ lljJ1es of ilicommensuTaL lo l ines OCell I" f n 'quan Ll), in 
geometry, Thus, it will be seen later t hat ill any c 
isnSf'eles l'i gh t trian gle a "ill e and t h e hyputenn st:: L 
cun stitute t wu illt~olll llLPJl sllmhl e lili es; tklt is, in 

ig. 91, AB <U) ,.l nc al't' i ll ll UI Jl lllO Il Sll rabl o, Be 
lil ay be thullght of as t ll(.! di agllJl :ll of :.t squaro o~ A B 

I' ll:, :IJ 
wltich An unu .•.t o are two ~ illcs, 

T wo othel' j ntore~ti lJ g inl'1I10ml' n Sl ll' ~dll e q Il il llt it ies :11 '(> t1i1~ 

(liamct er uf allY ci l'cle anLl the length of its ( ,i r(' \l Jll fl~ re J) (; ". 

These will be cl)l1sidererl in d et(lii ill CLapter V. 
If, on tho athol' halld, it is l)osRible to ch oose a uni wldel l is 

untaill ed an e!{act numbe l' of ti mes 111 AB ( ~~ig. 00 a.nd also 

au exact Clll Illbp r (I f ti li leH ill CD, thpn UJe line '! ~ I and cn 
al'e "aid to be commensurable, 

If , § 12f1J l\fE.umm:?lH..:\ F A:\GLES 109 

129, Other Cases. Limits, 'rl l1l:-; f: u' Wl' hare Hpokpil IlnJ y 
of ('oIlJml'!1t:iurahl,y awl in eo lnm ('mnJ1'a.hl ~ lilies, but simll ur 
r1 etiuitioIJ$ apply to an gles, llr rS, ilL' any ntuer SOTtS o t' q ll:lur it ies. 
T hus, two ang les aJ'c CO IIl I11eJ1 Sllrable when ~~ sllffiClent,ly s lfw 11 
1lnit wi ll be cnntained ill eal'h an exact 111111 dx 'r of ti1l1(' ~, :mrl 
t hey are ill cont lll (, llf..ll1':Lbl a when no un it, wlli<"ll is conlai nell !lIl 

eX1H't llUJl111l'1' uf times ill t.he l ill e , will fit the Slt ll lO tillle he 
I'olltai ll p.ll ;1.,11 (~.x lld Il ll1nbel' of Li lll r" in t he otheL 

Til a ll ) ' case, the r(!lIlai llll (' J' :v c:m lie Ill:~d f' as nearl y Pq ll :l] to 
'~l'l ' rI :l~ we please IJ.v taki ll~ tLe un it suffi('ieully s lJl a lJ : we 
uften !lay L]mt .r. 111 11'y bo wade lO .UjlJ!fUL!c h zero, 

If n V,triable ll Wllll fty al1pl'()ad ll' ~ n fix.ed fj llllll tl 1.y ,,'< nearly a~ we 
pleasf', th, ' fixerl (ju[\lI t it\ is called t lie limit of th f! ,'ari" bit' " 1l P.. Thuf', ill 
UIt" ]'l l'~c"rling llaragra.pJ.. WI' lfJigllL li<1.y th at. the limit of ,( is zer<), 

EXERCISES 

1. ~taj-e acclJ)'ately ",l iar i ., rll ea ll t. Ily 111'(1 Ul(~O nllll en"nrahl e 

.~ l" ( 'S : t,II' '' incolllmensl\l'ahl e (t l 'Pn.~, 

, Show that bhe renlli illdl;ll' :1' of § 1~8 Call ahvayR be Ill:ul 
less than A in, 

3, Show t1t:lt the remainder J ' of § 128 can be m ade small er 
th flll one t housand th of all inch: one mi llionth of an inch, 
H elice sho\1 that any t wo lengths cali bo m <1asmecl ill terms 
nf ~l ('ommon (1'; lOal1 ) ulJit, eXCe}lt for a l'email1l1e l" tllat is less 
than the hW)lan ~ye can see. 

, 'Vhat IS t,he smallest unit sl lown on your rulel'? Ca n YOIl 
!'lP t' lNlgths less tha n thjs smallest divisioll ? if a. lill u whos\' 
len).,'th ,rou an~ lllcasming is nut an eX3ct llUl nbel' of these 
sm,11Ie;;t units, 11011' can you e'ltimate it s e.I.'((cl length :' 

5. Estimate the ea:act wi lh h of one line of type on this pag, . 

6. 'Phe length of alJl<1tel' ial oh.i cd will t!hamre on account 
of ('x jI:lntiion due 1,0 eh<l1l ges i n tt!lII fwmll ll'e. ::-;ltow tllat u. uni t 
('an hI' r'ht lsen Su small t hat l,he l'I!IIl:liII ller ;t (§ l:?S) will he less 
tha n tI le eXp:l. ll S10U dur to a t empcl'iJ,Lm c eha.nge or "lie llec:roe. 

http:llaragra.pJ
http:ineolnm('mnJ1'a.hl
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130. Theorem XI. I n the same circle, or ill f. lj/ {ct l (' /1'

' Ies, f w o ('enl r a l 
angles have the ,<;(1 11 1,· 

ratio as their intcr
teel atc.'!. 

Given t h o two e'l l1 al 
chcles 0 ;lad 0' ; alAo 
ld, Jl{)l~ ho mly (;eut ral If1. \ I:.! 

a ngle in 0 , an.l let . I'O'IJ' be l\ IlY cel ltl';ll anJ:tlr ill ()', 

To prove t hat t he ratio (If ,( _iUB to L . I'O'B' ill th 
tha t of a re .AB to arc . I'B'. 

!la 111 

Proof, a) lVI1I'1I (lI'C AB an(1 (/1'1' A' B' (Irc CmniIWIl,~/l I'(l l) I,·,. 

In this case a unit of arr may be fOlln rl (see § 128) ",h1l'h 
is contained rill exact number of times in both th e a l'e AB and 
t,he arc tl 'n', (CoIDl lat'e J';x. r.) p. 01.) Let m be Auch a un it, 
;\ l1 cl let us slI ppose that tho numbs,' of times il iR con tained i n 
arc AB is ", while tho number f)f t irll cs it is contaiued in :U (J 

. I'B' is II. Then 

(1) arc Afi 
,u e A'B'- -' 

r 
,~ 

Now divide the aro -LiB into its l' tuvisions, eac h of lengt,h 
n~, ctnd through the pointil of ui vk; iou (lI'aw !'all ii t() t.he center 

T-likewise, divide the IUC ..,I' li' illt... its " divisions, each 
the same ltmgt.h 'tn, auu dl'aw radii th l'ollgh thf' points of divi
sion to the centar 0 '. Tllen L. ..JOB is Ji vided in tCl r equal 

'B' is divided into .~ equal angles of t h 
same size (!i 1U4) : therefol'e 

:!) 

F rom (1 

L ~J {)B r 
L..:ll (j ' E' = s' 

au u (::? ) i t follows t hat, 

..10 

II. § 130J M"EASU RE MEXT l)li' A:-.rO LES III 

Tt would rem:lul h I 111'OV P Theol'em XI w hell arc .AD and nro 
~ l' U' aTe i flCOflllll l'118 Ilml, l e ; hu t t his proof is interesting only 
theurlltieally. lustead 
giviltg 

al"" It'ltell their terml1 til' 

itl (J(jfl!m e ll s ti ( "l.J{II. 
}1' IG, ~I:{ 

The folto wi ug proof may then be omitteu at the iliscl'et iolJ of 
thp teacher : 

Proof. (b) JVh ~1I 1/,'1' AB tlntl tlrc A'B' a)'e [ "Cinlllll ertltlirn/ll<. 

In tb is caR.., if we t.ak u :luy unit of arc m wil iell ill cnnlaln(!.l an exact 
lrulllber of li ln es ill th l' I\l'C AB alltl apply it to I.h " :L1r A'B', 11ler~ will l'U
lIwin aiLer 1.), (' last po ill t l)f uivj ~ oJ) fi certain ar~ B" li' las;, t l~,lll 711, ~ 1:!8 

But wbat!!,,!;!, the ollOicc or III, WII shllllltav lo 

(3) LJl OB tm : . .1 
L. I'O' H' iLrl' A'B" 

Case fa 

~O\\ , us rIl i" taken f. IIHllll!l' II ml :stoall el', t hi s equation (8) ~(Jntlll uilS 
tnll! at every step, AI We sa lll~ tille" the iudividual Jll l'l llbel1! of the sam!! 
~lJlIl.Liun aTe dJUllg il ,g, but only to tlle CKUlll t. tha t L .,1' O'lJ" CUl neli closer 
.and clORe I' t f) L ..1' Q'lJ' , wldle arc .1' 13" (,Ollleii (' 1,,381' aud c)nsel' tu A'BI. 
'[' III.t.~. by taking 1/1 ,wffidell tly slilall, we can bring t he first Bnd secolJd 
w pm bel'S oC (8) a~ neal' as we please to lhe re:>pecti l'e values 

(4 L. I OB nl'(' 11 

' I'hese lilst "ll.ti()9. iUC' Il , ,.li ll\'1' by lUI HUll' us wo j,lelliltl from t he efltlal 
L'I~ti(),~ I" (8); I"m.oe U,ey t l, e lllselve;; d iITe-r fl'ol]) each uther by as little as 
Wit ll l eas~, But this is tile Fawe lUi say illg t hat I.hcse ratiO" 0 ) are actually 
equal , fo l', if t hey were unequal t.he dJfiel'Etllco hetween them cOllld nol by 
a ny m ethod of rea;;oning bo ~l , o \Vn t o be as smu ll ru; we piea$e, bu t wuuld 
always r ema in l,'reaUlr thlln sowe d efiui1.c &lllOUllt j t hat is, iu fact , what 
u • .:qual lllea.n:l. l:I ence, 

L ,<1 on nrc A 73 
LA' OIB' =arc~/B" 
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S UT i':. rph eOl'l'UI X I s ltow:! I1mt, the HUlTI he!' (If :l ll gul m 
l lUi t!:> 111 It cellLl'al all ~lE' is p( [l la l to th~ uUl ll tl!'>\' of uni ts uf a l' l! 

wbid.!. the ;tlI gl e inlt' I' l:I' l l t:;, if a uni t, uf ;Lrc R lll,t" lId ~ a 11I Ilt 
'1II gl e. Th us, the nu m her of llpgrel!" ill ,L1I 'y epntnil fl ll gle is 
the b~uue as t he uumhcl' of Ut'gl'E' es ill the IU'e it A 
i l1lt>rcept.~. T hi s fact is expl'essE'd 1)." say illg tJl flt 

A central angle is meas ured by its intercepted arc. 

131. Definition. A ll ;LlI glt' f Ul'med oy 1110 

iute l'seet iv ll of lll'l' clwnls ill the I ' ir llll ll1 ri' l'

l'n ee of a oird c .i,; I;aJ l t.tl an inscribed angle ; B 
or, lb ~ angle i ii ~ai d t ll bL' inscribed i ll t he l'i rde, 1" 1, 1 , \4 

132. Theorem XII. A n inscribed angle is measured by one 

half oj its intercepted arc. 

B B B 
~ 

c 

A D D 

r l f:. \1,; (<I .1' 1( : . H.-, (I .) FI". \1,-, (d 

,,-. 
Given tli e i )I~ I; l'i l l (' ll L _1JU ' illtel'cPjltiug J C' ill tll e t'irc'l !' 
To prove t ll a1 L _t [Jr' i" ll1 f' DSIl l'l,d 1,,\ IJl w lI:t1t' of t liiA <Ll,(, _1. 0. 

J Al; /': 1. lVh t' iI !lu' cr-lI l m' of the cirrle 1;(1); 0 11 one (~( th e 8i( I() ,~ 

'~( tli e vll rl le, l1S AB. (Fig. 9,j fl .) 

Proof. D raw OU; tL ~1l UC' = Ill] ; 
ill' lll' e L ono = c.:. OOB. 

Hut L OBC + L OeB = L ~JOe ; 
tlll'refol'tl 2 L .tBO= L _Ion. 

~il1ee L . toC i» 1l1 t' :llUHI, a b.,· . [(7, 
it. follows tlmt. L ..Ll m ' i" hleasll l'Pll by ~ • tu. 

\\' h \ ? 
\\1 1) '? 
' YLy '.' 
Ax . !:I 

)flOtt' ,. ~ 1;:.11 
Ax. <I 

II, § 1:},5 j 1\1F. . \ ~un.E~m~'r OF .\N r :l.lI:S 113 

, ~ s l '; !.!. 11 '7"· ,, 1;'1' ,'(' " 1,,,' ,!J" 1111' ci i',}e Ur! s with i ll the Un II I/!. 

P roof I ) I':.\oW t. ll\~ d i al11ettl l ' un. ( lj'ig, \J.J IJ, 

Theil L .:lBD is l lW fLS Ul'tlU by ~ •W, C aMl l 

a ll ll L /)130 is lIl e:l$ 1.I1 'p(1 11\ ,I, DC j Ua~w 1 

b ellel' L ..1B lJ + L DDU is m easUl'cd by ~ (AD + IJC') ' 
t1l nt. i~ , ,l E U is llluasll red by } So. 

( '.\ :-; b :3. ~W;'elt Ihe I:e f/,ter of the ('IN:li! lies ol l l.~i(]e the all yl., . 

Proof. Draw t he diameter D U. ( Fig. 9.; c.) 

T ill!) I IJno lS IlII'a~n J'e ll by JDr..:, ase 1 
~ 

allll L /)B. f is measllJ'etl by i /}_I ; 

It ' ~ l1C(' L ]) l '  L DB.1 Is measlII'pu by ~ (iH.!- IJ:r); 

tlmt i ~, L oHiO i .~ m ealHII'pcl hy ~ _17'. 
133, Corollary 1. AII!I 

ill t1 '~ " /II ic' il ' dr· i ,~ /./ dyM (l ug 

lJ (,_f in 1.lw fi~u l' e. 

fl llyl,' i ll sa il),," 

; a::. the all gle & "" 
I " 

I ' . 

.' " " 

A 0 B 

134, Corollary 2, ".ilL!1 eWflle i /lsci' ivpr! iii 
(I 8/'! /lILellt \See *l :H) [,i'PlI tel' Itw o (I sr l/u·cird/!. 

is !l cnli', w h ile (I II!! en/fi l e i ll licri/IPu. i n u .~p(J /l/ e lil 

les.~ Ih ((1/ r( 8emil;il" ' /1' i,~ (l /JII I,<P. 

Tilli S, in tI ll' ti g ll1'P, ~lJJ(, i:> ;W U.t l', wh ile 
. ·[B' ( ' i ~ uut llse. 

135. Co rollary 3. A ll a ngles i ' I.~ r. ,. iu ed ill 
tlte 8(( /IH! 8I?g 'l< ell t a re eljlln l. 

Th lls, ill .tho fi gu re, th e angles AB/ ', 
.·r/;,0. _lBsO, 3 1'0 all t:!qual. 

Fit:' ~H i 

If =¥c 

Yw. !J7 

~~ 
A~ 

F lll . OS 
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EXERCISES 

1. .A thin elastio hallJ i ~ stretclleu nlong tlle LlilllTl l'ter ~ LD 
ill a circ le Rlt[l then pilllletl iirmly to t Ile cll'CmnUel'l'll Ce at t lto 
two poiu ts.l ami B . If it be 1I0W stl'etchf' 
asi de by means of a pencil point so that 
it t akes the posi tiol1 indicated by thl 
(lot ted 11ne ; t hat is, so t ha,t a thi l'f1 poillt 

r; uf t he bawl lies 011 the ei l'rmmie l'l'lHl 
what eall U6 sairl oi' t ile ang1e A()B '~ As 
t.he 1Je1ll!i1 i$ uJl(Jwr' tl to m c)\'/" allllut til 
band ll1ean II'hile shllin~ over thl~ pellcil ]J 

G "'"f , 

" '. 
I .... ...... 

A 0 

ircumfel'en ce , the 

iut, how does the 

all151e ..:lOB ehange ? 

2. A cornt3!' of a piece of cardboal'u (of the 
nsua.l l'ectallgula,l' shape) is prel:lsad ti ghtly 
a.gain st two pin ,; E (l.ntl Ii' 1> t llek into a l)o:~l'u 

below. TIlE' caruboard is no w t1ll'ned i ll all 
possible positiotts, kueping it tlat against. the 
boa.rd. \Yhrtt is t lH-l IO(.;\l s of the poi l1 j, ~.A .( 

3. Prove by 1111!!all $ ( )f § 1;~~ that tlJ e sum 
of a tri angle is two l'igllt a1l g led. 

A 

r tht' three ",ng ies 

4. if :t eir em u fe rcnce h ! di vided int.ll fo11l' PlllUlI a l'uS 
, qwldrim tsj, show t hat t he eh Ol'ds wll.ielt join t he extl'emiti es 
form tL squal'e. 

5. :-: lt ow by ~ 1:32 that a llY jJu l'al lelut!!', t111 imH' l'ibt'u ill a 

eil'e1e is ;'\. l'ecultLgie. 

6. \rhat is the loem; of ;lll t lt t' vel'tic~ of ri ght-au g-it'd trio 
angles erected 011 a eOl1l1JlOll hypotenuse 't 

7. PI'ove that t h t:! opposite angles {.I f ttu ), iru;cl'ibed quad
rilat eral aTe sUpplelll tlutary. 

8 . Pl' o\,(~ t] l at any el'juilateJ'al polygon inscribeJ. ill a circle is 
also eyuiaugular·. 

II, § 137J MhAS(!R]~~IB..YL' OF A.l.~GLES 

136. Theorem X III. A n ftn qlr> {rJi'1T! Nl 7n 
.. . ,4 

llliU'secting 'l lj/'thin a m'rcle is merlsllretl u!J 011 
tit/., 8 U 'J II, (J{ th l" inlt J'cqded arC13 . 

D~A 
FIG. \~J 

Outline of proof. D r aw A f) 

hen 

8 11 1. 

no 
llene 

L AJ{B = 1. 

L J) is meas ured by ~ 

A is measured by } W; 
. LJ{ /1 is measnred by ~ (AB+ 

115 

§ ()4 

§ 1:~ ::! 

§ 1 ~ :.! 

Why :' 

137. Theorem XIV. .A li (01 (1 /e / 01' //1 (,(/ by a f(IJ1r1 P. lll (ll id (j 

"'lOl'ri dr((U' ii. l7I r(I/L(l11. lli p po in t oj /ltll fj{mcy i .~ me((sltre(l by our 

h,~{f of the i"tl>rcepte,t atc. 

D@ 
B LC 

O. .' A 
, -' 

/' 
,/ 

~ 
VIlI. 100 

Outline of proof. Draw AE II CD. 

Tll eu .LW=M 
aml 

But 

h en ce 

LAB O=L .d. 

A is IlJeasured Ly ~ BE ,' 
1BO is measured by 1AB. 

§ 119 

~ 54 
Why l 
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138. Theorem XV. ...lH ul/Ule f OI'lIl(' " " y 11/'0 'W'("/7I(,~, 1) ( 

liN 'I I rll/(/e ll ( (lild (( '~')('tJtIl, III" /1!l1 1I'(J f(' ''r/ I'" I" 'h a/ lI iI , ! ,t (J )/Is i (/,' (t 

'i rd.e i8 IU('l1 gurel / b!/ UTI!' "(/ ~( 1711' ( Wi"reTi ce o.rtha i l ,[N I'ppl(' r! nrc/J , 

E~ / r!:?\ 
C<"Cot:JAc--6A 

}' ], ; , 1111 

[Til!' proofs aIe left 1" tllf' .>tll lll'l1l. D I"l \\'.D E p,\rnJ! p! to Be a lJd 
note how ~Iltlaugle ADE, which is equa l to 0, is measu l'eJ ,] 

EXERCISES 

1. P rovo T11(10I'(> 1O XIl r b,r l lr:t l\' i ll ~ :L lil lS tllrongb 
(F ,g. 9H) p:ll'a1 10 ,1 t u I I f). 

2. If, in Fig. fJl), t.L,? a \'e no ('oll t.niIl S 1: :()~ al iI! t,l!£, al'c 
A B OD contains 170°, l lDw lllall Y o. ;>gl'I'('$ are tllt;! l'I! i ll th 
al1 g1e ..:l.KB ? ..:1"8, 20". 

3, Two angl t's of an insC'l'ibed t ri angle are . 0° anll 91°. 
Find in degl'ees the al'e" subtcml ecl by each of the siues. 

4 . A cbord that di.vides a ci \'cnmfl'l'euce into arC' s one of 
which con tains . 5° is lUet a t oue ,?xl relll ity by :l. tangcut. At 
what (acute) angle does the mcc'till g t ake plal.!e? 

5, A chord is met a t one exb:elll ity by tl. t angeu t , making 
with it an angle of 61°. Into wbat ,ncs Lioes t ll o chol'd divide 
the circumference ? 

6. If a tangent is drawn at the yertex of a n i nserihec1 stpla l't', 
lww m a ll ,\' degrees are then' in the nll~l f' ill cllHl ed bet ween t.ll e 

ta.ngent and. a s ide of the sll'l::Ll'e '? Answer t.Le salUS (luesti on 
for an illscriueu equilateral u 'iangle, 

If , § 139] oxwn U;CTIOX PROBL.C~ rS 1] 7 

P \ HT IV. ('O~ST r~Uf'TruN PRO };LI~ ' t S 

139, Problem 1. nll'/ill!/ lt (t (Jiceli p () int tu rJ.rlllv a 
hlllyf ll t to a Gin ,Jr" 

l'A:l~ 1. Tn /ell the i l l)i ll! ill Oil Ill(' eil'c l/ llller/' II!;,,, 

11 10 . lv:.! 

Given the 0 0 and the point P on the Ci rCll lllfe l'ence, 
Required to ,ha l\' a tangent t.c, tlw 0 0 t h l'o ugl l 1), 
Const ruction. Draw t i, e I'adill s Or>. At P ,J I':I \ \' _In ..L OP 

'1'11 C'l1 _lIj is t.1 1 ~ ' l'c 'l\lil'l' tl tangent. \\"l l'y? 

C ,\ ~m:? Trlwll th e !li l'e ll p oi lll i,'i !lui U,l th e ";1'('11111,i(' I'( ' /l o; ,' , 

Outline of construction, Oil OP as lliall ll' tt' l' ,l!-:L II' :J. ci l'c.le 
cutting t lt (' gi lt~ l l cil'de at _l :lIiJ /). 

,Pass a l ine t.hro ngh the' point;, , 
I), _1 , anL1 a ll ot h l' t, l illt'. th rough lhe 

I 

l,oill ts P, B . 
Eitlu' l' t lf tlH1S I~ li nCH is ::l. tal1 g'ellt 

hllell as de:;irctl. 'Yhy ',' JIi ,tl1 :-lWcr" 
i l! ~. lI ul1, thttt L P_ 1. 0 LLnt! L I '})O " 

:Ll'e L' ight. a ngles allt! a!Jjl] Y ~ lUi. FIG, lo:! 

EXERCISES 

1. Show how t o consb'llct a tangent t o a given circle parallel 
to a given' lim:. 

2. Show ItO " tu draw a tallgent to a given circle perpeu· 
dicul ar to a !lin ' lI l ine, 

http:cil'c.le


11 8 TllE CIRC1.E lII, § 140 

140. Problem 2. Tv circilI/18c ribe a cin;Ze a/lOul (/ !l il'ell lri· 
(Ingle. (See § 1:&0. The stutlent sh onld careiLllly state the 
construction and the proof. 

141. P roblem 3. 
e ~ 124-. State 

l!"ro. 10'! 

.rr- ""> !tz<C '"-}, B 

~'ll.l. 105 

EXERCISES 

a gil'en I ria)(!ll~ . 

,ud its proof. ) 

L Oan a cil'cl e always hI;! J .l'aWIl tallgCll t to th l'ee lines, 11 

two of which are varal1~ 1 ? If so, how? 

. COllSt.rllct all eqni lltttu'D.l t l'ian /lle e.~wh of whose sides 
quaIs 2 i ll tJ lies, and then COllbt l' lI t' t it,:-: ill:~c ribed oj l'cle. Proy 

that in th is case the l'enttlr of the chule lies ~tt lhe inte r
seotion of t he three altitlldes of t he Lri'UJgle. Can t he 
"a1I1e statement be made for a.ny other t r ia.ngle ? 

3. 1n Fig. 105, woulu the liuE' s BI a nd ~U (~xtellded) ever 
pass th rough the points of contact .ill, L betweel1 the inscribl'd 
circle and the s itleR .tI O and Be, rt' .;peefJ "el y ~' If su, wll PIi 
would they, alld why 

II, § 1·12] ~STBt;CTJO:--' P ROBLEMR 11 9 

142. Problem 4. 0 " U (lit·e n .~lrai[7ht line fo C01l81rll~t n sPg. 

mutl c!i (I citriC' thlll ,,/tall cOllt(lin a f/1:IJell ana/e. 

Given line ~ IE and L ,1:. 

Required to con shnet OD L 
08 a segJlJ ent of a ci rc le t hat 

shall contain the L ,r . ~ 
Construction. ('oll snnl't L .1.80= L 'T. 
Dl':tw ED -.L .AR : ~t its micldle puint n. 
Ihaw FE -.L CB at R and 1I1eeting B fJ 

in O. 
Dmw a. circle witll () ru:I ecn te l' ::u l!l 

OB as radi ll S. 

Then .A HB is the segmellt req uired. 
Proof. L.J:-1RB = LABC = Lx. W by? 

EXERCISES 

c'" 
FHJ . 106 

1. On a lin e 2 inclt ,~~ lOllg con stJ'U(Jt a segment of a ci!,(1le 
that shall con tai n a ll a llgle of (jOG. ])0 th o salll e for 30"; J :15° . 

2. (;onstl'll f-l l; Hie locus of the v ert ices (If all h'iuugles lm v
iug a common base 2 inches long and a common vertex angle 
of 30". 

3. Tn E x. 2, p . 114, what can be said of the loo\1s when the 
an gl e ..J is 60° instead of DO"? 

4. Cons t ruct t he tI'iltogle wh ose base is 2 inches, whose alti· 
tude is 3 inches, and whose vC!.rt ex angle is ;~OO. 

[HINT. F irst, u r aw th o segm ent 01 a circle on a bils'CI of :2 iDcbe~. ,\I1d 
such t hat 30° is cOlllnin ed ill it. Now, ,1I·i.\w fI pr.m111 el to the same baSe 
M a clj~tallCJj of 3 inclies above it . Where t.hi.s parallel CUI S the cirCle 
bonndiu!{ the sC/!lnent. w ill be t he vertex of th e triande desired. Why~' 
Th e desired triangle is now easily dr,n\'l1 .] 

5. H ow many solutions will Ul ere be to any pl'oblem s im il ar 
t.o E x . .\. ? 1\fay t here b e on ly one solution ':' May there be 110 

bolut ioD? D esCl'ibe all possible cases. 
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MISCELLANEOUS EXERCISES. CHAPTER n 
1. Prove that the eOllRtruclion des('rihed ill SG for lha will g 

a perpend ieular to a shaiglJt l ine at a point wit hin it is cOITeet. 

2. Prove that the c:onstruC't iolls of ~~ 6 and 8 are conc('t. 
a. Through tl givpn poin t in a ,j rcle const ruct the chorl1 

that is bisected h,v t hai poiut. 

4. If a tight ldunglc hI' iliscl'ilJetl in ;1 Qi l'I;le, s how that it s 
11),potet1llse will l,e .1, <li' Ullc tCl'. 

5. P l'OVC Umt:1l1 (' xterior angle nf an ins"I' il ,(· ,l Q\l;\u ri1n.tel'ru 
eqmds the opposite i ll tenol' ant;le. 

6. P nwe tllat the al1gle uetween t wo tangell ts to a, cil'pl(· is 
d011ble t he angJe between th e eh ol'd joining' th e noint s of eon
t act an d the 1':1l1illS 1.0 a point uf v.ol1tact .. 

7. Construc t a cin',le 1'\1 ('b tkl t it shall pass th I' ough two 
gi\'f> 1l poi nts alJll shall k wr i t~ con t~l' on a givclI l i n~. 

8. If foUl' poi lJ ts 4. lJ, 0, D li p on uein'.le, amI if .lB =Cv 
aml JU)= W, show t lI at tL a litH>::; ~ l aa ll,]. RD meet at t he centcr. 

9. Vrove that the shol' test lint' f l'olll a p oi nt tl) a c ilTum
f erenee is alvng th o mJius thl'Clu~h the point, ext.endell if 
necessary, (a) when t he point is olltshlc the cU'ole; (b) when 
the point is inside tl le circle. 

10. Prove that tho anglp hetwecn two till1gP llt~ to a ci l'cle is 
the slIpp]pme nt of t he a llglC' between t hl' rauii lira wn to the 
puill t s of tange llcy . 

11. If the s idt's of :11l ill~(' rj be(l alll;l o !Lre p <l,rnl ll·l to t h 
sjde~ or :-~ central a ll gle, lil.JW Llo their al't;s compare '! 

12 . Sho\\' t.hat two tangen ts to the sa,me e,ircJ(' a rc para llcl 
if and only if their poinis of tangc nc)' lie a t opposite. ends of 
t he sa me diameter. 

13. S how that a cit'clo w hose Ili al1lete l' is olle sidl: of a ny 

gl \'en trimlgle paSf'es thl'ongh tho feel of tLe ~llti tudes draw ll 
t o each of t he other Sldes. 

11, § 1..12] ~lISCEl ,l .A..~EOUR EXE RCIS1:8 

14. Fol1o\\ in £, the 
s llggestiOJl ~ of th e Hll
,ioin ing tigl\l'e s., sllu l\' 
ll o\\' t o CIJl] stl'lwt foul' 
C0ll11110n t rmgen ls to 
two given cil'l.:l es if the 
·i rt;les U 0 not i II1.Cl'Sect. 

--

«-'/ 
/~ I 

I .

I " 
I" 

, - " 

'\" 
~" , --:- ..... -;.." 

/" 

I D~ , 
'8 

:..~~: .. ""-:-- --
R,' 

I _J " 
- \- 0 \\ 

" , 
-~-:.r ·R , 

-- - ,
1 1 ____ 

,0 -------

c 

121 

NUTE. '1'111 : ~ li atl"w~ t ll rnwil 1)~ ;\ 1'lJ 11I !! l '''" l ~ ili ll ll1 ili:\I,,. ,l h,I' It l'lI1UHl 

~ou l'ce (){ li gllt (A.g . OIU·t!J a llil SllTl ) il1L1Fu1'Ilte t id!:! '.- " N oiso. 

0
";:-- Ful l Li ght _-_c'C ___ --___ .-~ R, !710h Cl I 

S ' ----_ -  - ----  ~ F. ~- -~·t5M H,,!f eighl 
un - -...., J --fl"~' '''''' -O· -, - ' , "" . -' . \( _.•---- '--1:"'" Cark.:._, - .. -~:' 
B D-,,:=::-:':--:--~ - -- ------' H-:::_ Part in! Ecli pse 

Full Light ----" ---.-_l. 
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15, H ow Inany com mOll t angeut" can be d raw 11 to t-wo gi ven 
ell-oles in each of 1: h~ (~ a ~e!l illustr;ltC'tl. ill t he fol lowing fi g lues ~ 

~ 
~ ~. ,

'0 0 

B (2) C8 ~ o 
6b' T ~ 

(3) (4) 

16. A common rnill'uail t um is m!"ul", l ,y llll ;t Y'C of a circle 
tan~cli t to two straigll t I")l't ion" (Ex. 
.i, ]1. 101). In t il e adjoining fi g' l1re, if 
00 = OF , ana o.ll .L B}~ s ltuw th ~tj ,: 

(1) L OGB=LFOBj '2 = L UOB/ 4. A 

(2) 0 T( is paJ·a.l1el to B 

(3) BK = RC/4. 
alld L OG lJ = L FOT!. 

(-I) L EBl' = L BO g ; 
a.llrl L EBO = L J~ 

what, 

E 

K 

\ 

\ 
\ 

\ "'0\ I 
\ ,
\ , 
\ I 

\1 
G 

o 

Ilol'd BO t' ]o'i nll aplll'oximately. from an 
accurate fi gure, or fro m t ho t.'lb]o ot chords, p . i i i. t lie lencth 
of tlH' chor d BF. P ro\'e t hat BP = FO > BOj ?. 

Non,. III practice the tmtire curve Be (' an be (and frequently is) lai rl 
off by mean.~ of it fillJ'Veying in;;trumen t locatcu a.L B , b~' k nm.... ing accurately 
t.he lengths of a nllmber of such chords th rough fl , a nd I.heir directions . 

18. Constm ct a chele through a. given poin t 
tallc:ent to a given line at a given point. 

I 
A 

19. Construct the t riangle \vhose uase is 2 inches, whose me
dian to th e same ba.f:e is .3 inehes, n.nd whose vertical angle is .'30°. 

[HI!'!T. Tlw vertex must lie at the in tersP"! ion of two oircles, Ol1e 

bounding the !legmen I. lTIell t j rJTled in the flint to Ex. 4, p. 11 Il, lind the utller 
described about the middle pol ut oC the base with a m dins of 8 i11 Chc!I.] 

(, 

Il, § 1-12) l\n~CFLl..A \·EOU~ 1!XER(,I~ ES 

ShOll that a I} lllulrilaie ral eall be iu
sc ri bed ill u til·cIe if ibe BUI ll of Oll t! pai r of 
its opposite an~lplS is 180°. 

1. Sltow that a "'il l' (see Ex. ;{O, p. 87) that 
ill imcl'ibed ill a cl.r('l,; has t wo 1'1ght angles; 
hence "holV t hat one dingonal iil a dialll eter. 

]23 

C 

Of -: ~~B 

A 

22. A si 1I1[>1 1J tl1rnout uff of a straight track on stl'eet railways 

Ais of tll(! fO!'l1l of a eil'eulal' tw·, 
as sh(Jwu 111 Ow figure. T he 
lengotlt R= 0 ...:1= O('=tht: radius 
or tli Oonll! r rail of the I:irclllar 
t ra,ok, is ea.lled the l',Hliu8 u/ the 
tm'u ollt . T he distance L = BO 
from the point of the switch B 

is --=:::::: ) .... s 

I 
I R 
I , 

o the cr ossin!! 0 is ualled the 
leael, anll t he angle TO::; between 

I ' I / 
I ' I 

v6 

tIl e tangcnt to t he ciral11ar t l'tlt;k at 0 :lJlll th~ strai~ht track, is 
ualled the aUfl/e of ci'OlS~ i ll y. 

Shuw t hat if R is givel1 (as it Ilsually is) , t.he a llgle SO'! ' 
uf crussing (1V11i01 tlmst be k nown aecurat t! ly fo t: the PUI'lJose 
uf ordering the propel' J'::Lil 1:>1'08S) ean be fUllll d f rom t ILe ti g Ul'tl 

uy meas1lring t ll(· all gle ('U..:1. 

23 . .A Joub] !" uppusitf' t lll·110Ut. frOlJ1 tIl 
Ill] of a straigllt track is uomposell of t wo 

eirc.ular portiullS, t he J'aclii of Ule out .. l· raw 
\leing gi ven li" "gth ~ ,. all d It, r~speL:tiyelYI 

all d these oHtel' l'ails bein g' tn ll !:ielit to t he 
~tl'lligltL tnwk fro lli whi ch Uley star·t. Show 
t lia t t.he angle of C! rO$smg S O'l' is t lJll SIUll 
of the twu angles UOA and (, O'B. 

oi,
I\~ 

~/s 
~~ 

I , ~ 
1/

0 ; 

24. Let D be any poin t on the s ide ~lC of a right triangle 
.lBC', amI let E be the intet'sr ctiou 01 tlJ6 h) pottmuse .L1B 
witll ~L eir( 'l e WllO::l9 Lliamt>ter is _J.o. Sho\\' that thE' quadri
lateral J)( '/JE is ill sc ribell ill t ll e cil'l'l e whose uiaw etel' is DB. 
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25. I f fl '\1IU a nt: l!Ort lt'l' . 1 ••1' a l':l1'ul. 
l l ·l ' )~rn lll . I B{'Jj as Cl' 111t' 1', a " il"'ll' ,,1' 
1'~lIl1 1 1 S ~ l1J b ,lr:l\l lI , l lll 't' t i ll,!.!; . 1 n 1>1")
•.l lll:Ctl at L, WiLl t he ::; illp ,.; . le ' tJlld Il iJ 
a1 J [ alill -v, Tcspect ively, "how tJlat tz...--.. --.. A lLM= JLV, 

~ 6. T he u~ lId forw , iI' ":lq)pnier's level cOllt aills a glass tube 
1i l leJ. \d tl l liqllll1, exeL'pt rllr :1 swall hnbhle of ail'. T ill! il l1l e r 
sll rface of t11 0 t ill)\! is "ut ill t ht! 
fUl' lIl of :L ,· iri'1I1ar fH C 1JIL', 
whose (" "liter is elt 0 j Ii lJ ll i j; 

is sei iut-o a woo(I'=' l1 0 1' trw1:ll 
frame whose t op euge is pal'al. 
It'! to t,be bUlgent at If t; holl' 
thut w h en the If'veJ i :; tiHc,1 \, 
tb rough th e a nglo ..1 . ti l l' 11lllJ' '~ 
bJ(~ moves UU'l)lIgh lill an : fLY "0 

wh it'h !ill uteu us t he Stl'UlC ~U1 g'1 . 1 a t ille (;pnter , \ jll tlJ{1 
Jcyt' l Ill'! more s"lIsib va if till' l'adin:; H 
( = Oil) is i:ll'ge or smull '! 

27. If t wo c irelt,s intersect , s how th a t 
tho obh tse angl e bel.weclL tho two h Ul- 0 
gents to the 1;wo cil'des at eithe!' point 
uf intersectioll is tJl(l same a., ( li p nut us!! 

flugle iJetweeu t lw two r:Hli i tll' l1WlI t u 
thai. poin t. IIf' II(" ~ S illlW that t he fl llglt~ 

betwpen t lt e t wo t~Ulge ll ts a1. t)1 it.~ l )uillt of intel'S("c tillll is th 
sa.llle as that Let wBPn the t wo bllge.uts a t t.he <)1'her POill1.. 

28. P rove ti1at. the s um of two opposite sides of a eircnm
scribed qu adl'i lateral eqll als tho stUn of the ot her two sides. 

29. Sho\)' how to consh llct the eOlu Inon tangents to t he pairs 
of eiwles represenced i ll (1). (:! ), rJh Ex. 1,1. p . 122. 

SO. Con~tl'llct a l'ectan tde h a.v il lS' g ive!1 a ,;iLle a lHl tllO Jiat:0llal, 

II , § 1-(2J 125 

31. l 'OW:it l'W·t n il isosccle!'l trill ll ~le li;w illg givPIl l b" h ::\Sf' 
amI ti ll) h'Jl ~ tl l " I' tll\;: :.ll titllcle f l'OllJ IlI W !1l1li of UJ(! ba:.e to tlue 
of t li f' ('(Flal ~ iJ l' s. 

32. COll':>tr lll'i a (·hel.> wiJ,)Sl' l:.enter lie::. t>ll one side vf n. 
given tlinll g-l <" alld \I h ieh b tU lIgeut to cadI of th f:! uLher two 
stIles. 

33. C UlI :;t! 'Ut 't n tl'inng lC', luwillg f!i \'en t.he base am] ilL(' 
uHit. Il ,10S to t i ll' Ut!W[' t w o sic] ps. 

34. ( ' U1 1SU'uc t a tl' i:lII g lf' , Jmv ilJ g g i VPll r,he hase, th e a Jt,itu ti e 
io th u hase, aJII.! n. t) p(,OJ 1tl a lriblLle. 

35. COll s truet a l' igll t t l'iangL , 

LJ
B'-" 

from the s nggelltioll contaiued ill 

t he fi g llre, wbelL the hYl'otelllt !:>c 
et-'~DA b a 

~ ln <111(1 th e 8!'m . If) of' U tll two 
C 

.' i Ih·s ;lI'e gi VClI . 

36. ~how 1.1l:],t, t.lIC· l,i sc r-jol'S of orp()h i t (~ illlgl,'R 01 :l ])}\I'f1 11c,ln. 
g raLiI l11'0 pcu'nllel 01' ClHI l(',id e . H " III '!.· lih llW 111:lt t.he OIl ly k ili ll 
of ]laJ'fll1P] ug' l'rtllls ill wlJich a cl l'clu I':LIl ba ull'wr ilJE'll is a 
1'1\(1\11 b\ls. 

37. f'how t hal tllL' fig-me j'orlll cll by t\vo lall c:cn t s P . l a.JILI 
PD to a circJ(~ 0 and the radii 0..1 
alHI OB form s ,~ k ite whidl is in
scribed in a eirch, 0 ' wJ lose cliam· 
ete!' is OP. 0 

Let 00' weet t he ciJ'cle 0 at. 
ancl D. ShU'iI' that L ('0 . 1, is 111 (,;lS

lucd by baH the :l r C .J I); a ntl L rD_l 
by une fOurth t he an' ~IP. 

38. III the figure fo1' T~x . :1T, ,l ra\\" the )'adiil:l O'~L SllOW 
that any change i ll L. OD. l l'anse", £0111' limes as nllw h change 
ill L P O'A. 

39. :-;h ow wk d IJPcoHles of tho Jigurc of Ex. ;·iT if the angle 
_l is equ:Jl t o ~() '. 



127 

CHAPTEH III 

PROPORTION SIMILARITY 

PAR:!' r. G I~NEH, \" 'L'III';O I<.K' fR ()~ l'lH1I'I)R'l'T0N 

143. Definitions. All ell uali ty of lw('l l'atin~ IS I' allf'd a 
proportion. 

Thus, t he ratio 2 1;1 be in g equal to t,lle ratio ~ !G gives 11~ lhe 
propor tion 2/ :>. = +/ 0, Morc gellerally, i f the ratio 11 /. is eql1a] 
to t he Tafio (' ' (I, then t,lH' equali ty ni b = /\/ rl is a P I'Olxll't ion . 

The- fol'Ul .'2 :; ~ i~ j, lr nt ical wi tb rtl" - ~!r1.. since o lh iR on! \' a con· 
/, rI 

'fenient wtl.y nf printin l( R frncf.ioll . 
Besides wTlt iD!! n pruportiClll in the for m n 1/ ~ ", rI . Q ith~l' of t.h e 

oll owing forms llla .v also be 11 ~('.t, "; /, = r . 11, nr ,1 : " : : ,. : d. [11 rHly 

case, the propol'lion is rC:ld •• a i .~ tn IJ (18 I' i8 10 d." 

<Lilli Ii are 
are callel! 

tho e,l;lremes, while the secon(l and third 
means. Again, the ti rs t ~,nd t hil'll en ami c) taken togethel 
are ealled the antecf'deots, whil e th e seeorul :lllcl four th t ake n 
together are callerl the consequents. 

A series of equal ratios in the for m a l b = c d = e :r=... i& 
called a continued proportion. Thus, ~ 13 = 4! /j = 8/ 12 = .... . 

EXERCISES 

1. U sing t he lang lJage of In-oportion, read t hf' equation 
,,= H. W hat tcLre t he extremes here, ·\d1at t he lnOOJ:L8; whioh 
the antecedents and which the cOll sequen ts ? 

12 

1ft, ~ 144J E~ERAL THEOREMS 

2. Form antI read off suoh pl"oportio1l8 as you call make [Jut 
uf tho fol1owmg fO li l' qllallt lties: ~ in. , 8 In .• J in. , 16 in . Do 
t he same for 1 lll., ;~ in., 1 ft. , 1 y d. 

s. \Vbal. !lumber beal'd the same ratio t o 2 as 8 does t o 3 ? 

[ ITl )' r. Iu tllis anJ ill a ll similal' questions, let z represent t he desired 
.uum1)rr ImJ fu l'1lI all equaUolL 'l'bu!:I, WI: 11ere have 7/,2 = 8/ 3. NolV 
Holl'c ti lls t'CJUo.ti Oll l ur -",J 

. ]i'in ,1 twu llu rub.'rs suel, that t ,lu~ il' rati o is as 3 : i) ana 
who::le ~Ulll is 1. 

[ III VI. Let x aml y repJ'e~en t tl,e llUkJIOWlIllUll1berBancl fOl'lnequutiol1S,] 

144. General Theorems on Proportion. 

Theorem A. [ ,t (111.1/ prol'Of'l iOll, l it e prodllct of the e.l'U'em es 

IS ')'J ,lu l tu tlte prod/tel o.tthe !I team!. 

Given tI/v = c/ el, t o prove that wl = be. 
Proof, Uleal' tllP gi velJ equation of fraction s by multiply ing 

Lotll it.s Illsmbrm'l hy vii. The "ellult is t li e desired c.plation 
tI = /Jr.: . 

Corollary 1. If th e tIm (/{I f l! l'p"e l //'~ (~,. {/ l) l'Upu1'lioIL w'e /!!ju ul, 
th e cV /I,~equellts (lfe etlxQ eyurtl, 

Theorem B. If the P,.or7/1C' '~f t ,t'u /lr/mbe,.,; {,~ eq lLUl /u the 
I II'ot/tict ",,/(1'0 olli e,. l/fllflf}l'r.~. I' ifhp/" puil' oW!I I)e ?nllrle IlIP lIIea,ns 

,~r a f ,,'''pol'lloll ill u1o'c" tIll! otlte,' t,(·o (I;'e /([kell LC,~ Ihe ext;-emes. 

Given wI = l, tJ, to prove that a/ I) = c:/ tl . 
Proof. \J i\' i!lc bot.h 1I18111hcl'S of t he gh elJ ~quatio !l by bel. 

LII I.m1 el' HI IJl'OYU tl l;tt lJit1 = (l l t', wl'it'(1 tJ l(:l hi\, (~l1 e'll'la l, i(Ju ill . 

the f01'm ur: = tid ::tntl tlH! 11 tl ivide L,uth llH:HnberH by ttt'. 

Theorem C. IffUU,. <j ll(wtilies lUI; i,t l)(Ol'ortiUI!, 'lte!! are i ll 

l/i 'ul JUJ'Uull ".II inversion: that is, the second term is to the thst 
as the fou rth is to ille t hil'd. 

Given ld b = c l tl. to prove that b/a = a/c. 
Proof. ud = ve Ly Thtwl'elll A; hellce VICt = ell.; by Theo

rem B., 

http:t'CJUo.ti
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Theorem D. 1I'.r,,"1' '1 ' /11111;111'11 tI lT ;Il Pl'Uj'o l'i iou, 1" f'.'I a,.,' ill 
ptlll'IJ l'liIJ " u/I alternation ; t li a,t IS, ll ll' firsl tl' r11l ill to tile third 
a::> t h(' ti~l' oDll is t() IJIll fum·th . 

rTIHl proof h loft 10 tho S1l.ulllnt. F ir:,( Ugt' T h l!l'l 'eIJl A. ] 

Theorem E. Tffcllu' tjl l([ ' l l ilil" ~ W 't ill 1' 1'01'f)rl in ll , tlll:!/ (I ,t! 1~11 

p ,.ojJllr liCIII b!1 composition ; illUt. is, t h e Hll In of i li t· first t wo 
I CI' t ll !! is t v n il' ~I ·t · o lld te l' lIl a s t he ::;U lll of the )a,,1. two t er llls il) 
t.o Hle last t r' l' lIl. 

Given II , U= ,. 1,1, to prove th:l t V' + //)I {, = (t' + r/) fd. 


Proof. A(ldilll.(' 1 to eno l! s iu(\ of tho g l Vfl ll p(lnatioll , WI' linl' !:' 


(£· +1 = " + 1 0 1' a + vI . _ C + Ii 'Vhy',~ II' u - tl~-i 

[ Sho\v ill :l. Ri mil al' wl~y tha t ea+")/" == (I: + (7)II' .J 

Theorem F . J.J'ji) /fi' fj '(( l nWipll W'" I II l )mjJortiOIl. tll f)!1 a/'!> i1l 
i 'l' rJ/i0 1'l i l l ,( "!1 division ; t hat is, Uj(:: th Hcl'elll 'e lwt wee ll til t: fil's t 
t \\' tJ t enli S IS to LIlt! l)ucullll t Cl' lJl UR the ,lifi'e l'e ll ce IJE:Lween t b 
last. I Wu tel'w !:> is tu t bo last tel'l ll . 

Given rI / b = I; l d, to prove tl lat (a - b) iJ = (I' - el) 'd. 

Outline of proof. Mnku use of the fact that a. {, - 1 = cl cl - 1. 

[ Slo t,IV in a s imillll' way tha t ( (I - 11)/(1 == (c - d) I <: ·] 

Theorem G. If f Ull /' fjl/(l llti! il:lJ u te ill l' I"f'jIOl'tio /l . !It/!!I ute 
/I /'!'''jJol'lio/t by composition and division ; that is, t h e ,;J]m of 

111(; i1l' :,t t wo h lt'lllS if; t o t.h ei r d i tfe l'tl lW e W:l U te sum of the last 
t il' \! l tW lll S j,; t o t llei l' ,line-renne. 

Given a/ b= cl ll, to prove that {a + b) - b) = (c+d)/ (c- u. .. 
Proof. We b ave 

..+ b= £...+...i a.nd a - b = c-d. Th.E, F 
.~ 1/ ' /1 11 

Thel'et!,,· (rt + /.1) / ((/ - u)= (e + IT) I (r - t Ax. •, 

llJ ,§ l Jl4] GE~ER.\L TIlEO H.E...\IS 20 

Theorem H. J" (/ Sl' l' iPS I({ l''l '1U1 i'tlfiUI:i tlte !i l l/II of III I' ull te
cetlf' II I.~ i.~ tu the .~ lIm of Ill l' co llsequ(' l/ ls (til (.//1 .'1 l t lltecl:ciell t i;; l u ill> 
C'U i/ s l' (/(wlIl . 

Given al b= 1.' , rl = e 'f = "', to prove t hat 


a+c+e + ..·_ a_ c _ e _ 

b ,~/ J + f + ... - b- u-j_·..· 

Proof. L et k be t he val up of a.ny on e of t he equal ratios 

!I (' e 
.' 

so tha.t 

lc = I!. = £ - ~ -b rl - " - .... 

Then 
= ~·b . (' = 7,(/, e= k..J~ .. . ; Why ? 

hence 
+'·+ f'+ ... = k (I, + (7+ .r+ .. .) k, .Ax.. 9

7;+ r! + .f+ '" u+tl + f + '" 
01' 

1+ ,'+ , + ... /.I (; /' 

o+ " +/+ ". = u= =-= ... 

EXERCISES 

1. Gi ven t he proporti on 1/~ = !"i / G. W'r itp down UlP. various 
pl'lI pO]' tiOIl ~ whi(:h "'olU e from t. hiK b'y (1) ilwer sion, (~) alte!'
lI,.1'iO r , (B) composition , (4) ,1iviRi ollJ (.; ) cOIllIJosiliull anrl divi
~iOll. .xutll- thai "neh une 1.1lUa ohLai l1 l'cl is a [ /'11(' pl'OpurLioll. 

2. 1£ (1/ /, = c;jc7, prove t ha.t III.!(/ i/ i b = 'i d, wherBm represeJlts 
any n lllT! bel'. 

3. If a/v= c !d. pr ove that ~ (l / 3 b = :t c/ 3 r7 ; a lilo t l lat 
(a + 3 iJ )/ b= (c + 3 cl)/ d. 

4. Tf l.l/b = u/ c, Ilt'ove that lJ~ = lIt' ; als0 tbat ({ / I; = tt'/ {,2. 

5. If l,'! = (H', l'l'ove thut tI , ll = b/ ,'. 

6 . If ulu= v/c, pro ve that c = {, 2 f a. 
K 



13 PltuPOltl'ION ~IMILArUTY [l II, § 145 

l:'Al~T 11. P l ~OP\J}{TIO~AL LIN I-:-SE ( .;-~m~ :r:-; 

145. Theorem 1. A line parallel to the base of a triangle 
divides the other sides proportionally. 

.m. 

A' 'B 
E IG. 107 

Given the /), L1BO and the li ne DE I ihe base. A B. 

T o prove that CD ILl = (IE E B. 

Proof. (I ) lVhell OD 0/((1 D.J are OO ll lllie lt.sllrl~/.Jle . (§ 128) 
II I t h is cas!'! " Ul lit. l el lgtl l mny be rO ll wl wbieb i ~ containerl 

an exact llU llIher of t illl Cll i ll both ( lD awl D .: l. L~t III ue 
snc:1r a llIlit al lU lrt l1S suppose that tlt is uni t is coutai lled I" 

ti ln es in OD and !J times in D.1. 
1'hen, 

(1) 'D- = - . 
1U {> 

N ow div ide CD into its r d j, ;SToD8, each of ]C'll g t lt 111., ::tnrl 
t llI'OlI!;h t li e poiu ts of divisioll draw JiIl t.!S p:u-rd lel l u An. 
nll th e ~:lme with fl. !. 

These purall els will cut Cg i ll to l ' e/I Ll a l p ar ts aHtl ]:; 15 into 
Ii equal IJa rt s. (§§ 91-9:?) T herefure 

.'Ii: .,. 
- = - . 
EB s

-) 

Compal'ing (1) and (2) we obtain, as was to be p roved, 

' f) 

D:A =EB 

In , § Wi} PROPORTIQ '-rAL LIXE-8EGME'\TS J31 

N O'I'R. ~s in i\ 1;)0, t. hi s (Jssl'nl illl\ y complet.·g the I Il·oof; 
all u till' t hcl)l'PIU lwId" also in th (l O:1,;e CD anu !J~ l are i ll eOID 
mCII l' ll rable, hy th e posl ulate Dr ~ 130. 

T he fo ]Jowi lig' aq;Ul il elJt e,,;tablislies t he tr ll Lh 0 1' Lllat post ll
bte iii t he {:ase of the present tlle0I'Clll ; i~ may be umittell at 
t h!:.' d lSl'l'etiOll uf the teflclwl'. 

P roof. (I, ) 11 71NI CD (/11 '/ D. l Ill'f i ' I';Il In

'I1l(' It ~ lll·(fI) 'r. 

I II t h is ~'(1.St' if WI! ( :,](" n.1 1) 1I1/i t 11<Ilgt ii ?ll 

wh ich is conLaiued an exact IHnnb(Jr Ilf li ll/ I'S 
ill Cf) a ll d II.pIJ1) it tt , fl.1, tI ler.. will r('U1aill 
a fte r t he last. poin t 01 (Jj\'ig ion :1 cur ta ill ],. lJgth 

F wlJ ich will hI' Ie):,., ' helll 1/1 . 

But, wbatever tlll' choit c of 
by calle (a), C'DID F= C'EI 

c 
m 

~ , - )~ 

" 1< ;. l ilX 

Now, 1\.0 111 i~ takl' ll ,~TIla ll ('r nncl ~ lI ln l lt-l', I his equn ti oll lil 'hl s Irll f) a 
overy step , At the same rim .. tlli' ;nd i" i,IIl :!1 1I 1 ~ lJaI " r~ ,)1 th" ~: Il IlU equrl 
li on n.l·p c h ~ lI glng, but I'ml}' SII tlml J)P "I) rUI'li 1.' IIlSI'r tn f) . 1. w ld lU EO 
cnll ll' ~ cl" scr Lo H I). TI y u1k i ll/t ?II ,~IIJTiN~ ""!I ,~' IIU I/ W '.· j'a ll Ih lts IJj'ill g 
~' DI Dl' a ll d GEl EO as ncar as Wp I' Il 'n ~ l ' to tt.~ rt'f;1 1(1ctivc val ues 
('DI DA 3Jul OEI EB. T 11I,ql' last r ntiml, Ril ll 'P thl'Y ll ifJI'r lly a ~ l ittlE' ns 
w" p l,." se f r om th e p reced ing equa l ra t ios . m llBt d iffer fro m ear l! ,,( li t )' by 
a ~ li ttle as we pll:!llSe. Thi ~ is the ",Imc a!'; ",~y i ng thltt they are actually 
equal ; for , if unequal, thcir (l iUel'oll cc could llot hy a ll" IlJtthou of 
rca."Olling be made as ~'n al1 as WP. ploll$<', sint:(' t hty ,Ire fixptl quamit ie,; . 

Thus we must have, as lYas to be pro \ cd, CDID~1 = CEIHB. 

146. Corollary 1. If (( rille i.~ eZra/I.·1i /'al1el to t he ba .';P. 0/ 
le, pi/ fiel' sidl' is Lo oll e 

i l:" :1.0;.) 

[Outline of proof. rravln~ sho lYn ill T hro rp.m I that CD/D~l = GEl 
we obtai n hy composition ( E , § 14-! ) (GD + JJ..:1)/D .A=(CE + E B )/J:. 
from wili(' 11 ( 1) full ows. To pro'e (2), takin,!! tiln 1'1'0portilll1 CD/D. l 

r,JB by ill \,(, I'~i"n (e, § 1<11) we have D.A/L'D = EB/ CE. ]\0\\ 
ake tbis 111'upOTti on by CO lll pnsitiOl l. l 
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EXERCIS.ES 

1. III the ad}l('ellt Jiglll'l' D J.: is l,aralJ ('1 to -lB. [[ 
(1) = 2 in. , C.A = ;~ in ., awl CE = : i~ i l!., 


"',h at i ~ t,!1 6 11'llgi~I, l of E E'.' ..:1, I I,~. i ~ ill , ~
' 

2, If, mille hglll'l' of Ex. 1, we 11 a\'< A .......... 

,. - 0 ft e'B -- . ' _,1' ' I 1., 'j O'E' ::::::::; (I.,.:!J E..Ll. -0 '., 1')_ flh ', at1 f . 


t .. what is tbl' l C l1 ~t ll I,f D.l ',' B 


3. A il ll'pau /.I E if; st,rrtdle,l in any d i l'Bl'tiulI ~l l' tll SS tL t 1'1

anglo .ABC' c IltJ iu jj t \l' l ' /I f ItS sitles in 1 he c 
poi nt!; fl, E. Tlte tlll' C!~ld ig rlflW li1 0ved ~E . 
li p and rl own over t1J e sul'fa.re (J i' t.he td- D " 

angle, l)ut ttl ways in sneh a. W U) as t o LE' - 
parallel to its ol'igin;d Ui reeh ou. How A B 

<loes the ratio OD/ ( 'E cllangc· dmillt; tllC llJotiun '! Why:' 
4. 1)1'Ovt' thnt any lbl (j clrawll pa r

ll. 11 cl t.o t Il e base uf a h '(lJlezuirl Ollts 
t he ot h er two si li ca l 'l'Oplll' tional1y, 

5. If a tiiJJlDlOli f'xte l'i ul' u Ulgent. 
to t.wo cil'cles (see figll re~ for E x. 1.t, A / \ \ B 
p. 1 21) meets i lle lim" u£ rente:J's 00' G 

in a. point G, show that t hE' lengths alQng th is tangent fron 
'V to t.he two 1'i.1'cles lit €' in tile ral io 0 6 , O'G. 

rli ons .AE an d Dl' . 

7. '\Vhat. other pl'aporLiun:; can you wl'it e uown for Ex. 6 ~~ 

8. Tn E x, 6. if .tiR = 15 ft ., CD = 12 ft., and the vertical 
beight H f nllll BC \.0 ,AD is 10 ft. , fin d the lengths of the dry 
portiorHl of the sille wa ll s when the wate r is 1 ft . dpep. 

III . § 148] Xli Ll~'"B-SEGMEXTS 

141. Theorem II. q( T11L'o/'eJII L ) If a 
f ille rli uid~ two ~-i ,'ianfiLe pl'oportionally, it 
is pai'allel to the Ih ir 

c 

E' 
--- -- -~E 

A' >B 
J,' ,, :, Il r., 

Given the .6. .dBC und the li ne [FE divi d ing t he sid.es pro
port ionally ; thai, is. snch that C'D, V.l = CE EB, 

T o prove t hat DR is ]Jarallel t'o ~ J~. 

Proof. Sl1l1l!0 ~P tl lat DE iil nnt II...1B. 'L'heu draw DE'Li E. 
\V e SllOllltl ll i/II' L ay.> 

(1) CA I (,'D = e lj L'E'. ~ 14G 

Al:;u, siner' by ltYl'u t lwsis 

'j..J = CJ:.'. Eli, 
it follo ws that 

~) 'I'll. I'::, § H..J 

hlwe 

T h, A, C'Ol', 1, li 144

\l h ~J \(: ~ DE' wO ll lll cuin ni il e \\" ir11 lJE. Post. 1 
'nli,; is impossi ble lI nlcHs DE II " IE. Why:) 
l'hdl'efOl'e, DE II _lB. 

148, Corollary 1. J/(I lille ell is 1/(;0 ljicies of u tl'iu,'rlle ill 811e h 

'I 1(:((,1j that I: il/t p.r sHle ;s to (t il(> tlf its Iit!HI71!?lI.l.1 as thl: olli eI' sitZe is 
to its con'e,'7)o" d il!!/ «e!7l1lt lll, then tlie line ilJ )Iu rallel to the tit/ I'd 
Ii hZ 

[n l~T, l' lr.0'IV t hnt uudl,r till' g-iven cond itiolls the hypotl lesis of S g7 
.s lIat,isjJ"J . C'O wl'a.n~ \\ ith *tl:J fmd § 1In,] 

http:sul'fa.re
http:EXERCIS.ES
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P ROPOH'l'W \ S l ~IlLARITY [III, § 149 

149. Theorem Ill. The ui.~ect() i· of ' 1.1i lil lY! ,4 a Ida )). 

d.i1lillr'1i the Ol'p o.,ile ,'1itie iI/to sefJ; lw nlIJ which at' I)'oportiollui 10 
the .~ irleiJ oj't7u: ullyle. -1 E, , 

Given the ~ A BO and t Il e bi- ..../'W/
C ' , 

sec-tol' CD of L. C. b"
To prove tlHlt .J UJ, UJJ= AO/ BC. X 

Y i' 

. Proof. ]) l'flW lJE: ClJand meet- z/ 
lU I) A C lJl'olong-etl at E. A '8 o 


Then _'ID , DB = Ae/CE. " 1 1)" : FlO . 110 


Morl?ove l', .i .r = L y, L aJ= L Ill, L II = L z. v111Y? 
Tllel'efore, L z = L w ; w-h ellce OJ:] = BC; \"'hy ':' 

hellce .JDDB = A O/B C. Ax. 9 

EXERCISES 

1. In the triangle .ABU (Jf Fig. 110, r...l = ] 1 in., CB=8 in., 
alHl AB = 14 in. \" hat 1\.I·l' t ile le ll gtl l ~ (J[ t,he Hegmentl; AD 
all t1 DB ill ll) whioh tlJe hisPttul' Oll ot the angle (} divides 
the ba::;e .AB :' AIl ~. ...l1) = 8-(:) ill., lJB =:;li ill. 

2 . 1'l'ove 1)), manns of § 11T t 11at the lille joining the michl1e 
poi li Ls of twu silles ot a triangle is pal':lllel to the th inl siue 
and eq\lal to half of it. (Comp::uo with § SU. 

3. State awl IJr oye the c.ollverS(l of 'r heol' t' lli Ill. 
[ llt 'iT. Prfol(JlI ~ .1 0 tn E . IDlLkill !( CE = 1'1 C. Omw BI1. ( Fig-. tlO. ) 

I' m I'll ~t O/ .:J. D = CE IJB, :1nu h (' llt'l' (' / I IIRJ!. Tlwll L,r = L 1D allll 
L II = L ,7. Bnt L ,1'= Lz (Sluet' rtB = roE ). Tt) ~r(ot l 'l'l! L .,' =Lij.] 

4. All onlin al'Y dosed r \lbbl'r b~Ll1u is st n.:t ..Jlecl out aJllI helLl 
agaiIlSt a b(J[tl'{l by means of two 
pins A und B. One of tl le lJall'es 
[ the band is stl'etcheo. by m eans 

of a pencil poin t into the f 01'111 of 
nil el a~ ti c tl'iali g-lf' A RC, with th 
pellcil point at cr. How lnm t t he penc.il poiut move in ol'del 
that tI le ratio 0..1/ CB :;hall l't!llluiu eOilgta./I 

ITr, § JijQ) nOPOH.TIO~JU. LI~T;;""'EG~ rE);TS 

150. Theorem IV. If a series of parallels be cut by tw. 

lines, the corresponding segments are proportional. 

AI \,H 
I ' \, . . "£l ""-.I 

c/", F ""'J 
D/ <"',E SJ{
I ~ 

F lO. 111 

Given t ll e parall els etc., cut by t h and 
HIt. 

To prove that ~1B / III = BCI J.J = C'D I.TIC 

Proof. Draw AE II IlK. 


Now L1 ('1.1F' = ...l11/ .:La = Be ' Thy? 

and Why ';' 

T lwl'{' fore WIIY '( 

But AO= l IJ, (jJi'= T.f. VE= ./!( i Why:' 
hence ...1B III = n Ax. 9 

NOTE . All work on proportion al segments is ha sed on §§ 145. 
150. See §§ 149, 151, 153, etc. COlllpare also §s 01- 94. 

EXERCISE S 

1. P rove Theorem lY when t 1w two lin t:s ~1D, lIlt (Fig. 111 
int.ersect at Some poin t bdll'ee n til e ]Iurall <.Jls ~lJl. 1Jf{. 

2. Prove the f:lc·t state d in COl'. 1, S !)~ by means of § 150. 

3. 1£ tlle th ree seg<ments cut out of one transversal hy tour 
pal'alIel liues are 2 in.,3 in., 4- in ., l'espc:ct.ively. what call be 
infel'l'efl conccl'lling the perpencliuulal' cli ::; t:lIlees betw('en the 
parallels ? If t he distarwe between Lhe fu'st pair is 1 in., what 
are the dicltances bet ween t he othel's? 
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151. Problem 1. To rlil'idt? rt rl i l'fll li/ll' into p m·t.... 
tional to !Tn/! wl/obC!' oj tli ( t l~ J/ { ; lLfS. 

A- ,_
' 

~ 
\ 

--'''

.
\ 

'

H\
\ 
\ 

,B 
\
\ 

II G........' ..... _ , \ \ \ 

b 
..... ~ ~ 
F " 

\ 

~ .. .... 

-.L-.. 
d 

E" \"-........:.., 
o '--c 

'. Hl. I I!! 

Given the ]i1H~ ~ I B. 


Required Lo d.iyi tir .. Ill illto l)art s wlJicl! shall be prupUriJOllal 

t.o 	 the gi \'('n lengths /I , I), C, d. 

Construction. Draw .Je lIlllk ing :lily :llI ~ ll' wit h . lB. 
1\leas\UC'oft ..1G=a. (rF =b, FE= /', ED = tl . 
.Toill the las t ]Joint D tllll ~ ,1Iltet'lIl im 'cl wiill B. :l ll tl t;h l'ollgh 

v, P, alld G ,1m\\' parallels to RfJ clltti llg' • .1 D in 11, 1, ;wd .T. 
Thell t he segm ents ..:1J, .II. 11I. TIE. lli yil1e An as requi red . 

Proof. IJ ' Av = . 'F = III F.E = Tl E !E D ; § 1.00 

hene .AJ II = .!T /.J = I , " = HR . (I . 

N ()Tl~. TlJ is pl'ohl~m im'ludps as a ~pec j al caRe, 111 (' (Ji"i'sir))l, 
0/ (/ pit'en li m! illto aoy II/ ·mlwl· (~r "(1 )('(/ Jlta" ~; lor jf we take 
1= b = t! = tl, we llaye ..dO = (;P = FE = ED. 

E XERCISES 

1. Divid (' a line 10 in. loug int o 8 Pllual pan s by X ote, ~ l.'ii. 
Show how to do the !lame exelci~e by S R. 

2. Divirle ::t line 10 ill . lonR int o I eq ual p a.r ts hy § 1;'1. 
Can this exen·ise b(~ done hy § 8 '! 

3. f'ta te whell ~ 8 ('<1 11 b p. Ilse<l i ll pla.(·c llf ~ote, § 151 ro 
diYiJe a giv en lill e illtu H Dlllnbel' of equal part s. 

III, § 1521 P llOPOl1TTO:\AL .L1NE-SEGMgXTS 

4. How cOllld t.lw page of a notl\hook he r l1l ed (accurately) 
i l1 t.u t ill'et" 1'(111(11 CUh ll1l tlS '/ 

. Div ifle a given line iu to pa.r ts which are to each otller as 
1::3 : ~ . 

6. ] h aw a line AJ3 and llivicl e it i.nto fifths; ther ll 
t he jJOlll t on . 1]:; one 1ift.h tl le rl iot ance f l'CHn A t o B. F ind a 
J'Llin t 'l.l n of .LI B fr om A . 

7. G iven all auglo A IJ{ ' ::md a point P any
", he'l'e with in it. 'fo c'onstl'lIC' t a. li ne t hr-ou gl1 
P Iwell 1hat t.he portion of thn lill e l .v ill~ ,y ithin 
tIl{' angle sllall be bisecteu hy E~F

[ lll '<T . T brc.u!!h P draw pn" BO. T hen 1:1Y off /~cDE = D B.] 

8. 'rlll' f1 ugh a point P withou t an angle ABC to J raw P t; so 
that PD = DE. 

"'
'-....)0 

A ~pA
B 

9. State and prove a theorem concerning the segments in to 
which the nOll-parallel sides of a trapezoid 3.l'6 divided by a. 
sf' l'i(>s of parallels to the bases. 

10. Layers of rork in the earth are nearly parallel, but, they 
<\l'e n ot. usually }I"Yel (ll orizont nl) . :4110\'( lhat the ra tios of t lJ e 
thic knesses of layers (If' different kiuds of r ock call be found 
by measuring tho thiek nesses of t he cuts made by a. ver tical 
wine-shaft, or a deep well. 

152. Definitions. In the 'proportion al b = c/(l, d is called 
the fourth proportional to a, b, and c. Thus, 6 is the fourth pro
portional 10 1, 2, and ;~ . If b = c. so t hat alb = bi d, d is called 
.he thhd proportional t o (I 111lcl b. 
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153. Problem 2. ,71 oUI' th p ,.oportional " 
tlztee gi.ven l' 

a A e. ebB 
b .......... ' , 

, \ \- \ c ............ \ 

' .......~ \ 


' " \
' - \G "........... \


' "'
H'--,

" 'F 
1'r< " I J:l 

Given the three li lIes Il , IJ" antI ('. 

Required to COl1 st nwt their fOlln ]1 prl)por tional i t hat is, to 
find a line .,c such tha i we sh:.lll Itava u ' lj = 'II). 

Construction. Draw a linc ~ lB flf illlleflll ite extclit atld fl'om 
.A la~r off ..10 equa l i.c) Ct aIHI eB efJ lIa1 t o IJ. 

Draw a second line AF uE ill tlpnn it.e ext(mt, making any ~on

ven ient <i,ngle at A, mil.! i\, l n ll ~ .W la.v o ff A G C''J ual t o c. 
,Join OG. D raw 1311 II (l(i- :.11)(1 cuttUJg --,IF al II. 
Then GII is the requ irU(1 lilla x. 

[Tbe proof is left to t ilt! student Use § 140.J 

EXERCISES 

1. Find a fourth propol't.i<mal to t!l ree lines ~ ill .• -4 in.• Rnd 
5 in. 10llg , respectively. .Find a fOUl'Lh p rupur tIvnal t o tlll'il l: 

lines ~ in .. 5 in., anll ~, in . 1 0 11 ~, reS l' ~cti vel.v. 

2. Show how t o C011struct a t h ird p roport ional to t wo gi veil 
lines. 

3. To enJarga a line segmPII L l in the ra t io '2/ 3 is to nl](l R 
new Jine segment x such that 2/ :3 = l/~r. Show how t.o do t his 
geom etrically . 

4. Draw a t riangl(' ; then enlarge' its !'lilIes in the ruti o :\ ;;. 
using geomet ric constructiOllS ouly . t;ee § 21, 11. 19. 

III, § 154] S l l\ [lLAR TRUL'\'GLES 139 

PAR'l' Il l. SH ULAR TRIANGLES AND P OLYGON S 

154. Definitions. 'l'lt at a figure I I1 (ty be e,ilcuueri or reduced 
in size without cS:5<:'Dtially PllLl1Igiug its appearance otbpl'wise 
is a part of COIlilUOll knowledge. T h us we drew buch ell la rged 
and fedm'eu fi gures in ~ 21. 'l'h l'ough ot! t th is lJook rather 
sma]) fi gures <1.1'e p rinted ; the!;e the sl udent almost always 
nlarges ill drawing 011 IKljJCI' \))' at th \~ b OIU·ll. 

I n general, 1learly all tlra. win gs n :pl'esent. ubjects of a siz 
:li fi'el'ent from t]Jat of the ,lrawiug ; thus ]IQuse plans ar 
tlsllally chawH (§ 21) on Ute l:l t.: tlle uf t indl to olle foot. 

Eul:.u'gt:: lll ent s. or rednctiollS, [\1'0 mada by increasing, 0 1' d t::· 
cre;u5ing. all len gths in a fi gure in t ho same ra t io i.hl'on ghout. 
so that al l len gths ill the new lli-:l.w ing are p "oyortiollul to t he 
cnlTespondin~ length s in t he Ol'i gin ftl figure. 

'rwo tr iangles wh i('1 1 lili ve t 1lcil' COI'l'cs[londi ng sides propor · 
tio llCI I nl'e. (' a llf~ (l similar. P k . 11 ~ rep l'esen ts t wo sinlilar 
t riangles, eo.ch si de uf the one beiJl g t wiee t h at of t he ot her. 

LJ a' 
A 8 

1'1<:.11-1 

T he hct tha.t t\\'o tl' jlw glN; ..tl 
(·xpl'essetl b) tIle l'elat iull A B U ~ ~'B 'L" . 

I n gen eral , if Olle llgme is ohtai1)cd f rom UllOUI Ot' by enlarge
ment or l'edudioD, that is, jf uil lengths that ca ll be draw n ill 
011e are proportional tu the COJTt?spondin g l engths in the other, 
the tW!' fi gures are said to h~ similar . 

T wo triangles arc said to b~ mutually equiangular when their 
coneilpondillg a.llgl~s an ' el]naJ . 
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155. Theorem V. If two triangles are mutually equiangular, 
they are similar. 

A' ' & 
,L

B 
, 

p. 

Ill. n" 
Given the mutuall y cq\llungular & ABe, ..l' B'C' . 
To prove that 

Proof. On 0..<-1 layoff OD = C'A' and OIL on lay off ,~, 

=C'B'. 
have 

Dl'a\y D.I:. . . hen, in Ule &.. 

D = (". 1', CE = 
~ awl A'B 'C' we 

anti 

Therefore 

\Vllence 

L C= L 
D. DEC;;; D. 

ODE = L ("A 'R' . 

But L ~-l = L C'A' H' . 

Hence .!. OlJE = L ..:1. 

It follows that D E II JB i 

',1') 1 
I 

IHmce also, t) O'A' 0'Jj' - = - or - = --. 
'.<1 OB OLl CR 

In like manuel' it can be shown t llat ". 1' A'n'= -_. 
AB 

'eh erefore D. ABO ...... D. A 'B'O'. 

C ODS o. 

Given 

Wb." '~' 

Given 

WIIY'! 
\Vb} .,' 

~ 11 ' 

§l5+ 

156. Corollary 1. T wo t)'ian glelJ Ui'e d(f/ilm' ~r two twy/eil <'.( ~ 

the 07le are eqnal l'elf]Jt!cti·vel!J to two lIlI(lle.., vI tlte other. 

157. Corollary 2. T wo riahl I (i([ !l gles are siiILilu r (f an UGllte 

a·,wle vi the UIlt: il; eqaal to all acute w lyle oj the other, 

rIl, § 158) SDULAIl TRL\~GLE.C; 

158. Theorem VI . 

"l lt ll U. l!!I 

141 

the,l 

{ ' S 

C'

ADB, 

1'''10 , 111; 

Given t he two simi la.r & allel ...1' that is, two & 

} th G.1 CB .A
SUC l at - = - = - . 

l ' . ..1 ' (" B ' .1' ''''' 

To prove tha t. .& AL 
Proof. On C~ t b y () ~T elJ = 

= C'R'. Juin D and E. 

TI> mutually ef]uiangulnr. 

' " A', ancl 0 11 CR lay off GE 

'I'he11 ,...1 'CD = ClJ OE. 

Therefore, 

whence, L (' ])E= 
[)E ..1B; 

AandL DEO= LB. 

GiYen 
§ 141 

Why? 

It follow s that the & 
anfiula r j 

'D allCl. 'A B are mutually eq ui

whence also 

therefore 

But 

wlwlJ c6 

and hence 

"'hel'efor 

D. ('D E ~ D. O.1 B; 

AB I DE = C.AI CD = a. 
' . .1 / 0'..1.' = AE/ A' B' ; 

A BI DE = A B, A' B/, 
DE = .•J'B'. Th. A, 

D. , ( 

'Yhy? 
§ 155 

§ 154 
Given 

Why ? 

or. 1, § 1-!4 

Why? 

11 three of the & CAB, ODE, and C'A'B' are therefore 
1I1utua11v eqniangulul'i hence. in particular. the & .ABC and 
A'H O' arl' m1ltua.1l.v cClll iancw lal'. 
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EXERCISES 

1. 8how that all equibteral trhmgles are 8i milar. 

2. Show that all isosceles tl'iallg-Ie~ that llktve L!H'l13u,me ver

tex angle ar e similal'. 
3. Prove t Jmt if e:1e11 of l \YO tl'iangles ;·U'P si luil :11' to [l. thi I'd, 

t lley are sillli lal' to >'ael l othel'. 
4. IJow high is a lIO LlSl! \\'ll o,;c sl l:\llow h; l ·[,t ft . lollg wheu 

'lm t of n gale pos t. J'j ft. high is 12 ft. Ion;;.',' . 1118. 00 n. 
5. 1£ a h 'iallgle he ~l n:t<:lll! \l Ollt !;o that; each ~ irle hccomes 

ine half longe r t halL at the hcgi uliing, "ill the Slze of t he 
angles be chauged ? Why? 

6. Tn order to deterliline the lellgth AR of a lake, set two 
tak e~ at GOUVCniellt points. n aJl(i E, snch that AD is pel'pell

rlir'l\lar to AB, wIllI e DB is 
perpenilic\llrtl' to .A D. Now, 
from stake E sight; t he point 
B anc1 take note of the point --~~' 
1 where the li np of f;i ght E --- D 

I'l"osses ~4D. ShOll- ho w to 
find AE by meas uring ED, D O, and C.d. 

7. Show that if each of the sides of a trinngle is redueed or 
enlal'g<erl in the same bcale (§ 21), the angles are unchanged. 
Thus it. is said that el!lw'f/elfll!ld d(,e.~ not tli.~lorf (( jigllre. 

8. A triangular ti n phLte t!xpauds in the same ratio along all 
Rtraight lines when lleated. Sh ow that its shape is Dot changed. 

9. Prove that two triangles that have their sides parallel 
:)1' perpendicular each to each are similar. 

10. Prove that the diagonals of any t ra.pezoid div ide each 
ther proportionally. 

11. L et P and Qbe any two points on the s ie1e ~ of an a ngle 
AOE. Show that the t riangles fOl'lllml by perpendi l'nlfLI'~ from 
P and Q to the sides opposite them, l'cspe\,\tively, are similar. 

liT, § lbfl ] STl\.lILA R T lUA..'\ GLE::; 14: 

159. Theorem VII. T U'(j trioll '} lr'.'; are silJli1rl l' f VI 

fJ.1I(.lle 0/ tILe (1 /11 ' cfjllfll.'S W I Itli/de of th e otliel' lliuL lit U/r 

du rlil1Y :;ide~ are pl'oporliol 

tli tJ ,j.. ..:lBO, 

sncll tll at L (} 


- .... v and '..1 I O'.d1 


= OB/ C"U'. 
To prove thut b.AB 

"" b. ..J '/3'C'. ,L1
Proof On 0..1 lay ufT B

i 
A' 

!D = G".. L' , IUlcl on OB lay F J(:.117 

off CE = UB' <loin 7) :tlltl E. 
Then t:. eDE ~ ~ (" ..L'B '. § 35 
Also we h ave r.J / OD= ( 'lJICE; Gi l'E'li 

[mLl IWlH.:e JJ8 11...:lB . § 1-1/, 
'l' IH' l'efOl'e L OIJE = L _I. tlud L / )E =L W lly',' 

WIi E-llve f1 .lBG ull,1 DEO aT '" 111l1 tually t!lluial lb'1dal' j Wh.\· :' 
<111\1 &. ABU auJ ~l 'B'(f art! rnntu:-llly t:quiangulal'. \\ 'Ily'! 

Therefore b. ABC _ .1IBtr ~ § 155 

EXERCISES 

1. Compare the various condition s lI uder whieh t \VOtl'iangles 
are ",,,dia l' with thuse uncleI' whioh two t n :.mglcs are col/fir/te lll. 

. U the angl(4 l i t the ve l'tex of l'L triangle i:i helel Jixed 
while the side' S wllil:li illdlltl" t lJ e l;;WW angh~ al'C st l'\i tL'llL'd out 
by lwlf llJ(~ il' lem,1:ll, hd W l10 tlJu :t11 J.!,']" S iu LJIU l' t!snltillg t ri
aug]e ('ompare wi th those ill tI le oriS-illul tl' i~Lllgle;' \Vhy~) 

3. T wo roJs...dB aud CD Inc hingt'd toget.her at n point u, 
the hinge being placed on each rod Olle 

B 
UUI'd the lenf,;1:l! of the l'uJ f rtnll one l'nd. . 0 

Show thol .dO = BD 2, wl lUtt'yel' the A~' 
L Dun lIla.\ be. Sho", alw tha t tbe D 

ratio AD/ CBdot!sJlot cll :1IJ!{\! wben L. DOB cllanges. if ,1B= ( 1lJ. 
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160. Definit ion . If in tl!P pl'llpur tion a ' /I = c/ d we ha.\· 

c; = lJ , then b (01' t:) is saiu. to be thp mean proportional b('tween 

a and fl . T h us, 2 is tbt! meau Pl'opol't ion nJ bet ween 1 and 4, 


since we have 1j 2 = 2/4.. 

161. Theorem VITI . If, in any right triangle, a perpendic

ular is drawn from the vertex of the right angle to the hypote

nuse, the two right triangles thus formed are similar to each 

other and to the given triangle. 

Give n th e r i ght - a ll~ led 


~ ABO h aving its righ t angle 

at C. Given also tI le perpeu

dicular OD draw n f rom () to 

the hypotenuse .AR AA D B 

To prove tha.t & ADO l'·n.. , lUi. 

alllI ABC are s imilar. 
W by?Proof. These &. are nlllillally e1lui (tngllhr ; 
Why '?

t.h" I·efore they aTe siUlilal'. 

162. Corollary 1. In (IllY ''';aM tl'i((tl gle the 2,UjJi! I, llic u/((1' 

f r01ll the 'cule.c of the 't ;rthl /l ll yTI' to the h!lpOlell w;e i ii the '/l teaf! 

Jlroport,ional betwf!en the lJeyn l elll .~ of the hypotenuse. 

Proof, T he.&. . ID O, ODE being simila r, ll1 l'u' COl' l'eSpOlllling 
s iL1cs a re proportiollal. UpOll Ctll llparing t ho si,]ros AD ancl CD, 
ill the on e with those which l;oJ'l'l'SI'Ol IU to Ill tllU ill il le utlwl' , 
lIalllely, tIle sides CD and VB, we ohtai ll .. I/)/ (1j) = Ol)/ DB, 

wlti c.:h was to be p l'oved. 

163. Corollary 2. if, i{l, Wt,lj I' iyht t tinIlY/I:, a Ji I' I' /1f'IH!ic lIlm is 

dr(lu:n from. the 'verte.l' of the riy1tt Ui/'J1e /0 fhe h,l}polell 'lLSe, each 
:side of the right tr ialLyle i ,' lli t> 'nelUl jJ tvpol'tio {l ul bettceell the 
hyputenuse [(rlel the segment O(U l !CI! Ht to tlila sidl!, 

Proof. The &" .IDC aud ODB arc ('.loh sindhl' tv D. -lBe 
HelICe ABjAC= ..4C/.1JJ :mu. .lBj OB= OB/ DB. 
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164. Problem 3, 2'0 .lind the ?nWIL 1)1'0 e· 
t Ween tll.'U li ,ws. 

Given tht' t wo lines a :U1 U b. 
To eOll st l'Uct their meall propor

tional; t hat i,., t o COIl

st ruct a line ;c InlcL ..I _ B_--. 
b Ii I ' I B

tha t al-l.: = "l b. A C 
Construction. Dl'aw a l ine of in

.lo"'O. l1!1 
definite extent ..;lB, and hOIll • f lay 
uff .AU = a. li' rom the pu iT l!, U b y off = & Fit.!'. 119). 

On AD a.:; a lliaw ~Ler d raw a semici rcle. 
At 0 erect OR ..1. ..JB, meetiug the :semiuirc:le at E . 
Then CE is the l'Ull ui l' t'll Ii n.~ re. 
P roof Draw..JE altu DE. Thc'n L ..JED is a right aug} tl , 

\Vlly? UOlTlplete the Pl'LiOt' by lneans of ~ 162. 

E XERCISES 

1. Find the mean propor tional botween 9 and 4. Ans,ver 
tl lO same (lUt.'stioll tor 1 and;$. , Vhat essent.ia l diffe1'ence exists 
uctween the k inds of answers in the two case:; '.' (~ee ~ 1 ~8. ) 

2. The alt itude (lrawl1 to the hy potennse of a c.er t.ain r igId;. 
angled t riangle div illps the hnloteJlll !'.!' i11 10 seglllf'ut.s which al'e 

f length 16 in. amI -1 in ., l'esp~ctivel ,\'. H ow long is the 
al t itllrle? Answi) r tll(~ SIUIIO fFle~tiol1 when the segments HI' 

{'nell 10 ill. long; a lso wll('n 1111.y are l'e~ pectively 1(, in. 
and 5 in. 

3, If :'l. perpelllli ~l!br I:; l11'a Wll h om ally poil1t on a cit'cIe to 
a diametel', whitt relation C~iMt~ lH ,lwpen t Il(; p el'pen lLieulru' :lIlcl 

the segment s into wll idJ it lli vi,l tls the Jiameter '( (See § 133.) 

4. If one of the siues of fl l' igllt-angled t l'iangle is three times 
tho othe!', ill what ratio tioes the perpendicular divide the 
hypotenuse 't . 1118. 1 : 9 

L 
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165. Definitions SiLlilar Poly gons. Two poll/[Jon8 al'(\ 
said 10 La similar whell t>acb may be ciel:o lJl posed iuto t he SRllI 
mLll)Le1' of ll'iungles 
similar each to ear:]' 
and simil a rly plaeed. 
Thus, in tha n glll'e, 
tIle poly~oll !:l _lEel JE 
alld ..: I' B' 0'.0'E' [Lr c 

sim ilar. ]i'OI', if we 
draW' the li lies D. I, 
D B, ])'.,:.1', n' IJ', 

B ODE is deuum · 

o 

c 0 ' 

c' 

FII . . l~(\ 

pO:3ecl into t hree h ·j'l11g1eBthat are simiJa r tu t lle t11l'ee triang les 
into \\Ib idl ..:1' B'C" D' E' is decomposed. 

A regular polygon h as been defined ill § 96 as one which i t> 
botlJ. equilateml and equian gular 

166. Theorem IX. B t YI ,l a,1' pol!JrJons o{ the sallie 

111)1l)('r of sides are ,~ ill ( i{(( f'. 

Given the two )Jul y -
g Olls ABODE a ll cl 
.A'BIC'D'E'. 

To prove th.at A BODE E' 
~ ~l'B' O'D'E' . 

Proof. 'r It roug h D 
chuw DA. DB, and 

0 ' 
E 

C) 

t1J1'uug-h IY chaw 1),~ 1/ , ]1'1(;. 1~1 

o 

D'B', t hllS (li viiliug each polygOll i liw three· l rifUi gles. 

C 

Then t he .&. JJE~l flI ,,'l ])'E ' ~ ( ' tU'e both iflosecles, 'Why? 
and they have t he f! clual y el'teX angles nt. E Hnd E'. G il eu 

'l'herefore ~ D E. t ~ ~ D' E '~4'. «'ompare Ex. 2, p . 142.) 
Now prove thar f:::. D~ I R ,~ ~ n 'A'B' b) ~ltowin g tllat L. lL 1B 

=L. D'A'B' a nd tl l :lt . 1 j) I ~l ' [)'= . l B/.dIB' . 'ro do tlii l;, li rs t 
show that L E . .. 
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167. Theorem X . 

Given tlIe si milal' polygons 

To prove tliat 
rYE'. Rep Fig. 120 

l'prilll Ptp I' flf _IB(TlJ E . 1 
Vc-;-:-il llPter of -.dIJJ'C' IJ' E' = _I'B" 

Proof. \\Te h a ve 
AB BO OD TJ& 
A'B' = B' C' = (~D' = I)' E' . 

'f lIerefore 

that is, 

EXERCISES 

(;.j \ ' p n 

Th. H, § 14 

1 . Give the proof of Theorem IX for :l regular hexagon; for 
a regular o()tagou. 

2. III Lwo similar polygons two COl'l'esponding sides are 1 
and 20 in., respecti \'ely. If t he perimeter of the first is 
5 feet, what is the perimetel' of til e seco li u? .Ans. 6§. f t. 

3 The perimeters of two ::, imilar 1)ulygOllS are to each other 
as /j . 8. A side of thc" .first is 1 ft. What is the length of 
the corresponding side of the other ? 

4. Prove that the perimeters of sim ihr polygons are in the 
&alll e ratio as any two cOl'l'esponding cl iagonals of t Jl e polygons. 

5. The peri lUeter of an equilateral t riangle is :~ ft. F i lld 
t ho side of an equilateral triangle \V'hose a lt itude is one half 
t he altitudo of t he nn;t triangle. Generalize youl' result in l 
a theorem relating t o simi lar triangles. 

6. Prove that th e perilll eters of similar triangles are to each 
other in the saml:! ra t io as any two con esponrlill g' medialIS. 
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.PART 1\T. P RnPOltTW'\.A L l'nm'EltTJ ES OF 
CHORDS, ~EC. t X TFl. AN 1) TAN(H~XcrS 

168. Theorem XI. If t'tJ'O chord:> intasect 1I'i thin 
r:ircle. the 7Jl'odur:1 of t/w NerJ /I/ (> n(.<; of" the nn 

Given t ho chords AO (ulcl BD int er!'icc1
i fl g at 11. 

To prove tkd, KA . f{(! =. 
Proof. Draw ~ ,wd ]J 

&. 11KD and BI{C we have L 
each being measured by AB/:,. 

ikewise L A = L B. ' ''''by:' 
Therefor!! AAA-V ~ ABCK j \Yhy: 

l C t J{D 
HLJ = ](8 ;henc.:e 

whence l {.A . 110 = IlB . KD. 

EXERCISES 

1:<ro . 1:.1'2 

Why '! 

1. A chord of a circle is divided int.o two segl11ents of 5 in. 
and 3 in., respectively, by another d lOl'd Olle of wllOse segments 
is 4 in. How long is the second t:JlOl'd '! ..1118. 7t i ll. 

2. The greatest di stance to a chord 8 in. long f rom a point 
on its int.ercepted (minor) arc is Z in . Wllat is tho diameter 
of the circle ? 

3. P is a fi xed point with in a ciro.le t.hrougll whi(' h (point) a 
chord passes. . t R t he c]lol'cl swings rOlUlrl P as a jJivot . what 
can be said of the segments of all new chords t hus obtaiued ? 

4 . If two circles intersect and th rough any point in tbpir 
common chord two othel' cbords be c1ra~rn , one to ('a(:h cirr-le, 
p rove that the p rodllct of lhe segmonts of olle chord is equ~l to 
the product of the segments of the other. 
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169. Theorem XII. if from a poillt wit/LOut a circle 
is the 

mean proportional Del-ween tILe enure secant ana its 1>') ' _ 

ie1'iO?' segmell t. 

~., " , '., -. 
./;/1' B 

C ' 

To prove tha.t ..1 

Outline of proof. 
Th en 

i·h~. ] ~; .: 

~1D = . 1f)/~ 1 

D m \\ LID and n O. 
L~ I =LA, Iden. 

amI LO=L 
'1'1I(,1'ofo1'e 

anti h en 

, sin III' <."(1('11 is measured. by ~ DB. Why? 
~ 15G 

Why : 
A ..J t.!D - i::.. A BD 
. .JO/ _W = ...l.D/_IB. 

~ OTE. Jf ill Fig. 120 . ..:1 0 is alloweJ t o swing u1'ouud A as 
a pivot, tIl(' tangpn t. ~lD tnl':tn while remaining fi xetl, we have 
throughout. the mation, -1 a· .. lB = .. Uf. This, in fllf't, IS w11at 
Theo1'611l X.II says. UIlI , "ilH'e Al) 1'''lha iJls fi llell , t.lllS meall S 
that the pl'odnr t ..1 ( ' . .J.B l'eru llius WI/sltt /It Ull'oughout tl le 

moti.on. 'This fad lIlay lJe stated as follows: 

170. Theorem XUI. IIfmlll II ji.cnl 
ci I'ele atl .1J 'wo .')r;cunf Ii 
jJJ'o(li wt of one ,.,ecant 

nd 'its extel'lI(ti 8PrJlnentis eq unl to III 

.))'O(Zud of the utlter secClilt cwd its ex
ten wl Sell/ll c llt . 

B C(O
A P 

0 
7 
FIG. 124 
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EXERCISES 

1. A secflu t i" tll'aWll fruln a l'ui llt with uu t i:L circle in suoh 
a way t hat its II lillIe Icngt.h is n in ., while the jjcu-t c ut off 
,\ ithin the ci l'ele is -1 ill. "~hat is tho lClJIgth uf the tangent 

t o the oj reIe ll'Om Ole ~alDe jJl!il lt ? All~. 3 ,,5 iTI. 

2. 1'\1'0 seea n t}; a rc ,lrn.W Il fl'(>111 the Sllllie l,o iut withuut a 
;il'(M. Oue is 11 in. ll111 g al1li it.s exttll'1Jal ~l'g)llt' n t is 4 ill. 
T he I!xt el'lI :Ll Sl'glllf!lIi: of t li (' set'olld is :! iu. \\'klt is t he 
length of Lhe seeOJi J secaut '! 

3. 0 11 0 of t wo Seetlll lS mocting wiLhout fL circl e is 1~ Ul. 
long, while its ex te I' ll al segme llt is J in. Th e otltel.' !'Ieeullt is 
diviaeu i uto equrtl pa rts by the circumference. .Find th 
lellgtlJ of tile second secant . 

4. A pui1l t P is 1 ~ in . frl1Ul the center of a circle whose 
radius is 7 in. A sel'Uli t is rlmll'll fro m P. Find tb (,j product 
of the ell t ire seca n t mid il s r·xtel'l lal 5t'!pnant. 

6. l'rova that tang~nl8 d l': I\I"Il to two 
itti el' t!ecting circJ(!s £1'1)11\ a IJoiul on tllt~ il' 

CODllJl01l chord are eq ual. 

6. Given two llLJu-inb·rselltill g 
c1t'cles 0 anu 0 ' , LLraw any circle 
AB eD i l1terst'r:ling buth uf th elll . 
Draw the twu (;Ollli Il Olt clionh; 

B ::J.!Hl CD, awl ex tell t! them tll 
lll eet nt P. SllOw that iall t:)'outs 
ura 1\' 11 hOllt P to tlle twu ei rcles 
o aull 0 ' al'e equal. 

. Q 

. Show tllat the ilianletel· of a circular porch colurnu call 
be fOUIld by mealllll'i!l!; certain li nes entirely outside the column 
;UIi this still lx, done if over half the face of the oolnIlllL is 

buried in ctll!leut ., 

II I 
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171. Definition. A lin. · segment is said to be ilivi,l(',l in 
extreme and mean r atio ...-111'1) one of its spgnH'uts is a. lll c:m pro
portional hetwren th e whole line :lIlU C 

the otl1('r segment.. I n "Fig. 13.:;, C is AI I IS 

S0 located that .. t B/~lrl = .dC/OB . so FlO. 12:> 
that ..J B i:; d ivided by a in extreme ancl mean rati.o. 

NOTE. T he division of a lillE' in extrf'1I 1e and meli ll ratio bar;; 
he!~n ('a ll ed tile ~/Q Ir1('ll lil' rlion Ol' div iaion i ll !Ju7den 111 (,Ll Il. It 
was obSeJ'I"(I(] l)y t lJe Illl ai!'nts t hat 3.l' t istie effec ts Jl'ef[ l(ent l), 

l'esult f ro nI its use. Ti lliS. a TI'ctang1l1al' piohll'e £ I';\nll' will 
l1snally give tbe hest en'ecL i f il:< l engll l :1 nd w'idth are in d ie 
l'a~io just rl esc.ribr dj that is, in the 1':11io of . 10 to an in F ig. 
12.'j. A si ll111al' l'p.mal'k applies t o the l lci",ht of the hack of a 

I'hair as cOffi]1areu with Ule lengt.h a f i ts legs. 

172. P r oblem 4. To d ivide ct 

~;l'ir erll (' all n ·taf i 

Given the l ine A /3. 
Required to divide ~ J3 in extl'em 

anrl mean ratio :, tJr[1t is. 1.0 deter
mine a pointF such t.h at A BjAP = 
" tF'jFB. A 

iut'JI. linc serrrn f'l7i "ill 

'\0 
- - ""\ 

C - \ 
.... I 1' ... ........... \ 
',I ./','" t I 
E"' -- I I ... _~ I 

,"" 1\ I 
"... 1' .. : " <.... I .... I ," 

B 

Construction. .At Bdr: lw T3G~ ..;\1i 1'·IG. 1:!6 

and equal t o half of Ll B. 
\Vith (J as center :md CD as l'(l.rliUR llra.w a ci1'ol 
D mw .Ll 0 m€'eti ng the Cil·l·.le at E 1Il1l1 D . 

n ..dB take LIP = ..lE. 
Tlwll F is the point of division reon ired. 

Proof. 

hence - ....1 
----:l B = ..dE 

,",Vhy ? 

Why? 

Hut A B = ED, and A f;' = ...1E ; 'W hy . 

therefore .APj~tB= Fn/....1F. 01' AB/ AF =.AF'jPB. Why? 
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P ART V. RIMILAR R IGIIT TRI.\xn LES. 
'['lU(~ONO,m;'; TRll' lL\TlO;-; 

173. Similar Right Triangles. The iml)Ortance of a specia l 
stud)' of similar righ t ll'iallglcs results from the sitnpl icity amI 
nsefu1n 6Ss of the resull, ~ ]'3" that two right t riangles are similar 
if an acute angle of one is equal t o an acute angle of the other, 
This Vropositiol! may n() w be rebla.teo as fllll ows; 

174. Theorem XIV If t wo right triangles have an acute 
angle of one equal to an acute angle of the other, their corre

sponding sides are in the same ratios. 

A.r u 
,LJ"

e' 
F lo. 127 

Given the l't. A ABO and .A'B'C', with L A = L ,,d'. 

To prove that their col't'esponcling shIes a.re in the same ratios, 
Proof. 6 .dB C -6A'B' Q'; § 157 

hence t lle corresponding sides a re in t he same I'ntio»; 

t hat is: 
BO 13'0' A e ..J '(1 ' B e B '(" 
-113= ~'n' ; .11 13= .A 'H'; Arl = --;-;r;;' D, ~ t4-~ 

175. Corollary 1. r( (01 (lI' lI le (l1Ial(l Of (/ rtaht trirlllgle i.~ 

know ,l, th e t'atlos 0/ the ;3iries (f tV " lll1"fi' ,'m"l ed. 

176. Corollary 2. If the tutia of ml!) pa il' ({t' lJicles of 1.1 i'if/llt 
tria l1gZe is given, the tlcule (w(Jlell CIt!! rleler ,nille(l. 

NOTE . Th e stud)" of the use of these ra t ios is called 
Trigonometry. .By t heir use, any part of a rigllt triangle can 
be found, if any two parts, not bot h angles. a.l'e given , besides 
the rig lit a.ngle. This process is called solving t he triangle. 

lIT , § 178J TmGO~Ol\mTRIC RATIO~ 153 

177. Definitions. Let L ~' I ! Fig, 1:18, he a. lmowll [l('ute nngl 
of a right triangle, m whidl LOis :J, J'i l{ht angle; f l1ld let 11S 
,leIlOlA' the s ides opposite LA, L 13, 
L 0, by (I , 71 , c, respectively. 

'l'hen the ra tio;, ", /7; , n/c, ll/I~ Rl' 

ltD uete11JtiDp.d, by § 1,:5. 'n ell 
l'aLj(,» are mUlled as fLlllows: 

(1) rJ I, ' is cal h"rl ub,' sine of t llO !I .e , b Ie 
Rngl,- ~j ; Fill . l:?R 

:!) 11 cit; I'nlled lhe cosine IIf lb, ' : lll ~ l,' .J ; 
:1) (lb is calh'd Ill(> tangent lit' the allg-le .1. 

T lu. t is, fo r n t1 aCl1 tt~ angle of :L right triangle : 
1) the sine of thO;! angle = !:ji ll!.! opposite it -+- lIYllUtenusE'; 

(2) the cosine of the nng1e = til de a(i jacl'nt it -+- hypotenuse; 
(3) the tangent or the anglp = ~ i d(' op pofli te -+- side adjacent. 

These ratios a re palled tlj(~ trigonometric ratios. 

178, Values of the Ratios, Table. 'rh s Va.l ll CS of th" 
t lu'ce ratiof> me ntioned in § 17i can be olJtaincd, n.ppl'oximately, 
from <I good l1gure, for any ac ute angl 

These val\\es al'e tabulated all p . 155, to LhrcC' plaops of dl1C i· 
rna],;, for every angle from 0° to 900 

, at intervals of 10 
, T ho 

stmlent may cherk the al'clU'aoy of any enu'y in this table by 
(hawing an accu rate fi gure wit.h a prohactoJ', artnally measnr
ing tb !:l- sides of i i" a nd t hen ('alcrua.t.i llg 1heir ral ios, 

g )(. \ lIU'LE. rrh(> lPlIgl h 01 the sl la/low of a tree' OR is t··l ft. . 
wli l"l1 the aJJgl p, V. ID betwot! r\ t.1w shallow 0....1 all11 the line ~jB 
is 31°. Vind the ll eiglit of the t ree, B 

"""" [SOLL"TlnX, Since BaiLie is the tangent of 
31', by § 177 , we look in t il e table , in IIIl' col 
umn headed t ,ll1ltent, m rl OPPO!lit c 31°, 'rIds 
gives the vnino .liOJ. ; h em;" Bf'/ t(!-· .1101; hil I A 

= 14 ft. i i t fnllnws tk lt ,J.j fl.. 

Rf'1=. J(' )( .I iOl - 11 X 001 = 20. 141 (ft. ). ] 



1. 

1. How large, m 
i" 1? 

2 T ile shnllmr 

.,L\ rILillIT1 [III, § 178 

EXERCISES 

graes, is all ~wnte angle whose tangen1, 

B 

a t ret' i3 ::<1 ft. long 
wli en t he <11lg-h' (If elevation of t It e f'1I 11 (L 
;11 th e fi gure) i " , ~;"i0. How tnll ill t.h,~ tree? 

3. n il e .'3i d~ oj' f~ right t.l"i :!lIgll' is !! ill., ~,.n C 
tile a djnl'ent all !.;' le is l :d °; J t.t.el'lJlI Ii C 11 ,ere. A ~'i1 .1t. 
lIl ainiug siel... UIlJ l ll e li.vP(Jj PlI ll$te, aw l ' ·] I"(· k by lUenSlll'l'lllL'llt, 
rom ;]11 accurate ti;;ure. A il ,q. side = L S i ll. i hy1" = ~. f; !) ill. 

One t<itl e of a. ri ght t l'i;),lI gle is 2 i ll . a uel the OpposIte 
augle is -120 

; dote rllline t h e remaining side :tlld lIYI'0ten use. 
Cheek by menS l1 rl'mell t. in 11. fi !!;ll l'e. 

5. '1'lw hy potenuse of a. J'ight tr ian lrle is 28 w.; one an d e is 
;{ 2°. Determine the twu petpcndic1l1al' slues. CII E'f:k. 

6. rco daLel'mine th E' l tl~ ; ~ht. rd' :l tn '(' OA star\(l i n ~ in n level 
fi eld the (li s1.<l!'I(! e nn = Ion ft. f rom tll l' base 0 of t ho tree> t o a. 
point B in th e field is 11lI'asUt'el1. and t. he augle OB.!1 i,; then 
foun d to he 37°. 1<'ill <1 a pproximntel)" the heig-h t. by meaS\lrp
ment in a reduced fi glll'e, an d by the t.abl e, 1'. 1':;5. 

7. ) Iea.sTIl'6 two adj acent edges of yom stur1.r ta bJ r> . (find 
t,he angles th at the dia gonal lllak l'g ,dth Ule edges, (n) by 
tlr:-t wiug an ac curate ti g urf' anu meabll ri ng th l' ali a-If' with a 
protractor i (b'J l>J use of the tabl e (1" Jrio). 

8. ThE' t rNld of a st(' P all n. (:ertain stai l'wa} IS 10 lll . Wldt' ; 
the siep ri ses 7 in . above the llext 10we1" step. 1<'intl th e angle 
at which t hf' s tn. il'wa.y r ises, (a) hr a. Pl'otl':lctm' from an 
aC'cmate :fi gure; (6) f rom the tabl e, p. 1.:-; 5. .AII.S. 8':;0 (nearly) . 

9. \\~hat angl e does n l'aft C'1' make w ith th e pln.to bea in 
(Fig., E x. 2, p. 4-3), if t.h e roof is " half·pUch "; if tl ,E' pitch of 
thf' l'00f is 1.18. .dUN, . ~.)O j 1 1 earl y:~ 1°. 

[The llllclt of a l'oof is ilie rise diYl<l~!l by t ile el/tll"e span .] 

lll , § l il:l] 

0' 
1° 
~o 

:IV 
!" 
I» 
o~ 

7" 

" ~1 ~1 

10 
11
I:! ') 
1:,0 
14Q 

15° 
II i" ) 
17° 
III 
1!1 ' 

20" 
:!J'" 
:!.),!Q 

~:I 
:!!o 

25" 
~fjO 

:.!-; .... 
~h<.l 

:.! !I--' 

30" 
;) ] Q 

:::2 
; \ ~ ~ .:I 
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.~ 

.2::?fi 
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. ~;;u 
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.:Jij 
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. ~07 

. t!~-) 
. ·~ : ~H 
AM 
,-1Ii! 1 
.-itIJ 
.r>!lV 
,/H.i 
.5:>0\) 
.i)-i,j 
.,"'k"') \1 

..,n 

. ;,~ 

.m~ 

.til l; 

.lj2V 

.t:>l:l 

.O:;li 

.LiliO 
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.G~ J5 
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.Di4 
. ~170 
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.\I.ll) 

.!I HI 
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.!i21 
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.!Xl\) 

.8m) 
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,Hf ;ii 
.~.lj 
.,,>+,, 
.!;:l!1 
.8~!I 

.bl :1 

.I!<)!I 
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.7 .~h 
,jj7 

•71 ij ~ 
.T,j,-; 
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. , J!) 
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,0:),[1 
.U,i:! 
.UI 
.I~i 
. I ll... 
, J:.!:l 
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. l~ 
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1!JI 
,~1 :$ 
.:!;l] 
.:!.JU 

.:w,~ 

'2"7 
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. ~1:!5 

.:>:11 

.:~1l1 
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.(i76 
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.781 
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.830 
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.!l00 
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.!ltiIj 
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4 5" 
..Hi '" 
·17" 
·IS" 
·HI 
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7~O 
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--~,I 
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IW 
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. ~~; . ~~lO 
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.!' I-I . \1)7 
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.0lD 
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.!17u 

. !'7~ 
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.!18~ 
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.::ti :) 
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.:{!6 

.:lO!l 
. 2~':J 
.:!7tl 
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.:.!·I :! 
. ~~n 
. ~(ili 
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.1:·:!1 
.1 ~:! 
.1O~. 

.O~7 
OiO 
Jl;")2 
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.0 17 

.000 
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1.00U 
1.0:l6 
J.07:.1 
1. 111 
loWO 
l. Hr~ 
l.:!M 
1.2!lO 
J .3'!7 
1.::711 
l.l:.!H 
1 4~1 
J .~lu 
I.I ;()IJ 
l.I j':~ 

1.7:l:! 
U>O·t 
1.!;!l1 
l.!li;;'~ 
2.050 
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:.!.~#i 
~. :lW 
:.! .47~ 
!! .UO:i 

:.! .H 
~ . 9().1 
;1.078 
3.271 
:J Ab7 

~ . 7 3'J 
4011 
~ . a31 
-1.705 
;.146 

f.t ,H7J 
1;.:>1 • 
j . l J!; 
X. l .J.1 
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179, Theorem XV, ( ,'07'rCS 

[ 1/' 0 1l1'lltilal' 'riullyll:1i iltt 
~il/1.ila,. right triangle:!. 

B 

[III, ~ 17, 

/L'lett; (U/!! 

iI's of 

/-l\~cA D 
, <"" u , \ 1

A ~ I C 

J'·JO . l :.!~t 

Given tLe t wo Silllil :u: trhlTl ~les ~jBU ami A'B'O' ; and given 

the C01Tcs]JunJillg ru litud"" BD It tt d B'D'· 
To prove that .6. JA BD ~ A . 1'B'D', aml .6. DOB - .6. D ', / 
Outline of proof, S lluw t l lat .6. ..1BD- A . I'B 'D' Ly "hawing' 

tbn t L .l = L _I'. (~~ 1.58, 1i .1.) 

180. CorOllary 1. ..J,,!! i1l:o 8imi7arjJ/JliHlo,i.~ nlll!l O (~ sl/ h

eli/' ider) i ll ta "Ol',.esl " )lI ui" !I J lltil"~ o/8i,nilul' l'iUTtt triulI!lII'.~. 

~ OTE. })ivis ioII of :.L t l'iungh' intI.> l'igltt t l'ial\glef\ i:; uftt::11 

u;;rful. 

E x..\.'rPJ,E. 

L B = 8,j". 
I n Fig. 1~\), suppose c = 10 ill., L A = ;;0°, 

F ind L a. al1 rl sides a and b. 
SVLI II"N' F il'HL flllll L. ( '=IJi.," . 'fl ll.>1l " ~ ,: x cos.im! 01 :30 =lO x!= v. 

lJ CIJCf' " == It + Hine 01 C = ;l -;- ,DOli = ::;. ~ :t. Ag;UI1 _ID -, " x codinc of 
30 '=8.00 i a n ti. D(I=u oX c'U:;.i llll f)f fli, ' = 2 .:~::: ; llEmC!1; iJ= ..JD + .D C:=o lO .V9. 

EXERC ISES 

1. TIlt:! base of a cerLaill isosceles t I'ia.ugle is 10 ill. , aud the 
angle at tI ,e vel'tex is 10°, Pillll t he s iZe! {.f Que (II the eq ual 
angles; finll the leJJ g1l1 ~,f oue of the e(]lUll side);; (0.) 1y rueasure
lllont, (Ii) using tlJf' tabl!!, ]I. 153. 

2. 'TIle diagonal of a cerlain rectangle is ,J f t . 0 11a side is 
~ fl. Finel th e :wgle the f1iH ~()I l al wakes wit h that siJe, ( tt) b 
llIeasUl'emellt , Co) usillg t lr L! t.able, p, 15i.:i. 
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MISCELLANEOUS EXERCISES. CHAPTER III 

['1'), (> EX~ l'(: i Sl!S t lmL involve tho mi!' (Jr tI ll ll'igon o! ll..t rIc rn.tiQl' IIr!, 

Iltarred, "' .J 
1. A blliJeling cn.sts a shadow Ii I ft. Iong'. .A 1:tmp-post R f t. 

high at one comer of ilw utti l<1ili f' eiH;W at the il:1lIlC t imp a 
~haJuw !l ft. long. How high is t lllJ ln ti lJi ug ': 

2. SllD W lww t v fi nd tlm:e fi l'tbJ> of 1'1 gi,'t'1! Hnp; fir( 

sevenths. 

3. A ci r cl e jg in lifll'i hf'll i ll an isosl, ,,,l ,'s t ['j fLl lg-lr. Pl'nYe tll ;'!t 
the hiangle fOl' DJrJ by joiniug t111' poi1lt:, of ctmtad is nIso 

isosceles. 

4. If each of Lwo po1ygons is Ri lIli la,[' to ~ third polygon, 
they Ill'e similar to eM1 1 other. J?J.·ovo this slatement. 

5. P ro\'e tl l:lt in all iIl ACt'j hetl tjllillll'ilateT[l1 iLl; TIl'oc1n l'l, ('If 
th e segment,:; of ODe din!,; onc.1 is eq 11 1l 1 i u ill" pl'uduet ur the seg
ment f\ of t 11 ft OUI (> ]'. 

6. In tJle adj oiuin g figure, .dB 1'ep
Tesents a vertical pole, anrl OD a ,e l'
tical stake, flO thai D and B are in l he 
!> alDe line Df bight f rom a point E on 

yJ'
E~A 

the le\'el groun d EUd. What measlIrem ntl' must be takell 

to fi nd .AB ? 

1. 1£ the lI on-parallel sides of a t,l'apezoi,l are B."{temled to 
meet in a point P, t be lengtlJs of tIle extensions al'e p ropor
tiunal to Hie leugth ~ of' th{' ()1'i ~ill!d si,le:;. iStnt e a jil'ouf. 

8. If in allY triU II g-hl, a lint' i~ (l mw]l pa ral lel to t lw btL'>" 
a..ny line thl'on~h the \"I~ l' tex di\i rll's the basp lUIIl tIl e -p nrl'lllpl 
into segmel1ts th at :11'e ill the same ra tio. State a pl'uof. 

9. Show that any t wo al Htll lles h ant1 71' of a triangJe :I \, 

ilwergely p ropor Li(Jl1 a l tn t il l' si{l r " a ~Ln{l .1' to whil'h they an' 
]lE' I'IWll llicll l fLr ; that it; , " h' = a'/ a, 
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10. L et ..:1 E aml 'Rn he tbf' tarJgc nts l i t t Lt e ends of ::l. lliam
et.e I' ..:1 n of n. r il'c le O. Dmw (1]1Y lillo 
tiJl'( lUgh ...1 , an u supposo it cuts the eil'C'1 ~ E 
:d e ancl meets BD at D. Let E be t.he 
point of intmseciion of AE awl Be pro~ 
ducecl. Rh ow thai t hl'Pf~ ~ i Iili 1;\1' righ t tl'i
:~ J) gl e~ !'lJ' A £0],11)(,,1 ; 11111 1 "h (l \\ 111 at AB is 
a, lil e:lII proportional l,,?tweell AS aDll !:ID. 

1 1 . ( 'Oll s1, l'l ll'l . 1\ f OHl' j' 1i l' I''' I'!ll'ti nliol h I 

l.lirE'€' !we!'!, ~ ill ., r; il l., li.lId i iI I. lOllg, 
rf's?e(· ti'\"e l ~'. :-;!J p\\, rlm t. t il e l'e!;1I1 t i ll g' li ne m ll ~t bp ;\ in. l on~ . 

12. Tn general, (;on<;tr llct a fom'l h pl'Opmti('lI a l 10 1 wn g l\' Pll 

line segmentsl n. alHl b and the 11 1li t line segment. Rho\\' t.h ai. 
the resulting line haR a lengtll1) a in terms of th e ll Tli t. [r.'Pn 

1p/t i c ('rIll 8I '1' 1I,'l io)) fnr d i l.' is ;'I})l. ] 

13. Rl1()Wh ow to t'fJnst['llrt f\. (·it·rJc tl u'ough two glYPH l'oi n t$ 
a n,1 tangent. to a given line. _ _ D C_ 

[ FI l'IT. D raw II line througlJ th r given pointR A OB
and B, meetin;; tile f!:iven Iin(' ot f), Then fi nd II 

mean proportional cn 111:1 Wf:lIn .d (' "lid BC. Two 
cireies a.re pos.sihle nccord l1lg 118 On is laid <!fi' from G 
in one direation or tbe other al on~ the given Jill!:.] A 

14 . Sb ow how to constuct a cil'cl 
tangent to two given lines arid pass
in£! t hrough a given point P. 

(Il!~". Dra.w ED bisecLlng L ABC. 
Dra.w t hrough the g iven point P (I li ne 
PD 1. B D and exi.end it t o E , mll king 
DE = PD. .!i'ow apply F.x. l:l II) draw a cir clo throu gh /' and E (lnd 
tangent to AB. How m al1 Y sulut iollS li re po,;siiJ ltl?] 

15. Show ho\V to inscr ibe in a given circle a. t ri angle si lil ilru: 
to a given triangle. 

16. ~how how tn ei l'c nmsc ribe about a given el l'olr a tl'iamrl 
si milal' to a gi yen t r irul gle. 
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17. Construct II fuurth provortiunal to three hUl~R, 1 ill. , 
"".:i iu., lUHl 3.0 in . long. Sbow that the resillting line must. 
be ~.l) X ~t5 in. long. 

18 , Give a geomet1'ic colllitrllction fo r 'Tn1i1tiplyillg all/I tl"O 
/loU II IUer s. 

[ HINT. If z =a ll, tl l€.1l l / a = lif '-' ] 

] 9. (Jive a oeO?lI eli'ic CCJ lI st l'Ul'tiO/l /01' enltl.l'flil<. 

IJPY lnl: ll t in tho l':lt:iu 5 : 7. US€' t his (,Ullo,tl'll(;tioll to d ra W' a tri
allgh. Silllila J' t.o a givell tr iaugle, with i ts sides eularged 5; 7. 

20. Rltuw how to enl arge (M l'(> ll lJ ce) al ly liml segment il l 
th e mtio of two givell numbel's (,)1' twu gi' e ll l iue segments). 

21. Show bow to (Jol1 struet, ou a given line segmen t as one 
side, a pulygoll si milul' itl a gi \'en l)olygoll. 

22. Show t.hut if two l·il'(· le:; a re tangent erierlllllly, un.y li ll 
throllgh th eir j1vint uf tl~tlg(J1ll:y f U1'Ibs chordl! of ihl' two drdes 
t h <lt a re propul't iun :ll to th r' il' raILii. St.tltLJ amI In'ove thtt alla J
ugultg theol'13tn when the (> ircll'S lU'1;) tan~eI1 t intol'Jl illly. 

23. In orde]' t o tiuJ th o di st~L I WO betweeu two Islaml !:! ... 1 
and B ill a lake, what !l i st~U1ces and 
~lI1gl es lIlust be mealllll'ed ill t he ad
joi nill g figu re:' Compare E x. G, p. 
J42. 8how that th e figUl'c can be 
extentlE'u, so as to find ..JB by nwasUl'
iJ1t: (7i.~I [(,)/ e/·s only. 

C[" .~ 
, " 

' / c 

D 

24. IC 3 lil1l" is ,ll'nwll parllllel i ll t l ,f' }xlral lC'l baiiPlj of a 
t J'apezoid, !)how lhat the sf'gmellt l'ut. of!.' ou it hetweeu Olie s ide 
and OUf' uiagonal is equal to that cut off by the OWer s ide and 
the othel' u.iagonaJ. 

25. The bases of ::l. t rapezoid are 
,·espec:t.i I'ely, anel tl le altitude i::; 8 ill . 
triangle formed on Lhe smallel' bas 
Val'alle! sides lillt.il they m~et. 

11) i ll. and 15 ill . lOll !>. 
F iud the altitude of th e 
bJ extending thu nOlI, 

118. 16 in, 
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26. Construct It llW:l1 1 }It'1l1 ,or t,jonn1 to two li nes ~ in. and 
.J in . loug, l'espectiYely. C CJIIl>tl' ll r'L a Intillll Pl'Opol'tiollal t.o two 
lines, each of which is 2 i l l. long. 

27. Constl'uet a. 1l1 1'!:ll1 p l'oporl,iOllal t o t\\,·O Imes 1 in. nn d 
:. iu. long, 1'8speC'ti vely. H!)\\' IOli g ii) it ~' 

28. SllOW how tu I! onst l'llot the s l)u:ll'\:l l'uot. of :tny given 
!lUlUhur n by ilildi 11K lLo mean Vrupul' tiollul bet W('Io·n a line of 
unit le.l1 gtll a llJ n. lille " units lung. [ Ge(Jtnt't7'il.' cCI ,. /I/!'actio/l 

}()r sCj (lUl'6 1'001. ] 

29. Tlie total h'u gl.ll of a ..ertniH seo:mt drawll frolll a puillt 
tJ t o a cil'cle is 10 ill. j its exto1'llal segm ent is 1 i n. J,' iud th 

lcngt li of tIl E' tangent tlraWll frulll P . 

30. Taking t he radi11s R of the t) tJ.l'th ilS ·1000 mi., n ncl how 
fat· f r01l1 <1, lighth.ouse 1.')0 ft. lli ;;ll tl ltl1igl lt is ,·jsiule. A eh,;;er 
va lve of R is :~r)()3 n Il.; is th~ unswet' clHl!I ged sel'iously by 
usiug t ll is TIlUI'l:' an C· U1·a.tu V;Lll ll~ of 

* 31. If UUl:' f; i,ll.l (If iI righ t t riull gl" ill uonbl L' th,,j ot her , iu 
what ral io is t Ilt) Jl y pL1trlJll'<u Jivi,leJ by l he ulti tuue drawll to 
it't What : lI'P t.ll!! ;tllgll'S uL' the trinll gl ll '! 

32. If OlI O t llOl'tl oj' a circle is lJisect.eu by 3.11()thel', sholl' 
,hat eitl1el' segmf'll t of the tirst is a m ean ]JtUT)ol'tional between 

the segments of the otlilw. 

33. 'ehe !,'1·eal.r::.t iliStru lCI' frum a e]ll11'd 10 ill. long to its 
intercepted :1L:c hi 3 i ll. l!'i11l11 11 e l'a,li li S of th e oi rrl e. 

34. A clll' vp,ll,:lTW of r.:1(l~s t o lit <I wi ul1fJW in 11 l'OUlle! t uwer 
is ben t ill Up:! a rC of il cil'do. 11' tI m wilHl I of the fmlll c:! is 
30 in. awl if !,he g'l'('at,esL c1i stanco i'rulll tIll' glass to I L Ii Ul'lzoll tal 
lim' joining its edges is 1.:; iJI ., iillLl the l'U'l i 11:; of' the al'e. 

... 35. 'rhe l'fl.d ins of a eil'(' le is 7 f t . What angle will a chord 
of the eirc· le 11 ft. long tl llbt.euu at t he cen ter ~) Clleek b 
measurc lOeut in a I'cd uced figure. 

36 . .A. l'ail/'llad ('lU've is to have [l I'atlins of ~.• () ft:. \\That 
is the gl'eate~t distnuce f lom tJ le t rack to u. cLoru 100 f t. long I 
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37. A I'llilt'o:ul n UI'VL' t rim s ill the Ul'(, "f .L c:i rde; the gr~atest 
< l i ;;laUt~ f rOI11 Liw tnl.l· k tu a <"1 IUl'cl 100 f t. lung is 7 ft. i 11\111 th 
l'adiUls uJ the 0.1't' . .1"". 

38. ThE' width of t Ile gaule of a. 1I01 IS(' is :34 ft. 1'11\, height. 
1 the hUllse aLol'c th,' eaves is 16 ft.; fi nd t Ill=) l eJlgl h of the 

rnftel'f; and t Le all gl \~ of illulinatiull of the l',)()f. F inJ t he pitch 
of t Il e l'oof. tlee .cx . ~, p . 43, <llld .Ex. 9, lJ. 1.34. 

. 39. Tv I·hltl rh(' ,lih ta n ee l\C' I.·OSS lL lake 
bpt \\'1" 1'11 1,,,1) poin ts _1 111ld B, l\ bllJ'veyor 

lnt'flSlIl'ed. off' 80 ft. on a lin c .10 }II l'l'cn
ll iclllal' t o _IB ; ho thell foulltl L..J OB =,w°. 
Fil1Ll _l B. 

40 . • \ kile stl'i ng L" 2.)0 ft. lung aud c 
mnkes a ll ltllgl t' Df J lJo with t ltr level 
grouud . lf ju d (appl'(}x illlatp 1,Y) tI le heigM ')1' Ule kite above 
the f:; l'UllI lcl , ueglc<:ting t lle sag in th", sU·i ug. 

41. fJ' lta slw.rlow of 0. vertienl 1 O-foot. p()l~ is H It. long. 
Wlwl is tile angl e uf elcvatic'Hl of the SUIl ? -"l ll s. Auont 3.j';:;o. 

42. A ch()]'I l uf a (' i1'l'1 ~ j " ~Lj ft. IOllg, ami Ule angle whi cJl 
it sui,tf'll( l!; at t he cClLlcl' i:; .j 1". Eiud tJle ra.d.ius of t hE' ci rcle. 

43. The baso of al! isoscoips h'i augJe is ;)U fL., f li p aH gle at 
t1~ V l~l'tex is liJ o 10'. Find tllC' L'qUal s icles an d t he al t it ude. 

H. TIle 1,;UiE' uf ~Ul i~oscp.let! I t·jan.do i~ :n' .. 1 lUld each of 
(.h e b:L'le tUlglcs is G8° :!:?'. If iJlll tI ll' cCJnal s1(Ies a/l u the 
alt it. 1I 11 1'. 

. 45. The :llti tnde of an jS(ls(Jf' lefl t l' ial!gle is :) ~.:! fwd <'aell of 
til e b:He :It. gJ es is :.l:J0 .J:!' ; 1il11 1 n l (~ s id es ut tlU'i.l'i llJlgle. 

. . 6. Pi till Ute lengt 11 lIf a side of fill l'!lll il;Lteral. tri a ngle (ril'
(OlllllScribed about a (·trele of mcliliR 13 in. 

·'1 47 •. Show that the s inn 0 [' tlJe angle...l in Fig. 129 is It -+ '!, 
alJll t loat the s ine of (.I is It -+ (/. H l'llCP sl1o\\ that t he si'll's of 
he ( L1I ~/I('/j _1 ull d () W'I jU'()/Jv,-t iolwl lu Ihe lji,zelJ u (w d C ()P IJ() l! itl' 

he 1/1 . [Snm LAW.] 
.lI 



CHAPTER IV 

AREAS OF P OLYGONS. PYT HAGOREAN THEORE M 

181. Area of a Rectangle. 'l'lH! fundamell tal pl'iuciple, m ell
tiolled ill the I lJttOdur·tiull (~ ~ ;"; » ) thaI. t he area of a rectangle is 
equal to the product of it s base by it s height, will be p l'esupposed 
in what fullows in t he present [; hapter 

~L'he principle st at es that ':r lll e blt se anrI tlte height of (I reclrJl/gl 

ure. 1'e~J'ectit'ely, a und b. thelt itN (( rell (i ii terms 0/ the coI'respond

illy IIl.jll a re 1~llit) is a . b. 
The followilJ!~: corollaries result from th is pr inoiple: 

182. Corollary 1. T/u: flreu oj' It sl}llflre is eglwZlu the sl.j(lU re 

.r il.q .~ide. 

183. Corollary 2. 7'h i'. ("'('WI of til"l/ r'c/tOlyle.q (( n' tu <'Itch 
uillel' Ct .~ the l)/'od llcl N of their lJu,~""~ (/ 1/ (1 ttll i/, /t 7!'N. 

184. Corollary 3. 1'u:o f("·" l iI !lle.~ Ow llurt,,, 1>II II (d a lti/(/({f,.q a N! 

to ecwll other as thell' l)llw'.~" f, ('u ,.e<:li1. (/ :Jle .~ thai hare PlJ aul vases 
ure 10 ewj/. f)t71 i!"7' 1l.9 theil' rdlit11 del.i. 

185. Definition. , Vb CDC \'CI' two geollJctric n glll'es kwt' t.he 
sam e area they are said to be equal in a.rea, Ol' Plli l i ultie/( i . 'fit 
equality in area of t wo tJ gU I"l''' is llenulL'u oy t.he !I'y1Il1Jo] = . 
'rhus, the ell Il :lt irm .6.~ 1150= D. ..:1'B'O ' IJl e a US that. the tw u 
triamdes haN., (!(l LwJ IlI'Nl !>. 

EXERCISES 

1. How many t iles ~ach 8 i ll . square " ill it take to t ile a 
floor 30 ft . lun g and 18 f t. wide? 

2. 011 II. sllf:'et of ::;q u<Ll't'rl pape!' l'u l(..Iu in tent hs (If all inch 
(~\je p . 23), l1(,w U1 aJ.ly Inn ull squares a.l.'tl tb t;!,,, ill one SqU:U'£l 

iud.l :' 
Itll! 

IY, § ISiS ] RE(,TA~GLE..q 1U3 

3. ('ompart> tl H> Ill'ras (I f tW () l'ee t:lTl l-:"lt>s Wh ()F;f' ll.1titl.1f ] r·;; ~r(' 

t>ql1al but whose o n;; (os :In' l"esp.:ctively 10 iu . n.nr l -; 111 . 

4. '1']1" area of fL 1"eet~L1l gl e is JOO srI· ft. ITand its altitude is 20 ft. Wh at is the alti- w 
tuup (If anoth er r t~ctall gl o l laying the sarn O . .. 
hase bu t. whose a l'ea is 300 sq. ft. ? h\ 

5. 'I'he a CCLll1l l',myill f( tig lll'8 H'Vl'CSellhl 
the cross !; I' CtiOli oC a t- lt>pl u eAlll, 'rhe (l illl P11- ., 

ilJll " in millimeters a1'(' : b= ~Jr'1 ,,,,=12, Ii = HI:!, I = It F ind 
I,he a rea 0[" tl ,e (' r ollS !';cl('tinn. 

. Show that. the (l 'ljoining fi ~l1l'e iI
lu~trates the a.lgebra1c· idontlty 

( I) + (')= (II, + lit. 
c 

Show t b,\I, Ill e ful lowiug fi~u res 

lllnstrate tlw alg....l "·ai r- j,ll'nbt:io's 

• 0 
II I ~ 

i 

(1 ) (a, + b) (a- I) ) = ({~- l)~; (2) (q Thi=(/~ + 2 (/ 1) +r. · : 

(;:l) ( (I - ")~ = 11~ - 2 /l b ..).// . 

(1) (2) 

8. Draw a fi gll.re t o ill usLrat f' each oi t lle iJ eutitiL'tl 
(1) a(b- l'J=cfb- ac; (2) ('l!+o)(.r + u ) = J:~ +(a+b) .,-,+ab . 

9. Dl'a' ,," a. r ectan gle .j in. long hy (i in. wiele. Show th at 
pitl.er diagonal (li \Tides the re('tallglf' int I) L WI) congruent right 
triangles. Finel. the a rea of each of t.hese t ri angles. 

) ,q. 1fi sq. i ll. 

10. F ind t hfl :1)'e8 of a right t riangle wh t wo s ill e:; a re ~ 

in. (l.Ji(1 'i in . long, r espe('th·ely. 

http:figll.re
http:ll.1titl.1f
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186. Theorem 1. The area oj a paraUelogram is equal to tht 

p roduct oj its base by its altitude. 

'J > C 

~ b ,Ie 
A B 

P ,G. 1:;11 

Given the paralJelug-ram 
altitude. 

'n with hits h lse and (t, its 

To prove that the area of t he parallelogram ..:IB0D is C'1ua1 
to a . I). 

Proof. DraW' ..IF 1. ('D pl'Olongc(1. T hen 
tllll!:;le ha.vi ll J; the UflR(> {; 1I11Ll t hf' al tit ll< Le a, 

AB(}!"? is :.t rec-

In 1h e right .& .lFD iUlLl n Ue we 1,8vtl ~r F= lJ 

=BG. 
Therefore ~ ..dJi'n ~ A nr:e. 
rr aking away A .J.P D from the figlll"f' ..:. lBCl<', t he 

ugram .ABCD remains. 

awl An 
" -hy ',' 
\\'J,y'.' 

para]] !'] · 

Taking awaJ L:::. BO a h01U tIle same fi gil re, tll e l'I'ct flJl gle 
BGFremains. 
Tl lerefor 
Rut 

wl le llce) 

§ 18 1 

187. Corollary 1. (II ) 7'/,.,) j)( ' )'tj 7! /'loyrl((I1 .~ arp /(, eod, olli e" 

as Ih e lJi'otluct.~ oftlwi l' u(/Se8 ((j lrl ali illll/fif. 

b) T wo p w'(( lIelloy;,u/il." th«t hare eq ual 1)(/ ~e8 (l l/rl P'1 u t'/l alli

/11c1es are equal i n a (e 

188. Corollary 2. TlIlo )'tJ 1'Cllkll?[Jramll f li rt! It m 'f' (''loal o Ttl'. 

twl /?q {/)'p to pn.ch olhpJ" n .~ 111('i t bcr.~," ~ J two i ,(o'II7I14()!1I'ams I"nl 

hm'e eqll'ti hos!?1! nl'P If! l'tI,·1t ()t lll ' f' "" t he>' r ({i l ill/rlel!, 

II 

I \' , § J8t)J PA.RALI... !::T .ocr n~L\l:; 105 

EXERCISES 

1. I II a cC ltain p:u" 111rlu~l':I111 t h t' acnte allgle iuchuleu b,,· 
t wee n tho s id",s ill 30'. 1£ the lltlSe am I altituLle :UP I'espec
t i vely 1-1 ill . <Lwl 10 in., \I hat is the a l'Lla'( A nswer the sam e 
'1l1l's tio n i ll ('aSIo! t he ind uue Ll an gle is ()()o. 

2. I n the a G(;u J1l pa lly il1 g 
.ti gUl' B lLl' U a. lllllH IJcr of lX.l1'

a lldogmllls c,~(Jh havil\g' the 
sam !" Laso and a lLitm10 . 
' Olll pal's their <L1·t'a~. ])ocs 

tL e area of t he l);t ral1 €'l 

c~;/ 0wo' 
A 8 

gram llepeutl upon t he allgl",:> int·luded by its silks? 

3. Prove tlmt the 1illt)s joining' tile lllidflle points of the 
opposite sides of Ll pal'nllologralll div ide it into f Oll r l'urallel
'~gl'anl S t hat an' cqllaJ ill a rua. 

4. COIJs t rnct it ] ,:uu.l lC'1ogJ'ft lll lluu Jjil' a gi Vuu I'll l'ILll e}(Jgl'a lll 
awl equiangular tu it. lIolI' l llftn)' :solutions iU'U l'o!!siblu? 

5. r.:onst.l'uc t a p;tl'Cllle logl'am dtJub lu a !(' ivt:lI }Jtuallelogra.1.I1 
,.w d h aving une of its aJl gles oqual to a given angl!:'. 

6. " rhat is the loous of the intersection of t Im diagol1als 
vf a l!UI'Hllelob,,'aw whose hase is liKed a lia wlJUs8 Ul't!a is 
com, tan L ': 

. ~1J~ClJ is a joiuted pal'allelogrulil frame, that is, it CUll, 

si ,,( !! of rOU I' pielJf>s tjf f;liiI llt akl· i:ll 
J, ilt gt1d :It (~H()1 1 or Ule lloillt!'l J ) 
(', and TJ, nUll su(:h t ltn t 8hlt' .•:.ID 
= side B ( ' a lltl .91"(/" _(B = NitlE J )('. 
Tf tJ l P base " IB is Lelt1 tlxed wlJi Jf> 
]) C i" l'ai"ed tl lllllo WPl'l 't.l ili i o vari· A B 
OIl:; posi tiun~, w ill ti le RJ'I'US of t he various parnllelogl'fllns be 
(\h:tll g i ll ~? If StI, wlJat w ill he tlJ e grnatE'st al'ea pl,.tn inable und 
wbat the 1tm~I' l'l'o v i (lclll t,1la t _J I1 = (i ilt . amI BO = .J. in. 'I 
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189. Theorem II. The area of a triangle is equal one 
half the product of its base and its altitude. 

fJ" . 1:11 

Given Lhe t l'iaud(! ~ll:H'. havinl{ t ht! lJal>\J U (I ud the altitutie h. 


To prove t hat t.he :U'8!.\ (if t ue t l' iangl Bft is 8tj1lal to &It/.! . 


Proof. ('uustl' lIuL the cJ • J n OIJ. 


Theil o l IB e l ) = lw. § 186 


Hut A A B (' = ), 040 H2 
rr htll'efol'e A ~1fJ(' = } Iii! . 
190. Corollary 1. I II I 'r wo 11'/1111 111111$ ' Lr e to ea l'h. 011i!! !'!.t1S lit 

'qoul l)l/ ,~e,~ Llrt lu w ell vilLe!' u.s 

(},CI/ tlUllt' "'111«1 UQ,st!/l (ll/.( l ('rjl././.I,[ Uit itll UI11) 

ate eq tw.l i" (U.."". 

XERCISES 

1. \ 'Vlmt. is tLe Il l'ea of :). right tl'iallgle whose sides are 
respedi vely 3 ill. and 5 ill . 't 

2. Draw severnl triangles having equul bah6s aut! equal 
al t itudes, as an iJIustratiolJ of § 190 (r.l). ATe such triangles 

neeessarily congruen t ? 

3. C'ompa.l'e two tr irulg1es wit h eqnaJ ~tlti t ll cl.e8 if the bast> 
uf the tirst is two t hil'uS tlwt of t he secoua. 

[V, § HlOl 'T'RIAXGLE~ W7 

4 Rhow i,hat any mctliall of :'t t,rillnglG \l i vit1(lS it into 1.\\'0 
qll fl.! tl'iangleR. J ~ the same t, l' tlC of nny nltit lldll" {..ive reason, 

6 . What is t.ltp IO(luS of the v e l,tiCI:!S of al l tr iangles llll.v ing; 
a ('ommon hase rtnti the same arNt'l 

6. An ordinary elalltie l'1ilJhel' ha1ll1 is stref ,clH~d out arid 
placed IHOLl nd Lwo pill " .I :'Intl B wh ich H1'(': stll('k iTi to ;i bU:l\'d. 
Thl' pins are placed HI th u cxh'vll1
it-ies of a tlb lileter of a circle, "l> 

illll iciltcil i ll Lbe fi ~ Il I'o. () nr' " f t li 
h:l lves uf t.he bfl ll( l i1l HO W t.1 11'\H:lt 

as iue hy W('flIlS I.l f n pplJ(' il p rli lJ t. so j ~ 
A 0 Bthat, t 1l e balill become" stl'f'I'clliJU 0 111; 


into tIle fO l'm of aIL elastin triHllg1e IH\\' ing nne uf its Yc.rtiC'eR 

on t.he circle {1.\. 0. 1f lhe pencil be ll OW moved abollt. Oil Ll i 

t:ireumfel'ellCe, tIl(' hanll mtianwhile 1l1 iplti ng ove r t lJe point, \ 1\


ri ous t riallg lps a.I'e fnJ'lll p.d, s llch as 111 os€' iml ic,,"\t .ed by dllttNl 

lill I'S iJ.l t Ile figu rfl. Do tbesf' tr' i(\'lI ~les (~l l I I :lvl' thl ' SflJll e area '/ 

rf noi , whnt is t.he greatest axen ()htaillal,l f' lor <Ln r tr iangll' , 

,m el wlla t tJle least, provid('d that. fh l" dist.unI '(, he twep,Jl t ll\' 

pius is fi in . ? 


7. Flhow that n le uiagonnl" 1)1' a Ilflrallelllgram tl iville ii, 
Illto f oul' equal tJ·iangles. 

8. If a l ine is d raw n from the vprt!'x of Il tl'i<l1lg11' 10 :'lI1Y 

r oi ll t P in the huse, show tb :'l t L1lP m'eas ()f tlt e l\l' (J tria ngles 
fo rm ctl Ill'e to Cr\.Cl1 olber as tlle s!"guH:mts uf t lle uas!" made by 1'. 

9, Prove t bat if t hf' midti le poi nts of two sitles of <L t. ri 
angle arc joi ll eu, ;:a, triallgle is fmm ed whose are:.a. is one fo urth 
th e area of t he given triangle. 

10. Show that the area of n rhombus is equal to one half the. 
prorlm't of its di agollals. 

11. P rove that the area (If an isoscPles right t r iall gle is pgHA I 
.me fourt h of the arca of t Ile SCjllCl1'6 erected upon its 

hypot.enuse. 

http:imlic,,"\t.ed
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191. Theorem III. 

to tllp product 0/ its (tit; 
its ba:>es. 

o 

A< '6 

Outline of Proof. Draw the din.gonnJ B U. 

Then b" An 

henc 

flY, § 191 

t).--, 'Yhy? 

192. Corollary 1. 7'l1(J ((rea 0/ a trfl.l)(>zoi, l is ('1) 110 11o Ihl! f1mrl

1/1'( '!( i l l! u lti l l1ile (tnri rli. e l[li l' .i"in i,,:! Ihl! 'mid-poillt" of the. flOII 
j1 arctllp l .~irlf!8. 

E"
" 

o 

A / 19 

[ TTl" '!" To prov(' IUN\, of jJ)r.'J) = Ii . EF. It n ll~y b.· casily ..hoWIJ 
tllil l BF = (. In + D r')/2. See § 8f1.J 

);0 '1' 1·:. Th e median of .l t.l'apezoitllll a tltl'ni~ltt lino th:l t j()il 's 

t hp ln iuule points of the unn-para.ll el ;<i<lt·:;. Tlms , in lcig. 13:1, 
EF is the median of 1lte tl'avczoirl ...!BCD. 

Th e cOl'oll n.ry of § 19~ i" f rerr llent.ly stafud ill t.l ,e f ullowing 
f OI'IlI: The urea n.f Lt /f'(Jpezuiti i ll ((Pint In the J.roduct 0/ -its alti
t ude rlllfl its merlian. 

1 V, § l()3] T RAPEZOIDS 160 

EXERCISES 

1. Find the area of t.he tl'up llzoid wh ose bases aro 6 in and 
4 in. l'espe(' tiV'clJ and whose altitud~ h" :3 in . .111.8. 15 Aq. ll1

. lf illU tlt t> area of It l l'apt'zoill w llOSc meJiau is ~ in. all(1 

whose ~lti tude is (j in. I ~o ' 

track is :!i-\ ft. rleap. 130 ft. widl:! 281
3. An excavatioll for n, railway \. f / 

at the to}), al .d go ft. wi de at tile 90 ' 

bottom. \\Tha t is t he area of it s cross sectiull': 

193. 

f/q le of the one 
to e(l('h othe,. as 
qual angles. 

c 
FIG . 134 

-li 'f~ 

Given the &. A B a lld ,A'n'c hil ving the L (J (·ommon. 

b" ~Ina ..1('. B 
- = -To prove that 

b"J'B' O ..1'0· B'( 

P roof. Dl':nv AB'. T hall, s.ince the tl"i::lJJ gj,~ H ~ tBC',_l B'C' ha\Ye 

the sa,me altitude 11 
no 

'=B'O' 

and l ikewis 

;\r llltiply in g, we obt.ain l':,. ..JBC 
/), A'jJ' O 

..dO 
=A, ( f' 

.A 
. t' rf 

§ 190. (c j 

· E rY 

)// 1 



170 AREAH [n', § 195 

194. Theorem V. S,milfll' trirmgles (1re to P'J/f'" 011/1:1' 

'oS the S'lIlCU'e,:; '?! on!/ t11)0 r:()/'I'PsJ)01lflina sirles. 

c 

II~BiJ~ 
.P tl i, 1:1;, 

Given th e si mil aI' & A B(/and . J'n''''' 

To prove that 

Proof. 

Th prefol'e 

KlI l, 

6 .ABO .lB' 
6 ..d'B'(" = ..:I'B'~· 

. 1 = :: . 1'. 

6A nc 
D. . f' He 

.Ie .In 
. I'(Y' = "J'B ' 

Thel'ofo1', 6 ..-WC . IB· _IE . 1E' 
= --. 

6.1'13'(1' • I' B' .• liB' . I'If" 

195. Corollary 1. 
(ich (j lltP'!' as t!1I' Mll 

Why ~ 

~ In:; 

W hy: 

1'1" I 

[ l{n"!'. Divide t he polyg-nliS up 11I tll th e same n um hc r oJ similn.r T.ri an. 
g1Bs, as in Fig. 120, § [(J5, Ihen appJy Th"nl'tl lll V, lo~etller with § 144, 
Theorem fl.] 

NOT.E. Since any two C01'\'(Jsponding l ines in two sim ilar 
figures aTe propor t,ional to t.W/l l:orrespolLdin g sidei3, it follow s 
that th e areas of an!! tl l.'O /limil!!)' 1)01!1(ff11l.~ are In ellrh. olll !? I' alJ 
tll p squares of (11"11/ t ll'() c" ,.,'e"~lloitl.liJl !l lill e.~, Compa re, in pal" 
t icuhll', Exs. -l (ulll Ii, p, 1Tl. 

• 
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EXERCI SES 

1. Compare the areas of two sim ilar triangles whose cone
spuuding sides cll'e in the ratio ;) : .1. .dr/ s, 9: 1ti . 

2. Draw 0 11 heavy card bOi:u'd two triangles whose ai(Ies aro 
ill the rati o 1 : 2. Cut tl lese triangles out and weigh each of 
t hem. Show tl lat theh weigllts shou l(l be in t he t'utio 1 : ,I. 

" , 'f Il e lU'Ms of two similar Ll'iung1es ,u'e i On 51J lHtl'e feeL a.uu 
lit ::,t.iual'o feei l'oSIJectivelJ ' Compal'u t he lCIIg'ths <)1' tlleir ()()l'

J'espollLlill g siLl es. Allswer th~ ::;a1116 questio ll wheu the g ivf: lI 
areas are l'e::; )Jeetively 3 l ~(lua l'l> fellt and 17' s llual'e feet. \, hat 
JistlllCt.ioll i::, to be n lat1 e beLwecll the two cases? 

4. Prove that the area!; of two llililiLu' tria.llgles Ill'£, to t'aoh 
other as the sq1lares uf allY t" 0 cOlTesvollllilig alt it.udes. 

. One s ille of a po1ygOll weasw'es ~ fee L OJHl its a rea is 
120 square f eet. '1'he co1'l'espu l1l1ing' side of a cl! l' ta ill similar 
polygou mea.s u rdS 20 f~(!t. \Yba.t is the lU'~<~ (If the secou 
Jlolygon ? 

6. P rove tl1at the arefts 01 'lay t\1'll llimilar pOlygOll~ are t 
t'adl othc· l' as ilie squares o£ lllly twu correspontling uiagonals. 

7. il oue square is dou ble another, what is the ratio of their 
sides ~ 

is pel" 
peLJeiiculal' lu () j) \1' 11111' BF is 
pel'pendicu.hr tu .AD. Pl'llV 
that . W · W:<: =..J U . BF'. 

F 
,"\ 

9. III what ratio lUilst tIle rdtitutle of a triangle be div ideu 
by a line u'1'(\.W1\ pat'aJ1d to the base in order tl,at the a rea of tJlS 

triangle may be divided into two ellual pal'ts 
A 1l3. 1 : h l2 - 1 .. 

[ HI~". Call h Llie 8.Iti LLule 01 the given triangle and lilt J' be the ruti tud 
of the 81111111 triangle cut. off by fhll Ilarnliel t u the ba~lj. FOl'JII an <,quatlon 
ut'tween " and .c, !;ulve for .c amI then ful'!U .c.1 C/o - x). ] 
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196. Theorem VI. T he Pyth agorean Theorem. The square 
on the hypotenuse of a right triangle is equillaJent to the SlITn 0 

the squares on the two sides. 

F G H 
F lU . J;'" 

Given UH' I't. L-l ..lJ3C b:1 \'U IS .dB as its hypotennsr. 


To prove tllat .. lll = A (.'1 + B U". 


First Proof. 1)ra.l\ CP .1. .dB aJll1 pl'oIOJlg it to lllt:Jbt 1' '11 at U. 

l h-aw CF al1l1 BE. 

Since .6 .dOD :mcl A C'B are 1'1. .i, D CB is n. ::.traight lin", 

Similal'ly, ..JC'J is a st raight line. 

In &. .ABE nlll1 ~1PC, .. IF = . JB awl ..:IE' = ..Je. \\~JI'y '.' 

Also L BJE = L C'-. JP, Silll' e eadl CDlls ists of a, riglll angle 


pIllS t he auglll B.:lC'. TJlcl'cfol' t! A .dB E 2:: A 4JF(:. W11)' ~' 

Hut the redanglr AFGP = 2 ' A ..-1FC, since hoUI haye t he 
SH.l ll B bas t:! ..elF amJ. t he :;al1 lS alti tude FO (01' ..:11' ). 

Likewise, the square A ODE = 2 · A ABE, since each has tbtj 
same base ...lE and a C(,lnlllOn altit ude ..tI O. 

1'he1'cfol'e l'eetallgle .dPGP = squar c ..:1ODE. _1.x. 9 
Show ~i milnrly t.ha t rectanglu BP(}lI = squ llre CB1J. 
' l'l ll' l'€' f(ll'e, ..dPGP + BPa}! = .1 0DE + CB 1J. .Ax. 1 
That is, ..:l B2 = ..:.ld + o N 

IV, § ]f)'i] PYTllACOREAX TlIEORENI 173 

Second Proof. . By § :l 63, 

~!~ = ..: 1B . .lP; an d CB' = ...iB , PBj 

h(loc.:e .dC~ + (Ill = .:J B (...l P + PB) = A.v . 

N (I'n; J . fil is sCGoml proof is t, ]w Sallie in l1rinci))le as th 
first , ial' ..:1 (f = sqnam .Li ODE , ::md A B · ~1 P = r(> t\tan~l e 
l FG!' ill id .. lB · PIJ = l'eclil ll ~Je P GIJR. E:1eh pl'cnf <!(l ii si sts 
sllenl.i!tl1y ill )'; ]10 \\ in r t ll ;t t en? = ..lB· PB a na ...l i'f = .. lB · .. iF. 

,[,li e scc:ond proof mi!,(,l lt have l.lecn given in C(;llllection wit.h 
§ IG3. 

.xOTE 2. It should be obscl'l ed that T heorem \I, though re
lati ng specifically to arens, f urnishes at once a rule for fin dil J'T 
tIl e length of tI le lJy potCll1 ltle of any right t rianglo wh en t h 
lcngtlJ s 01 i ts sidl'S :11'(\ known. Thll s, i f ft mid b a l'e tl l ~ sides. 
t he hYl)ut.elll u,e li. will bE' d €' tel'millecl h)' 1ll s f lll'lTlull1 h= "/CL~+ /;~. 
SilJlihn l.v, t he t heorem flll' lI iRll PIi a n il e f'OJ' 1i n dill g' oil li er sill 
of II l'i c: ht tr i:lI1g1e when tll (~ l'Yl'ot f' ll ll se [l nd the other side are 
k Il U\\· 11. t he fO rlll ula then h !i n t( (/ = ,,( I;! - b2• These two formu 
las are of gl'eat value in mathematIcs. 

~OTE ::: . Aside f rom its scient Jii c value, P roposit ion VI is 
of gl'rat interest. h istorically. Thongh its Ol'igin is not known 
x actly, it is supposed to have heen fu'st pl'ond by tlle G l'ee 

m,l t hematician Pythagoras, wh o diell about ':;00 B.O. P y thag
'l'as in hi~ later life sattletI in Ttaly and was il1entitieu with 

a gl'OllP of lUluh ematicians alia philosophers kno wn a..'l th 
P!ltl/(I ;/OT (>.C/Ji Sel, Qa!. The scll 001 i t'ielf was disl'llptcd afte)' 
about :200 yeats, owing to politi cal rl istul'bam.:ell j hut Its inf'ln
r lH' e cont inll ecl a sl rong factor in the st Udy and developmen 
(1[' Jllathematics. 

197. Corollary 1 T hl! Sr'1 11 0)'e Oli either side ofa 1'1[1 111 trin nf,l, 
i.~ (>qlri ~·(I.1en t. / 0 Iii " 8/1'1/ '.,.(>. Oil th e hypu/en u-8e dlmi tl ish etl U?J 1/1 
.~qllare atl til e ollll'r ll7"d". 
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EXERCISES 

1. A hasehall dianwll ll )1' ~ I , sq ll al'e HO ft, 011 a slile. 'Yhat 
] s the (li st-'lllca from l lODle plate to second base" (Ji~xtract 

srJuare root Cllrre('j, tl) t\\O cler'i 11la11'1;lr'es.) ~ 1 1I8. 1 !l7,~ T ft. 

2. A lad tlel' :30 ft. lOll g is pl.U'(' l1 agai ll st. a wall with lts 
foutS ft. f row t]lC w(tll. H ow f(I I' is the h lP of t lw 1sddel' f l'O Ill 

t,he gl'ountl ? 

!l. A trep if' bl'oken :!o rt 1'1'0 111 tho ~rtlund . TJw top Rt l·ih " 
t h e g'l'mm tl 2 /1 ft. i'l' ()]ll t he i'uot. Whll c n,e other eml of th£> 
hr()ken pa rt remains HltaC'll erl to t.h e t runk . How hi g], WitS 

th .. tl'efl ? 

Two columns GO fl. ,m el ,10 ft. high l'espeC'ti ve ly al'~ ~() ft . 

apar t. ,\Vhat is tJ,e distance hetween t h e.ir SLllll lll its? 

5. Show t.hai. it is possi.blc t(l h a l'e a. ri gh t. tri angle whos 
hypotenuse and two s i(1es h ave t.he respect ive values 5, L ::l. 
Tn general , ca ll a rigl lt t.1'ial'l~l e he f ound whose hy poteulls 
and t wo sides have a.iltl three giv(!n values as It, (I , b·t Tf not, 
\Yhl~n is it p()S8ibl~? 

6 . ..\!' ind 1hs altitude, and them the area, of an equil ateral 
triangle ha \'ing :'l, siue eq ual to fl in. 

Filld the area of an equilateral trianl!le whose alt it ude is 
6 in. 

8. Proye the> t hf'Ol'fm stated in 'Ex.H, p. I ii., by means *196. 

9. Show th at the square of the d iallldel' of a en cle i.<; f f} naJ 
o the sum of tbu squares (.If a ny two chords drawn frol11 a 

point Oil t he circle to the ends of the diamutel·. (§ 133.) 

10. A kite (see E x. 21, p. 1?3) is inscribed in a ci rcle wb ose 
diameter is ~4. ft.. H the l engtll of one of the two longer sideR 
of the k ite is 1S ft., how l ong is Ol1e of the shorter sides ? 

11. Show that t he sltm of tll e sqll ares of tlle four sides of all!l 

kite (Ex. 30, p . 87) is eqnal to t wice t he sum of the squar£>H of 
t he fuUl' segments. of the> CN S!> formed b.v its diagom Is. 

TY. § 1981 PYTHAGOREA~ THLOREhl 17n 

12. Show that the srp'l:ll'e of 
h e length of tlle tangtlll t .LIP 

to a cit-I'le f rom :l. IJoiut P plus 
the sq ua re of tll e l'adills of the .j => P 

:il"de b equal to the square of 
the distance OP from P to the 
center of t he circle. 

18. I II t he fi l:llll'e of Ex. 12, lot OP =p, 0.1 = r, AP = t. 
Shvw by lDeans of M. 12 that 

1~ = Ll - r = (1 1 - 1')(11 + 1'). 
~ince P + l' is tI le lellgtb of t.he w1101a seeant froll! P through 
to the op}Josite siue of tIle cit'cl e, and s illl~e p - /' is tbe extel'llal 
segment of this secant, show that the pl'eooding equation also 
l'e<;u1t s from § :1 ()9. 

14. III any 1'ight m:i ltn gle ~173 G' (see Fig. 12G, p. 151). (haw 
a t' il'cie with l'adiu ~ on alillll t 0 as 1'(,l1tel'. USlIJg' t,hB lettel'l ll g 
uf Ji'i(!. 126, r t l'l'ove 'l' li . Y .l by Uleans of § 1(~~), by s lJOwilll.!' tbat 

~lB2 =AE· ~ 1. JJ= (..1C'-E(I)(A (1+ eo 
= (..:.fG-OB)(A(f+ OR 
= ..JC~ - C'B~. 

01' 	 ..10"= A~+ OH1. 

198. Definition. rl'he projection of a li llt! ~.tB tlp011 .mother 

B 	 B 

A	 : M . D 

" '" 

~ 	 N 

i ~ 	 VAM 	 I 

Ifw. 1m 

line OD is the portioll of OD tnt vtf bet wpell the perpendicu
lars cll'all'u frol l1 the extremities of ..'1 13 to un. Thus, in t he 
tig ul'e, jlI}." is ill ea!'!l iJls tauct! the project iull of .AD U)J0U CD. 
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199. Theorem VII. I n (I l lY tl' hwglc the square 011 Ill. . 

sid/.! opposite the acute tlil(/le i~ erjlw l to the :j ll/f! (~/ th e 
"' II W'e~ on Ihe atILe?' fwo side.,; dimillished b.~ twice 

?/ 1hose ;.ddes liml the p /'()je(;tio l~ oj 

A 

Sf T ~ c 
, =::""'C 

, 
k--- 'P -- '"'1 

P w. l;J!! FlO. Llll 

D.ABOin wLic h C is all aCltte angle. Let (I , /I, (! 

Le t he sides opposite the aTl~l l!s ..11, B, 0 I'espect ively aml let 

1) l'epl'escmt tbe pl'ojef'tion of U lIjJOl1 l.t. 
To prove th:1t, (,2 = t/ ~ + b~  ~ al" 
Proof. V l'a lY tlw ult itnuo It UjJO ll BIt: 1as~ ct . 'l'hen, iu 

lng. 138, 

But 
h ellue 

("2 = P + (0 - jI)2. 
,,2= u'  1" ; 

• ("2 = I}  l}~ + C!~  :! (lP +1 )2 

or c? = u2 + )}2 - ::! "p . 

".Yby',' 
-\\ hy .: 

W hy'! 

T-i ke-\\ise, in F ig. 1::19, \\"c h,l\'e c~ =h'+(jJ- ft)', TIle l'e
IIlaiui ng uetfLiil; ill t ll i l'1 cas(' al'l! left to 111 1;1 stnJ~ut . 

EXERCISES 

1. ~!10\\' that if lJ.= (' in l"ig. 1:38, a2 = ::l (1)). or (( = 2 I) . 

l'oillpal'e § l3. 
2. Show tltat if (; = ct in Fi~, 138, 112= 2 up. 
3. Show, hOlU Ex, :2, tllat th.., base of my isosceles trialJ ~ 1 

i s a-mean 11l'opol'tivnal bet.ween out' of tile equa1 side~ ~mJ t w ic 

the jl rojection of the base upon it. 

I\', § 200j ]'\ TIL\( :O IU::'\_l\ 'rIIEDn E...\ [ Ii 

200. Theorem VIII. I n I ( II!) obtuse II'iallgle the ."Cjwu' 
a Ille 8idc ojJjioli ile th e obtuse aliff/e is equal to the tWm 

If tile Sljuan 8 nn tlw other t Y tl ch'r> 
tlte jJrrlj'ett ion ojtli p product (~t' on 

the otlt!!!' uJ)un i,. 
Given ti l(' obtuse D. ..:lB O 

ill which C L..'1 th e obtuso 
:lug!o. Let a, h, I ' Le the 
!l iues ol'[!osi tc t he augles 
A, B, C l'es jJecti\"ely aTHl 
let p rcpreseu!' the lJrujec
tlO n of U UpOll (t. 

A 

~~ b 

t-- P ~B 
FlU. H O 

To prove that (~ = u2 + b' + 2 0 ,1 . 

[The proof, beill!j si mil a r to l ilil t of *l!HI , jJ! left to LL u Rtllll " llt. J 

E XERCISES 
[The b-ymbol 

llll' l ri, ra t !)I~. J 
Jl leau!! tha i 111 xerclso n;'lJu iTe~ thll use t,f h'igo ll 

1. H uw c10es t il e sf[uarc "U a ny ~;id(' ( ) f :1 tri a ngle op posiU· 
an acute an gle ('om pal'l3 wi t It t lJ(j slt m of t ] l E" SC llWl'(>!:l Oil th e 

Ulel' t\\)) hi des': A nswer t lw Sillln' question fo r llJ e "ide 
opposite the obt use angle in all obtuse RJl gJecl triallgle. 

2. Show tklt ('itll(' t' TheorPll1 vn 01' VI Ii when a.ppl ied 
tl) n ri ght l;l'iangle gh'es T hellrelll VI. 

3. Fi li d t lJ!' rll' Pll of (ill i so~() t' l es 11"" iangJe 'II h ose s ide is U ill. 
lll l,l w llflsc basc i::l 8 ill . 

4. l' l'() w UJ(l t ilh' :mlll of tI le "fJuures on the uiagonals of a 
l'lll':Lll dugl'um i:; I;! qn:ll to 1]1l' s li m of thes(lIHU'PS all the four sid l'S. 

5. Sbow t kIt the p l'oj eeti()n uf a ny line .dB on il110t hcl' 

lill t! rm (J.'ig. 13'1 ) is eqllal to tht' -Pl'otl tl (' t of th at line a nd ti le 
cosine of t I l" an gle het'Yl'fJTJ ...:..18 alld n p~l'al1el to OJ) tl ll'Ough -" I. 

6. ny 1I1 f'a 1J S of Ex. oj, klIL)w tl lat- l'h l..' orf' lll VlI gi " E"s 

r..;' = (I t + b' -:J Ill.) X (cusi ne of 0). [T il E ( ' IISI ~'l-; L\ w. ] 
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201. Problem 1. 7'0 Cfl ll.~11' 1I1'! If sr/I /(/ 1"(' 111W 81' lU'e<t 8/1(( 11 U 
yllul to /lI e 8lim of til l! ((reall of t{l'O gi l'f' ll S'l "{(I"I' ;S, 

E 

L 1,\ 

D K 
/ "> D 

J 

El
p Q H s I 

1~1O . H I 

Given the sqlla l'l'" R an Lt Shavin g n·llpeul,ively l,llt! sides 

alltl s. 
Required t o CUJ1 st.ruct a. sg,uure T whusf' a rea shalllle thl~ SUlIl 

of the areas of Rand S. 
Construction, Ura li' a. r ight t::. bavillg I' allll s ;l~ sides, 

pUll t he lly pot c lJuse " of this t.t' i al1~l e cunlltl'lu;1. II :; qu al'f' '1'. 
This is the S(l uare uesil'E' u. 

~rhe proof follows iru lli erliately f rom '.rheoJ't'lll VI and is 
therefol'e left t o the sttlll tln t. 

EXERCISES 

1. S'Low how to (.'ollstrllct a sl[ nine e(Ja n.l in al'!~ a. to t he sum 
of three given sqWl,l'es. U611erltjiz6 yOUl' ~\lswe l' to tl10 cast:! of 

any numuer of given slllla.!'t's. 

. To COllstruct a 51] LUU'C 8r111&1 in ~U't'1l. t(J tll l:! 11Ul t'l'enee (1f 

tIl t> ~i vel1 sq uares. 
3, Shuw that a. squarH erectetl on the uiagonal of a E!in~1J 

slluare is eq ual to t wi(:(l the! b'; \TCll S(ll la l'C. 

4" Show that the sqllal'e el'ect,eu on balf ti le diagonal of a 
Slplal'e is erlual to ll alf the given square. 

5, Construct a square equa.l lo a given i l'ian gle. 

[ 8J"1'. '('he ~i,te ur th l! dCJuat'e ls t ile Ul ~(111 proportiuual bet weeu tU\! 
Lase aud half t he altitude of the tri a.ngle. Why n 

n ", § 202] O~STRUCTIO:\S J79 

202. . Problem 2. To I·(})/.<{II"III'/, (I frif/ !ly7e wl/ose cu err ,~ lill lI iJ l! 
('(j il l/ I 10 ill( ll o.f u yil,t!1I poill'Joll . 

Gi v e n t h e p j)l 'y ~OJl 

.We'lJE. 
Required to ('.Oll strnct 

n tl 'i:mglc e(j ll ivalont to 
A D( ' 

Construction, lJ l':1 \\' 

)~ t and ili l'Ollgh lJJ dJ'aw 
E fi' II lJ.LJ am i meeting 
11..1 pl'oJon gerl a t. 

nl'aw V l ' . 

E 

F 

D 

-----'\ 
G 

1"'0 , 142 

Then the polygon FBeD has one sid" Jess th an th e polygon 
.1 m l TJE, hil t i." c([ll ivaJlJnt t.o it. (See proof below,) 

This process l t1 ay he cOlJtillll F' c1l1l1ti l the laRt poly gon reacllPri 
is tlw h'ianglf' tlesiJ'rll. 

Proof. t::...JED = D. ~ l P]), sineI' ear'h haR t.lw sam e base ..11) 
"lid t II!' i!' altitwles are 1'f]HaJ. It 1on, d 

.\ tldb1g polygon ~ JBG'D I'" b()th members of t.his equation, we 
obtain PolygclII PBOD = Polygon ..::1BO 

Simila.rly we l, a.l-e POJygOll FBe]) = t:, 
Therefore 6 F OD is tlle t riangle require(l. 

EXERCISES 

1. Construct a triangle equivaJ en t to a square whose side is 
:! i l l. Is your tr iangle the ollly sueh t l'ifl ugle 'f 

2. Construct a sf[l1Ul'e equi valent to a g iven pal·allelogram. 

[1I Th''I'. Th" " ilIa of the square is 111tl me,llJ prop(JI'tionul lietween the 
bas(' 'Ji lll ,LIt it IIde o f Lit e plll'all l,l o)..'TlI.Ill , WTty?] 

S, How eould a sq lllU'P hI" ('Ol1 s t l'UCteu t }lat \vould be equiya
len t to a gi \'en pelll.lgoD ? 

If [:- 1' . COllstrnct n trillngl!' t:qual to the given pentagon ; then pro" 
ce~' rl a~ jp f,,;, 6. 1). 178. J 
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MISCELLANEOUS EXERCISES. CRAPTER IV 

[ The symbol · means tbnt the (lxercis/I iuvol vC's Tr igonomeu·ic ratios.] 

1 . Find. t he area of a SqUill'S whose diagonal i ~ :30 ft. long. 

2. Finll the di ffer~nce in bountlal'Y bet "'t>en it l'P('la nglp 
w hu$(\ hllse is Hi fl.. :l11 d a tH]tune erptnl hI it wllOse sille is 1~ f 

3. PI'OYe tba,t t ltf' diagonal of a t rapezoid ,1iv;ues it into l wo 
t rinllgles wllOse ru·t:Jas arB 1)1'01I{)l'LIOll:d t Il 1111' hasps. 

4. Sho w, by E x. 3, t hat th.· peq)(m Jir'll h' I'H le t. fa ll upon 
0 11 6 diagonal of a trapezoid f ro lll tl u~ ent.l~ of tlw ot her di agonal 
arc proportiunal to thOj IJarall el bases. 

5. Shuw how to nnd, itom proppr measul'ements, lhe area of 
a vtluant lot oOlmded by fo ur streets, on ly one pair of which a re 
parall e.l. 

6. A field of t he form of n. Tight tri an gle containin g 9 acres 
is rep1'ese.nted on A. lIl ap by a. l ight t riangle wh' lsa 5id es are 1 i 
in . au d 25 iD . On wllat scale is the phm urn.w ll ? [1 nel'l':' = 48 4-0 
sq. yd.] 

. \ Vhat is the locus of all poi IIts sneh tlh1.t tl'le su ill of th 
squares of the distances of aDY one of them from two fixed 
points is equal t o t he sf}uare of the d istance between t hose two 
poin ts ? 

8, Obtai n U1e fOl'muJa for the a.rea. uf an isusceles r ight. 
triangle whose' hy potenuse is h. . 

9. Obtain tht! f()rm ul a for t he area. of an isosceles triangle 
whose base is /, and wh ose side is n, 

10. Tt' I'Olll :I1;x. \) ll erive a formula for the area of an equi
ht tt' ral trian gle. 

11. If oue sid e of a r ight t riangle is t ln'ee times the othe l'. 
how long is the bypoteli llse as cO lilpared wit h the shorter side .? 

12. In Ex. J1, what aJ.'tl the lengths of the segment s of the 
h.ryote nuse made by a pe l'pendi clI18 r ho m the ~e rtex of the 
rigbt an gle, in tel' lll~ of the smaller side of t ho t rian gle 

IV, § 202] ~II~CELr..·\ \"EOCS EXERCTRES 181 

13. A (·hUllllll l fu!' wah '!' bnij a Cl'UlSS tlectiolL wldelL is of tll(~ 
ton n of a tJ·(\.]lllZtl id .. [!J UD , 

H _lD fll ill D C IHe hlDWlJ and t Ile t( Ital h eight fI nt' t llt, 
ehalJllf' l is known, fi ud the ureiJ. uf tll" 

A"ross section. 
11 t Il e uepth of the W i.tte l' i ,~ Ii , tinu 

k . j F 
lhe area ot tbe' l'l'OSl! ~eetjun of t he water 
i ll t he OJ I[i l 'lltd ; (1) Wlll' lI It = H I'!.; 
:1) when ,, =ill-I i w I lI 'a II = '!. 11/ :>'. 

Find t he lCJlgtUof eD i1l 1cn l!s 11£ iIi! t be a ugl!' _JD0 is ,Vio, 

1£ tIl e water level is EF, fi lld OF ill t.erlil s of Tt , if r.be :mgl tl 
_[jJG' is ·15°. 

14. D u t.he area!; lJ) I' litionelJ in E x. J 3 change if B U, H, au d 
AD I'Ptr1 ain Jixl"d, but th!: ,I1Hdes elt Band 0 31'e ClHlllg t'd a :; 
1'CJ..!I·esentetl ill tLo fj~l1 l · l.!? ExVla in your aus\I'l;! r 

15. T he a re!1 of (1 :/) ,,111 l u a)' he i'oTll IlI in t he fu ll" willg way: 
]lUl I (st.tk ,", Cll l t) a lin 
babe I illl') .Al j. FrUIn 

n ntlLiIl l ,oin h; i n t Ill' 
Lotmdal'J uf tl ,e fi t:: I,l tI ll:! 

distances tv tl lis line a n ' 
. I 

IIH' ,Lsul'ed, as a, v, c, tI, e, al :-- / I 
: ~ I
,b f f fg ./; !I, amI t Ill' clista lll'PS, j. I 
I C ~ 

, I Ik, " m, 11. ,0, ar t! also w ell S }' HI II .• 

lll'ee l. Cmlllll,·t(' t b p <le
\ 

J ~ I 
j 

" ' 'n' ') B 

scription of l t llW to }JJ'oneed. 

16, rl'u Iuy oiI a right a ll~ll', ,'u l' jJontrrs frr(}lle lJ tl ~r use three 
~tid{s :1 f t ., 4 f l., nuu ij It. loug, respectively. ~how t hat 
these sirles 1'01'111 a l'ight l1'iallgle. 

17. S11mr that allY multiples of 3, 4, 5, may hr. useu in pla<:e 
of. 3, 4, Ii of Ex. 16. 

18 . ('au y on Ji <;('O \' f !l' IUiY tll l'pp i litegrnl ll llllltwl's Il, v, c, not 
lli Ul l i pIes of ;1, 1, r., fr'l' 1\ lIic1l (I" + I,"= Eo"·, 
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19. Pl'o,'e that if tl le l1li dJ le lloin! uf Oil £' of the 1I011-1Ja ral lel 
::; ill l:! s of a tl'apt'zoill is joilletl l o tho: extl't:lI1itit'$ t lf the utI lE' I' 
lion-par allel sid e, tIt(' area of the t riaugle t hus formel1 is equal 
to half t.hat of t he t.l'l1pezoitl. 

O. 1fT is a wall havill g a round com er 
ujJon which u gntte r is to ue Iducecl, [ll1Q it, 
is uesil'ed to find tL o l':'Ul lUlI of the cird~ of 
wlll eh .dBC is u qnad l'fllJL. If t hl! li nt: AO 
llleaslu'es:U ft., shuw tllllL t ltl1 desireu radius 
will he about ti ft. 

2l. Fi ll U the diagollals. of a. 1'1wIJluUS w] l(JlSe sid I;! il; Ii ft. 1 111 . 
a llJ whose area is 9 sq. f t. 

22. F inu a form ula fur the altituue 71 uf au equ ilate1'lll t l'i· 
angle in terms of ane s i,l!' tI, lOud timl the rati o of th i.s aJt.ituJ 
to (1) ilia Whole s iue, (:.! ) OJl I' llalf oj' C 
(JliC sid

• 23. EI'uJIJ Ex.. :2~ sbow lhr~t. tl w :'; fle 
uf GO° is equal to v3/'!. . ~ bn\\' a lso 
t bat the u(Jsb,i!. of 60° is e!{ 'llil tu {; 
awl that tL,1 Iu Ilfj(! t11 of 60° is Pqual 
to -V:1. (~ee § 177.) Ull eck by rueaus 
of the table, p. 15[i. 

A ( b 'B 

• 24. By Illeans of 1111 isosceles right tl'irulgle, sholV tLat the 
~il1 e of 4.')° an u the casill o of 45° are each equal to ~\/Y./'.1. Uheo 
by t ile t abl('. 1J. 1D:'J. 

25. 'l' Ul'lJilJ g t he fi g-ure of ]~x. 2~ 
intu t I ll:! \lew IJosit.ioll S bOW ll helow, 
tiud the sille, the uos/ne, and the tCl IL !Jpul 

of ;:$0°. ( 'h eck by t he table, p. loG. 

*26. E x. 11 may be restated as ful
lows : if the tOu r/e lL l (* 177) of an angl e C" ' A 
is 3, what is tllC COI3/II @ of that allgle '.' Show, by Ex. 11, that 
t ]lt! eosille of the ll.1l!)le is 1/v10. ( 'heck by the t;.J,ble, p . 15[i. 

IV, § ~021 ~n::;('T'. LL.\l\'"F.OllS E~"'F:H.ClS8S 18:3 

27. j [ow IIl11 f·11 lcatllt.'r i-; "C" J11 il'MI t.o ('nver a w indow Sf' :1 t" 
in tlll" s uapo (,f ball' of a n >g' \1LtI' lt exag(lll , i f the lengHl of eaeh 
)f its tlJl'!' l! .,i des i~ ;; ft. '? 

28. ~how hn w to "oils/mel a line pal'ailel to the hn.ses of a 
g inm pal'al 1o]ogl':1,1ll or t ri angle t hat !iball tli vi(le t he fi gl il'f' 

i ll to I, w{) parts that n1: P erFUll j lJ area. 

29 . Prove tll(\ l'y ll iagol'p;ll i t l! I' (J 1' PI11 ' IY lI1 ea n l; of .~() nlt' OlJP 

Ill' j he nrlj ni uiJl ;,! figures. 

I ~I\1G 
K ~, .,.c \ ::A E 

E 
F 

''''-:J F I-IHL 
(II) (II) (r) 

Nn'r ~. Figllle (a) is !;n il1 to lw the nile Il ~(' tl Ly P yt hagoras, 
wl JO d iscov('rell 1JI" r.l" ·(ll'elU. 

Fig ure (b) is cI nl.' t('l Bhaskara, a. Jlalivc of luclia, a bout 
1150 .\.n . 

'fhe figure lIsed ill § 1!lfi il' that used by Euclid, wh n wrote a 
f:'I.lnolls treati ::e on Geometry a bout 2.)O--:~f)C) 1> .(:. 

30. l'rove the fact stated in Ex. !l, p. 151, by means of § lH!l 

31. A )'00111 i~ 18 ft. long, 1,1 ft . wille, and 10 it. hi gh. 
Find t he length of 011 P diago11al of the floor. ,]'h(ln find th 
length of 8 string stl'ctclieu tl ll'ough t he ceutel' of the room 
frOIll one corn er at tiHl floor to the fart.hest, opposite corner a.t 
the ceiling. .....1)18. 24.9 ft. 

32. If Ib is any i nte,ger, show that::? 71. n2 
- 1, and n + 1 are 

integers tha.t Ilre Pl'opo l' ti on[t 1 to the thl'oO sid es of a certain 
ri ght hiaugle. Find t hese three intege rs wben It = 2; when 
11=4. 
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33. Any polygon descl' iuoLi I' ll the 
ll~ l'u1eu Ll sc of !l 11 )' right t ria ng le as B .----"'\ 

D 

one :-:iuc is t!clunl to th e S UII I uf t il e -, .\ 

t,wo simila r pol}golls (lra wll on tLe .' ::;,-, 
c ·....•:., 

s illes, l'espuctivel) , wi Ib l.lw ('U1'I'e F .~ P .1 b ' "/'''->. A 
spollding side ns IJue s i lle 01 th l~ ~ 
l'olygon. P I'OVE.' thi :; s j,a 1 ~emell t . c~ R 

~-[ 1l1 " T. !'; uppnsc I'h ", , iJni lll r pCllYJ.((\ ILl! E 
:\I't' 11'ianQ:i e!<, a~ ito Ille lignl"> . T hen 

P/ (I, = " "/ ('". l i/ lt == /l"/r"; h 0J oc '(' (o! == / ' + J.'. ] 

34 Show hllw to CUllstnlCt t il e siuu vf U11 e' 1Llibtl~l'Ql tl'iallg ie 
whose a rea is the SUill of t wo given eq llil a tl:! ral tI'ian g \(' s , 

36, In a ny tl'i olJgl p ~J no let llS w r itl1 

oS = (n + It + c)/:t, where ct, b, c, at'f' ti l 
tln'ee sides , Shcm 1Ita t vib 
:\.rea f::" .ABt; = A~B 

Outline of Proof , L et A bt: an 11<' 111 e 
an!.!l e, 811l11et It be t.I IB r:1li l uuo frOlU U j then we have 

It" = (I ~ - ~ Ili, 
but Ii = a" + c~ - 2 c . ~JD, hy § 199 j 

... ." [((~ + I:~ .- /.J "J ~ ·1· a"c"- (ae + r;" - bZ\~he nce Iz- = u- - = ----'--:-7--~1 
:!c 4 02 

= [ ::! (/': + (,.,2 + i ~ - /)~) J [~ IL(' - (II~ + I'~ - lJ2)J +- ·t 02. 
But 2 (IC + ((.I."+ ('"- b') = (11" +:! (~(' + c,C) - I)" 

= (It + ('r _ 1)2 = ( t'I + t; +&)((( + c - I'

=.J.C+ ~ + I)C·+/i·±"_h)= ·1. 8(.'< - b). 

Likewise 


2 ((c - (((2+ c~ -Il) = b!- (a- cf = -1-(" - r)(,~- 0 .. 


Hence 112=.J. R (.~ - rt ) (s - /)) (,~ - r:) -+- I~, 

,...-;--and Area. f::" .IBe = It . cI'J = ,~ - bHs - (". 

IV, § 202] Ml :-:;CELL\~E()UR EXE RCISES 18,5 

36. Fiwl t li e a r prt. ul" a. t dang-uhl' ill'itl whose "idc~ ,He, l'P 

sprdi ve ly, 80 I'd ., 220 1'11. , ~OO i'lL. [1 acre = l /iO ';Ij . l·rl.J 

37. F ind lh~~ :\I'Pa. of a p al'allpl l)gl'a lll whost! sidl's a re, J't: 

spr.cti \' Idy, 8 i ll . and JO in , long, alld one of who.;e clingon nls is 
. 15 in . long. .flH 8. 7~ . O ~'1. i n, 

38. F iurl t lJO ar ert of a tri rll1 gle, g-i \'en two sitlp. ~ I ii it, a lld 
2[, ft., antl t hei t' i ni:! llllerl ~1I 1 gIl' :100. 

39. Fillll th e al'e ~ or a tr iallgle, h"; ve l1 t wo :;kl lls Hi ft. [m il 
2[) fl. , and t. II I'.il' i lH' lt ldl'd allglv 40°. .A"8, 1::!O,5 ft, 

40. Slluw that t Ill> ;U'el~ (,f tl1lY t riangle is II ,,., wbel' 
s = (a + 7)+ 1:), 2, as ill Ex, :JJ, [tHel r is t he radius of tlle ill 
sC l'ibed eircl (l, (R~e *1::!1.) 

41. S ll ow that the area o f any }Joiygon ci r (l ll ll lsc]'I\)f'd about 
a circl e is half' the surn of its si d es t i lJles t he I':llli ull of thfJ 
dl'l:l e. 

42. ( ' unITJfll'in ~ +lIe t w o l'esults of Bxs, an an.J 10. sbow that 
the racljlls of a cir(' lu ill s(']'i bt:d in any h- ial lljl e is 


,. = V(1i - (t)(s - 11)(;; - C) / Ii. 


43, Show that in any t riangle oll e of wlJOse angles is 120°, 
t hp ~qnal'e on tha si(le opposite tlle larger angle ,~ q ll:.ll,; the SUIn 

of the s'lllll.l'es Oll the otlLer two sides plus tll ~ product of tl lose 
sides. 

44 . f'll ()W that 1I1 ftliy tl'i rl1l ~l E' one of WilOSC nngle ~ is GO° tlte 
S(]H:II'A on t Il(' sid l" "11PW5il l" t b nt :Ingl e iii eq u al t u t 11e s llm ,;1' 
tll e <;q ll nJ' ''~ OI l 111 (-'. •,tl leI' two ~i ll H!; dim ill i;;hetl uy the p r',Jduct 
of t li f' sE: t w o sides, 

.. 45. Show, ill Ji'igs, 138 an d 1:39. Lhat It. = b X (81M of L 

!wll ee show that the :tren of t he tr iangle ..,lB(1is 


\ 1'r:1 f::" _!R(' = ~ ,,1, X (sine of L U) . 


46. Pl'Oy~ Tlteol'l' 1ll IV, S J D:{, by mCCUl f; of !';x, 4 

http:t.III'.il


_RAPTER V 

REGULAR POLYGONS AND CIRCLES 

203. Regular Pol ygon . A l'oly:.;on that is both ('quiaJl~lllar 
a.nil equilateral i. s call ed n regular l'ulygon. (See ~ ~16. 

EXERCISES 

1. Const ruct a r]lW d . .rilatcral that is c(] ui ln.teral hIlt not 
equiallguhU'. 'Wh at are such (luaul'ilatcrals called :' 

2, Constrl1t:t a q lHu.ldlatel'al t hat is equiangular but 1101 

,'qu ilateral. W llat ;U' (~ sneh q1Lacirilate l'al s cal led '1 

3, Draw , I quadrila teral timt i s lI citl161' equiangulal' ll ( )]' 

C(luilateral. 

4. ( ~(tns tl' l1 d a regular POlY~Oll of fo ur sides. \""hal are 
such fttlaJrilut.erals called ? 

5. Is an equilateral tri angle ct l'eg nhLl' polygon '? \Yhy ? 

6. Whn.t is t he size of each angle of a. r egular polygon of 
seven sides ':' (See ~ !)'j. 

. If th1'8P eqnal l'otls are l1inged together at thei r ends in 
t,he form of an equilateral b'iangle, i s tile ft'a.mework rigid? 

8. 1£ fo ur equalrocL'I al'e joineu together at their enels b.y 
hinges, is tbe fram(' work formed necBssal'ily a sg ual'e '? Uau 
the angles be changed witllOnL f'lwnging the len gths of the sides '? 

9. If fi ve equal TO US are binf-ierl togeth er at thei r ends in 
the form of a regulal' -pel\l.agoll, is t he framework rigid ? 

10. Wi ll the fraruewqrk of E x. . 8 be rigi\l if a sti lI rod is in
serted along 0111' diagon al '! .Alon~ how many diagonal '! 1TI lTst 

rods be inse.rted in t he frallielvol'k of Ex . !.l to mak e il l'igid ',' 
}8U 

• 

v, § 201] ~ W'l'L\.L HBLATlUXS 

204. Theorem I. I I' (t circ7e ,t~ clitilled into a IL l 

/ eqllal W '(,S : 

18 

((1 ) the ch o!'d.~ joining th e ]Joints of dil)isivn to/'l1l C 

yt~la1' illsCJ'iued p()lygon ; 
(b ) tall. (lents d l'llu' I I ut f li p PO iltt,i '? I' diIJLSLO /~ fo rm u 

fl'fjlllar CiTC/l1Jl8C"ri&ed jJolY:/ (J/L. 

s 

R 

T 

p 
Fw . 1+:1 

Proof of ( a ) . Given 

:\.rl!S .ABO) B OD , ('DE, DE..:!, :ll iU E.JB til'€' equal. Why '.' 

Heuelj L ...JB(1 = L BOD = .:::: ODE, etc. Why '.' 

.Also . IE=BC'= CD = vr.;, etc. W'h,V ', 
It f ollu ws tliat ..JB ('jJE is a regula.! pol) g 011 . ~ 203 

Proof of (b). Show tllat 6. ..:lPB ~.6 BQr' by showing tllat 
A B = B O, L P~lB = L. QBO (§ 137), and L PBA = L. QOB. 
Lik elvise 6. _IrB ~.6. ORD, ete. Then sllow tllAt P O, = (,til 
= etc,; anll L 1-' = L Q= Il lt"-. ; a.lI d t hus p ro\"e j he liol) gOIl 

P QRJ::i'P u regular poIYl! LJtl . 
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205. Theorem II . 

bout aI(, 
u) 

(,;/d e //l a!J be ci-rculIUJcriuecl 

F" .. I ·U 

Given the regu lal' poiygun ..lBCDE , 

To prove Ujat (a) fI l'in:1H l il a,) LlJ ci.l'cumsrribed about it j 
) tl. cm.:ie may Le i llsCl'ibf' ti in iL, 

Proof of (a). P ass a, ei l'de t.l ll'uugh the pCI1nts .A, B, UlIl 

§ 1:!O 
J oiu the C811tel' 0 wit h tho vertices of the vo1ygOlJ . 
Then DB = 00. alld .,dB = CD, §§ 103, 20;1 
~l ol'eover L CBA = L lJ ('U, § ~03 ' 

::md L CB O = L OOB. § 40 
'rhel'ei'OI'6 L. OlJ.l = L DOD, Ax. :2 

so that .6. O~ I B ~ b,. OOD j ~ :it; 
hence 0 .:1 = OD, and tllfl oirr-l e passes throu gh D. Why ',' 

In like lIIallll f' t SllOW that tltC' eil'de p asses th rough E 
Hence tn t! cirele is ci l'Cli lIl seril )cll about the lKllygon. § 1H 

Proof of (b) . The side» of tIw regul ar polygon are eql1al 
clJOl'ds uf the circulllscribed d l'()le. Therefore they :11'e equally 
di~t:\llt from t h l.l ce ll t er. § 10n 
Th~ ui rcle with 0 us n CPllt t!l' :lllll th.· pl:irpendicllh1.r f rom the 

cel! t~r t ll any side as l'ad ill l:l is inscriLell ill the polygvn. § 11 t 

, ' , § 20i] l\IUTLTAL nm.ATlOXR 189 

206, Defin itions. TIll' ('Ulll1l1 0 n (' enlct of t h H Clircnmscr ilJe.l 
anll in scribed ei re]p;; is called tl )(\ center (~r Ihe n '(llcia l' polll!foll, 

The radius B pf 1 he cil'cUlnscr- ibed circ-le is called the radius 
of the reg ular jl('/?lg Otl. 

B 
1' 10 . H~ 

c 

Th e radi l lB l' of th p i ll~ (' l'l becl circla lS Gall ed the apothem <{ 

the regll/a/' pol?lfIcm . 

Tl1e perimeter of a polygon is the S11 1IJ I)f t he lengths of i ts 
sides. 

207. Theorem III. Th e W 'N t 0/ rr regular poll/gon is 
equal to hal] the product of its apot7teln and pen·meter. 

Given the 1'egular polygon A B CD E " ', F ig, 145. Let its 
perimet,el' be denoterl by p and its apothem by,,'. 

To prove tha.t .ABOD . . . = 1))"/2. 
Proof. Draw t he l'atiii OA, OB, 00, ete., Fig. 14:;, thus 

making as many triangles as the polygon has "ides. 
'fhe altit ude of eAch t r iallgle is the apotbem r, llnd each base 

is a side lIf th~ polygon ; henc·e, the al'e,t of f'ach triangle is 
1I alf the prodnct of r and OIle sllle of t he polygon. § 189 

Since the sum of all the baBes is the pel'imeter p of the poly
gon, and the sum of tI le areas of the t,l'i angles is t he area of 
the polygon, it fullow" t hat 

rea of ~lB(,D .. . = pr/2. 
' -mpare this result with Ex. 41, p. 185. 
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EXERCISES 

1. If II represents the nuruhel' uf sides of a regular polygon, 
show 1 hat the angle at the celltl.!r sllbtended Ly One side is 4-/ II 

rigId, ;tl1g]es. 

2. Filld j,bo <lllgie at tlw f' f' nLp t subt-e lJ(l f' d by oue sich~ of au 
,'lluiJltt.c r'ni t l' ilUlgle j of It sqllnl'fj; (If a l'c'g"lIl al' pel lbgOll, of a 
l'Ciiuhl1' hex aglJl l, nJ':~ w t.ltr!;e l'il-\"1l rt's I I)' Ill ean s of n, l' rot l'::tctul'. 

S, P\,ovo thai, fi ll,\' [lngl l' or n rt>glll :lr polygon is Slll'P\(" 

rn c ll ta,ry to nil! fl ugle at tho lIelltel' sllut ellded by 1)111' s ide . 

4. Fiwl thE' IIlU'nllel' of upgl'ees in the angle at the ('enter 
r.;uhtended by aile s ille of a l:t'gl\ l ~u ' ootagoll. 11'111d (he si7.e 01 
on e angle of the octagon hy meant> o t' Ex. 3; an d thel) Poheck 
youI' answel' by § n;-. Draw t},e figun'. 

o. How lUa uy sides has a l'eglllar pOlygOll if t he angl e at 
the cent!', subtended by nn e sifle is ..).0°',' 

6. Tf orl!' augl\" of a ]'("gul al' pol ,) gon i ~ J 101>, wha1 is the 
numbeJ' of its side~ '? 

7 . Find the area of a. J'('~ld nl' h~xagon \ \1051:' side is Gin , 

8. 'J' wo squares nave fur their sides 8 and 11 in" resp 
tively. Find by § 207 t1 \, ratio uf Uleir a.reas. 

9. T wo squares have areas of 1+4 sq. in. and 225 sq. in., 
respecti vely. "hat is the mtio of tlleir pprimeters ? 

10. Filld the ratio of tb e peri meters of squares inscribed in 
and circumscribed about the same circle. A08. 1 : v'2. 

11. 'L'he peri meter of a regular ulscribed hexa.gon is 30 in. 
Find the perimeter of a regnl ar hexagon ciTCnm"Cl'ibed aboll t 

cil'cl e of twice the dialne.h.:J' . ..4 118. 69.28 in. 

l Z. Filld the are~ of all equil lttera.l tl'iflngle cil'cum scl'ibpIl 
about a circle whose l'adius is 12 in . _IllS. ';" -t8 . ~:) sq. ill. 

13. Find t he apotllel1l of :m cql1ilateral triangle of "idd ch OIW 

"i(le IS fi i n. (Use Th. XXXI 11, § 102.) H euce find. i ts area 
by Theorem HI. Compare with the rf'snlt of E x. (i, p. 174. 

V. § 210) ~mTUAL RBLATIO~S 191 

208. Areas of Inscribed and Circumscribed Regular Poly
gons, 'Cht;! area uf ft vil'dc is t::vidont ly gl'efLtel' t hall the area. 
(1f .illY reglllal' pulygoll il ' l)lj l'ibeu in G 
it. (17, S 31.) ~ 

By clonlJlillg' the Illlmbcr of s iiles, 

we (lbtaUl r egula!' inscri bed 1101y

gon::i wlw;;c arcas a re m Ol'!:! nearly 

eq L1al Lu t11a t of the ci l'du, as in

dkattld in the figLU·e. 


Thus t he area vf a l'egular ill 
l:i l.!ribetl 00tugOlJ, for exaJII pIe, il:i e \ i
dently lliore HIlar1y c' IUlil to thH 

rea of the circle tl Hl,n is tJ le a rea 
vf all illsCl"ibed sqmLl'c. 

Tbe at'ea of n cin da hI also eville ll tly less 
;t1l y circum scribed polygo ll . 

209. P erimeters. T Jle p(ll'i I Iletl'l' of a ny uJllCri bed pul,t gall 
i.s eviu!mtly l e~s thall the lell gUI of the l'i l'l' lTIl1 fe l'(JlH!!l (Post. :~ , 
~ ~8); w,~ shaH also <I S:,Il IlW t llnt 1 lc e length of the d!,(: IlIJli'el'

IJ ce is less than t.hat of allY ('irc;ulIl scrilJed pol,ygoll, 

210. Areas a nd Lengths of Circles. Si1J('e the regular 
illseribpd :l llLll'egnlru' Ci l'C'111 II SCI'i1)('u pOlygOlis al' j ll · ()~I(' ll. both i ll 

length a nfl iu al'ea, lIem'Ul' 1.0 Oll!' anuUwl' arnl ill tl l~ ('i1'('\ l', 

as tlu~ ll111ubcl' of Rides is 11ClIll,1L'd, wr Ill ay say: 

!f'lh l! '1I I1 mbc-/' (~f' .,iries (~f tl/l' ((' [/ Idar i/l ,,,,: o'bl!( l (( lIfl l'ey l 'iL~)' 

cil'CUl/t .s,' r ;/' I-d 1w i!l'J (Jl/ 8 /8 r ejN'llled !,11 do({iJled. 

(0 ) t ir C!!'" u rl!us t li)iil'()({I:h /li e 111'1'11. 1( ( till' ~;/'dlt 'IS tI C'V I/IiI /O II 

limit ; 

Ilu' l!' p e/'i meters apjJ l'()(lt:h lli e lel19 1ft of the I.·ircu l/ ~fere ".: 
of tlu> cil'de /I II (I com'UlOII limit . 

It is also ubviouR tklt j,J H~ fl])utl lelu of t11E~ illiwl' ibed regul a l' 
pulygoll will Ill'pl'oacL the radius of tlll~ cll'cle, uuder tIw same 
cil'l'ulllstances. 

F lil. HU 

tJlIlU the a rea of 
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211. Theorem IV, The circumferences of two circles are to 
each other as their radii. 

DI 

D 

c' 
E c 
c 

F ,n. I ·17 

Given two cireles 0 an d ()' \\"hLlsl~ radii are ,. amI 'r', 
To prove that t he lellgth ()f tl lci r circnmfcl'ene6s c alHI c' are 

to each othe r as th eir l':uh i i tllat is, 
I/C, = ?/i". 

Proof. Draw ins C' l'ihr,l l' L' g llla l' P()I'y ~() IIf; J> [LIId P'. of the 
~n.llle Dum her of Ri'lus ill e:ll'll l!i l'l' 11;),1('[, I.h p l'", ri llI eLe r:i of tlWt;f 

])I)lygolls be l' anJ / , awl let the e(J l 'l'l'sl)l)Jlllin~ sides be .~ I lild .,'. 

Then P ~ })', ~ l()(j 

an !1 l' /) = g s, ~ - ) jI , I ' "1('-

Bl lt si s' = ,/ ,.', 
sinl'f' the hirHl glc. i W (i of " ],0;;(' "ill,·s al'p .~ an d r i;; simlla l' to 
tLc' triangle two of whost:' Hi, l..~ :lrE' ., ' and )" . 

I [ ('uce 7,IJI' = rlt' , ' Ax. n 
~illce jJ alil l p' :I I'J ' I'U1H'!J " alltl ,.' if n i l' lI 1\l l1lw1' lJf ~il1ps IS 

l'llpCtlLClli), ,lUlI1>](>,1, 111(' di :I,!:'e l'c ll ce pll" - Ii'" uaD hI' m a d l' as 
Rlllall as Wp 1'1f'; 1 "~ I,y dllli1Jl ill g tlt o llUlftl'l:ll' " f sitips l't'veaie illy' 
h l>l)ce alRo ?/,.' - t'/':' efill be 111 <111 (' as small H~ we plea 

Hnt rll" a nll r/'" do 11!Jt t hu1\gt> a t :111 ns Wl' -inel'uase tl le 
Dumbel' of bides of the polygons j h one 

rlr' = I'/e', 
f \)1' jf 1'./ ", ali a ('/'" llij'fPI'E' ll fl'(1I11 caul I other, t1 1Pil' difference 
woulLl be fixed, a llll tliel'ciol'u noi as bwall a" we lUi l}hi please, 

V, *!.?HJ llil\G'r ll OJI' CllWIDIFERE1'lCE 93 

212. Corollary 1. '/'he 1'I(f;O I~r (( cil'/'II ,,{fUt· ,1 ('" to ilH llilt meIer 
l.~ 11, ,. S(I lI, /! jiJi' II /I ,.jl''''f:,~ . 

For, since ,'/,., = ,./r' (~ 311 ). we j,A \'e aho, if (1 UIl U </, art' til 
tli,U1lctel'::>, rl /' !' = :? Ii :!. 'r' = 1,/1" = e/e', 

H eucc by (llIa llir l io" (The(JI'elll D, § 1.1-1). ,,/,/ = e'ld', 
213. The Number 7r. ,]'11 (' 11 /IIIIUe)' 0111,,1'//1"(/ {JY (/ivitli il{/ t /, 

circ IU/lJe l'f' lIl.'e ".t ,1.1111 drf'/(? u!I ilN di!l'!I ~I"I'I', w l,il' h, bj § 212, is t.h 
bru ll e fiJI' t..ll (' i l'f:l i'R, is tlnllll ,'11 ll!1 /III! Grer!7: llltll.'!' Tr ( pl'OJllJlIIICed 

pi), 'l'his Ilumup,r, " hic,1t it; n.bont ~t (or, more !l.rcl1I'atel), Iltill , 
31-11(,i), will be CO 111 J..l ul ell app l'oxi Blate ly la.t.er in tLis chapter. 

214. Corollary 2. in any circle c = Trd, or c = 2 7rT, lchcl'e r 
is the f(.(elius, d lite tliUlll ekr, ullll t: Ihe It! lI !lth. Of tiLe Ci,.('II I1V''eI'ellce. 

F or, sinoe .. = ~ (§ ~1;; ), c = ..dj ur since tI = 2 1', c = 2 ..'1'. 
Il 

EXERCISES 

1. Find ti, E' ] r 1i ~UI 0 1.' tl,P <'i1'1': 11 IU t'CI'I'I1I'f' " I' ~l ('in'lr uf ralli l: 
'~I'I .. [T:i k e .. = :II .J _I IIN. -i 7l' fl., m- J 2Jj'j ft. 

2. If Ihe I'al liu!! It nf t ill' (':11'1 h IS -/OI)( l llI i .. what is its 
cil'elll ll fel'C Ile(! at Ule ('(lll~ltOl".' [Take 77' = 3) .J How m uell 

is t his resul t atfed .eu hy takiug the m ort:' a.ccUl'alc " alue~ 
R = :10G3 mi" 7r = ::.1 HIl, 

3. F i"d Ille u ialli d el' of a d l' c: lc wli use c1rcUlufcl'ellce is -W in . 

4 . ~H(jaslll'r Ll ,f' r i l'('lll11 fL' I'l' llt' e (J [' s UUl e 1'01 11111 (llrjpd , $uc'h 
n;; :l P01'(']1 IJ Llln1l 11l . 11Y shpt('hiug a str illg :HfllllHl it liglllly amI. 
tlwll 11I easu ring- 1111..: R.tl'ing. ),! IW (· Olll}ll! (i · l.b l' (li aulfllcr. 

6. Hull' \\,j ,1" 1lJ 11 st a pi cc" uf till be; \:111 in ol'ller tu 1J1' lll a,1e 
irllp a ~tt, vel1 i l'c S i ll. in llill1nde l' ': . 1"8. 8 .. in., or ~5~ ill. 

, ~h()w lww to Ji llf1 qui ckly the a p))J'()x inllltc Jpnglh of 
wi r e in :1 coil by 11ll'<l5Ul'ing the ,1iampter of t.hp coil , und C:Olll1 t. 

ing t he nllmuer (If strau(1s. 

7. \YIUlt is t he l en~th 01 au a l'c that sllbt ,>n t1 s an an gle of 
(j0° a t the eell t lll' of a cil'ole whose radius i.:> 5 n. 'I 

o 
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215. Theorem V. The area of a circle is equal to one 
half the product of its radius and its circumference. 

u 

E 

Pw.US 

Given the> oirole 0, with rad ius ,.. cirel1 mferell ce ", aHd 
area A . 

To prove that A = r(' , 2. 

Proof. Circumscribe n. rf'gulul' polygon ahout tLf' circle. 
Let AI uCJlOte its aJ·en. a lld p' i ts l,eri lllctN·. 

Th en A'"= )·P'/ '..! . § 2( 1
S t lw llum her of siues of t he rE'g'I1I :ll' ci rC \llll ~cribeu polygoll 

i:, illen:aseLl, p' approaches r: as its lilllit.. S '..! I 0 
H elLee 'T// 2 0PIJro~l(;hcs n:j'.!, as a lillliL 
A lso A' approaches A as n lillJil S '..!1O 
'rherefore the difference lJetween A and n/:! IJlllst he ai; 

small as we please, as in § ~11 . It follows, as ill § 'l,ll, tJ la t 
A = r,/2. 

he student "l l()ul cl stu te caref ully all of th o' re lli nill i ll S' :;tel' ::> 
ill Lit e a rglllll.?nt. 

216. Corollary 1. The area of a circle is equal to 'If times the 
square of its radius, tTl({ l i.~, A=' r. ,-". 

For, by § 215, A == te l '.!,; but (' = 2 7:')' j hence A = 7r1~ 

217. Corollary 2. The «(J'(!a.~ of /11'0 ('irl'll' 8 tI,.e to ('(lull (JIM,. 
as th e 1j(,!I((re.~ Of tlte!,. ,.(uli i. 

v, ~ 2Hl] AREA OF CIRCLE HI5 

N P'l' I( Tilt:! V(H'} f~.lmI1UR }l1'oh1em o[ "s'ln aring the circlo." 
that i!l, of ('UII ., t l'l ll'l ing the si(ie 0 [' ::l !!'1IHLJ'e whose a. r~a t:quals 
t lmt- of ~~ ~i vel\ r i l'cle, d ep t! ll Ull on uetel'lllining t]le vltlue of 7:'. 
We II OW know that t his eon"t;l'Udion is impo!Ssible with ruler 
ami comrmsses ; bu t the all l'iellt Greeks and tho Schoolll18U of 
tho ;\\ ilMl t! Ages SP(~ l1 t much time a,itempting to do it. 

218. Sectors. Tho area of ,~ llector beaTS the samo l'ftt i o 
to the' ttl't!H ,)f a r.:i rdc a.s t h e angle of t ho scetOl bears t () ;{GO". 
t UI' examplp, the area of a. :lect.or whose ;l,I'C is 36° is 1/ 10 the 
are:! of t lw ~ir(·le. 

219. Circle divided into Sectors. A circle may be cut into 
q mll sect.or!; aml arranged as in till'. followillg figllfl'. 

Each sector apln'oximatps the sh ape of a triangle. The area 
of each sectm' is e(l Ual to 011(1 half the product of its a rc (uase) 
by i tR rad ius (al t itude) . Th Oll' sum equals one half t he whole 
ircumference times t he radius. 

EXERCISES 

[Exercises that invoh e the Jlumber 7r SllOllld be w~rked througb first 
in t Grma 01 w e Bym hol 7r ; Lbrn the vnlu~ S+ should QB sublltitu t.erl for It. 
Thus the :u efl of t t,f a circle wl , o~e radins il:! (; inch es is t . 6~· ,.. sq. In. 
= D". st}. ill. i ~ub.~tit u ti llg ". = 3,., we fin d the result. 28; SCi. In . ] 

1. Find the area of a. cirele whose diameter is 14 in. 

2. Fin ,l t h :Hea uf a square circumscri bed about ft ci1'l'le 
wll 05e l'aLlius ill 2 ft . What is the ratio of the area of the 
eircle to the area ofthiR sfluare? 1111 8. 16 sq. ft. : 11'/ 4, Or 11/ 1. ·1. 
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The ('il'(' Ulllfl'l'CnCp of fl uil'l'le is 1<1 n, Finu its radi ns 
and its a.rea. 

4, T he a.rea IJf (l circ}o is ~H sq,in l'ill!1 its radius. 

5: "~hnt is the cli ange i ll 1he arelt f :t. t'it'l.:h·, If its l'alli ns 
is multi plied hy :! '? h) :;" 11.\ ,, ': 

6, The l'ltf't:t u1 :-I.n explnsiol1 in a 1:II'g-e pow rler l~hll t W::ll' 

felt fo1' a di st:lIIUI\ u1 !0 lIli. i ll" evf'l'.\' d il'l'otj r'lJ . If"w [;11':';-8 :111 

il.re..1. w as I I t"f(' llte<1 'I 

. A li ll nel il) to "ut thp lnrgest po:;sihle ~rllln l'e fJ'om a dr
111m' p ie.;e of t ilJ W1J at p ro l 'I"'j,jOll of the tin \\ ill he ]e rt () 

8. Find the a.rea o j' n S(,01.01' ill a cil'l!l l" of radius :~ n. it t.h 
a.ngle of the sector is 4:;0; nw ; :10' i 80°. 

9. If a ti nm'r cuts f rom t lw ::;;Ll lle sh (",t of tin t Wf) c ll','ular 
vieces, one vi' which is twice a:i wille ns t.he othel', hOIl" Jlll.leh 
heavier is th e larf!er one '! 

10. If it is dc"i1'('1i t r.) ,'ui , two circula r we ights out of a t:\;t.t. 
piece of IDl1ial, 110\\ ml l('h widel' n l1l !>L the larger bo to weigh 
'wite a::l lllu dl, tll t! tl Jick1Ie:,;; b,~ ill '.:t 11lC sam!!? 

11. A steel rOll whuse c'rf>sS'-section is 1 in. Stll1ttr e we i gh ~ 

,4. lb, per foot of lengt.h. Filld thl! wrigh t per foot of leugtl, 
,I a l'ountll'od 2 ill. t hick of the s~we lUal f'I 'ial. 

12. Find tJ le weight, per foot of )('l1gth of a water-pipe wlwsl' 
outer diameter is 3 in. , awl whose, in n!;l' llialllet l) \' is 2, 75 in., 

(

made of the matonal lllcnti()ued ill Ex. 11 , 

la, Show that the area of a eireulal' l'illg 
containe Ll between t wo (:onc:cu tn c uil.'des of 
diameters D a llel t1 is 

D~ - c!\ D - d D + rl 
= '11" - -4- ), Ol' A='II"~'~' 

14. H ow much water per hou r (in cllb i 
feet.) will fl ow throngh a p ipe wllO.se inner diameter is 3 in . 
if tll0 water ill fl owing 3 ft.. per SE:cOl lll ? 

V, ~ 221 AREA 01;' ROLE 

220. P roblem 1. Git:e)I Ille side and ,'adills of II ref/I' !'tr ill

Nr l'ihl.'rilJol.'lflOIl, fn}l " el Ol t: side of (t reflllltll" in8cribecl polll!J01 
iu ulile the ,. lOrIUel" uf Sirll!8. 

c 

E 
( l U 1:... , 

Given ~ lB, tll€ sid C' "t' It l' C'g'll lllj' i lj!';('rillt "l pulYJ((Ju of l'allius -r, 
Required to nnll _l(i, Il si(la \If ti le reg-ullll' il1!\(' rihl'd Jl Ol-"~Ol I 

of clo llble j IlL' IllU Il IJP1' of llidcl!. 
Solution . Uraw tll c ,lillllll:tl'l' (,E, Ul lt!. tho I'uuius ..: 10 . Al so 

draw .1 Ii' 

S uw OD.l ..JIJ ut il s mitlJ. ]e point. \Vhy'! 

H euct! 0 If = r~ - l _ I]f, \\ hy '! 
VI" UD= VI'_\_ IB', 

III 'N = I' - , /,' - .\ ~1/f. 

Uso 1(/ = C'E . CD = ~ ,. . rr § I G3 

t hat l S, ..:!O= "\ I'~ - 1:.ut 
-t , :.1. _ _·IF).= 

221. Corollary l. If " = 1, fi nd s = /lll! side oJ tho: illi;CI'ibed 
Pol/If/u n, 

_1 

http:S(,01.01
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222. Problem 2. To L'O Ili, lll te 1l1iJi l·(J.J:iIll {l l e7.1! 1/1 " "rd"e (if Tr. 
'Pile perimeter of a regula!' h exa:;ou ill s('!' ibed ill H circle of 

tUlit radius is 6 units. ( Wby") By using the fOl'lllllla Ul S 221 
and ('oll1pntiug o:uccessivd y t he lJel'ill wten; fo J' polygOlI S of 12, 
?.It, 52, ..., a\1l1 7G8 "ioes we get t he foll owiug resu lts : 

1.'; :\ 1, ( 11 III r'nt l\UO''S ' -I,II: J:iC III ~L llr~" I.. . '\ 1, III I )t" u'l'i.l: :-t ' " tq 

.:H ]/j,;708 
24 

,() ljRS8(1flI I! 
fJ. :!(i I)~;'7i2.:W1(Jjjz38 

,18 tI.27b70041. 1::!0806:!O 
0 .2!l2003!)(i 

1!i2 
.00;"3817DO 

(j .:!S~llO;:'l. O:3:.l,23!tI 
;.2831 HiJJ.01ti3G2t8 384 

~li8 n. ~R:; I(;(1-1-1.f11l81Hl::!G 

By cOlLtinniug t.h is p l'CJcess it is f'o lllld t ll fd t. he fi rst five 
figu res in the (lepiJn!l1 l'eln:l in lmd],w ge<J. lIenee (i.28:-)17 is 
a <:1 088 uppl'uxim at ion b) tlle Uil'(J ll lll fll l'enCe of ::Ii I.! in' ll· Wh05 
ra.(lius is 1. Since the dia meter it! 2, tIll! ra tio 7r of lhe circum

, fel'cuee to the diameter is, approximately, 

6 1)8"1 ~ 
17' = ~ = 3.1 ·bI5!) (nsuallv written 3.1·U 6. OJ :n)'.:? • I 

NOTlt . A. 1<till morc aCGuratr vullle can he com )llltell by eon
tilluing th e pl'(lt:crli llg p rocess. J.t h as been pl'o l"(!rl that ihe 
1I 1.1111hCl· Tr eannot be (>xpresseu pt'C'ciscly by DUy fin ito dl'cimal. 

T bc fact that Tr cannot. ua expl'ess""l pl'c,"isely is equivalellt 
t.u the st atemell t t hat llil' d [(J.mptf> 1' u " d tIl' cil'G1!'rIl/r'l'eII Ce r~( Lt 

di'cle a l'e i w :oIltOW II SUl'ubl,'. tv ('(fI~h olli el' ( ~ J ~S) . l1ut we can 
obtain, by the preceding process, as great (wcmacy as we please. 

The val ue is k no\\'l1 to ovel' 700 tleeimal places. '1'0 te n 
places it is 11" = :3.HJ592G536, hut snch accuracy is nevcl' neces· 
sal'y in any ol'tlil1<'~ry aft'ain,. A~ a l'ul"iosit.y, Wf' q llotP. t,h e valu t! : 

Tr = 3.14159:!6G358!J7932: :g-!6:!/i ~~~~83~'i'\)uO~SSH97W93!)93751. 
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223. P roblem 3. ill <~c:r i'J(~ (t 80 tl(1 N' 


'n 11 [lit'e ll circle. 


Given the ell-de 

To inscribe a square in ci rcle O. 
Constrnction. Draw two uia.meters AC' 

an ti DB pt ·]·penc.1 icll llll· to ea.c h oLhcl'. 
I )raw An, B e', (,D , mill D~· l. A 

1" 10. l u1 Thp.lI ..J.lJUD i;; tile sqn:'ll'(! ues i red . 


Proof. [T l,e proof is left flll' DILl student. ] 


224. Problem 4. hexayon in a giL·en 
eirel,' . 

Given the ci rc le 


To inscribe a regnlal' hexagon in eire] 


Constnlction. Draw the radius 0 .1 aml 
 A 

w it.II .1 Ul) ;1 center nnt.! J'l1cli llB O_·f draw an 
arc cntt.illg 1lte C'irole ill B. T h c l1 ~ lB lS 
the s'ide (J'f t ho hexn~oll desired. F ro. lli~ 

Outline of Proof. Draw OR allll show that AB subtonds a 
cen tral Rll l!Je nQ". 

EXERCISES 

1. Sh ow how to inscribe a n equilaJol'a I triangl 

2. Show llOw to inscribe :l regul ar l ,oly goll of t wel ve sides. 

:3 . Since on €' sil,le of an insc rih er] Sl'l1 l.'ll'P snbteuds a cUlltr'al 
nnJ;le \l0°, ftnd one side of a reg ll la r i lJ ~e l'ibed hex rL.gon 8nhLl? lIcl l'l 
a I'entral alJgle of GO°, Il how t.1t 'lt If (JUe vet"tex uf the septal' 
coincides with on e vpl'lex of the hexagoll , t he next vertices ar 
at t.he ext remities of au aro of ;-;0 0 

• 

4. ;;:'how how to inscrihe a regula.r polygon of eight sides. 

5 . Show ]1O'I\~ tu inscril ,e n regul ar polygon of t wenty-foUl' 
s ides directly f rom an inscribed rog ular octagon and a regular 
iu scribed hexagon. 
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225 . Problem 5. '['II i/l .~I.· .. iIJl' " t P[l liia r (/'>"( ('./ /) 0 . 

Given ill!' ci l'l'le O. 
Required to inscri he a l'egu lar 11(" ,'agon in t it 

A 

FlO. 15il 

Const ruction. Dr;),w the ra lLiu,; 0 .1 an d ,1i" id t, it ill e:d.I'eIlH' 
an d lUcaD T'atio at a, hnvi ll g lhe lu,l·gt! I' seg1mmt next t0 l'h(~ 

Gen ter . § 1 I :! 
Then 0..,1 : 0 0 = 0 0 : G ... I, :l lId () (I is i.lll ' s id ... of the tli: (~agm l 

rcclui l'(>{l. By av plyi ug OG' t l' IL ti lJ H's to t.hp ci1'l.:1(' as it chord 
th e desi rcLlr t:'g l1 l: u' ~l e('agfH l i., f 'Jl·II IP'!. 

Proof. Draw UB :1 !1 1I BC. 
SineI' () . I 00 = 

we h a.ve 
hene 

Therefor 
Rut 

h e llee L ..cL 
h lJl'f' forc 

o 

But we have SUOW' \1 

hence, a J d iuS, :t 
N ow L 

when ce 5L . 

: 0, 

or L 0= 1 5 nf 2 l't . .t!'. OJ' 1 /10 of -1 r t . & . 

Oonst. 
Wb:r ~ 
Why '! 
W hy: 
'\Y by': 
Why~> 

Why ',' 

Wl1Y· 
Why: 

'fhcl'efol'tl th e ;]rc .IB is J / 10 of the eirCllJufenmce, an ll t 11C' 
chord A B. e<lual to OG. is a side of :1 1'1;!~ nla l' i l1 !!cl'ih<;ltl decagon. 
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EXERCISES 

1. SLow h ow to i JI~cl' ilH) a l'egular pentagon ill !I. puc]". 

2 Show Lo", to inscriua regnlal' polygon~ of 20, 40, etc, 
sides in a g i "en 0il'cle, 

3, Show that if one vel't~~x of 1\ regll hu: inscr ibed peutagol1 
coin cides wi t h one of l. l'egllb r h \~xagoll inscJ'ibed i ll the sam 
t.:il'ele, Hw 'uext Vl.' l' ti CCEl a re ext l'clIli t ie::i of an ar c of 12°. H enc 
show h uw tu inscribe a l 'e;;I I)o.l' jl lll Yg'lJlI of 30 sities . 

4 . ~h oW' llo \v to i lJ scribn a regular polygon of 15 sides 
d il'et.:t1 y hy l1Si l l ~ Htl' regular inscribed pCllt al!On and t he in
cri bou eq u i.latera! t.r iangle, 

MISCELLA.NEOUS EXERCISE S . CHAPTER V 

1. Th e rwlills lit' a ,'i l'd ,~ is !? in. Fiud t he length of the 
r ire l1l nfcl'eTI(lC; tho 'lo1'eOl.. 

2, Tb t~ ItI'l'}l ui : ~ "i l'cJ u is 9~ ~q . ft. I"i nu th e diameter. 

3. 'I' lte dinmc lers 1d' f 11' 0 t il'cles are ·1 ft. and 9 ft., respce
tivcly. F ind the r :l l1u vf t Il tli r areas. 

4. IT ow many TlP()lJle 1';1 n be s(>3.t eu. a t a round t able 54 in. 
in (liam ate!.' when it is extenll eu 4, f l., a llowing 2 ft. to a person '! 

5 . Fi.lld the perimeter of a regular hexagon inscribed in a 
cirdc whose rauius is 1 fl , ; 3 ft. ; a ft. 

6, Tho' pel'ilnetel' of :l l'cgnlal' inscJ'ibeu hexagon is 4R It. 
'W hat is t he di ameter nf t Ill' ci role ? 

. J1"incl the p61'iml'lel' of a l'egllJa !' eirnll111 SCribed hexagon, 
i f the radi us of ilie circle is 1 f1. ; ;~ ft.: r f t. 

8. If the radius uf a eirclc is r, Hnd the area of the in
scribeLl equilatera l triangle ; of the ein:umscr ibed equilat,e l'al 
t riangle. 

9. Rh ow that the area of I.he insCl'ibeu. equilat era.l t riangle 
'quaIs one four th the area, of the cirCllill scl·ibed equilateral 
t ri angle. 
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10. A cow is tethered at the end of a 50 ft. TOpe, whicl! is 
fastened to the corner of a barn. The barn is 25 ft. wide and 
GOf t. long. Over lLOw lUuch area lJlay the cow gt azr • 

11. How many revolutions pel' w ile noes a 28-in. biuycle 
wheel make '! .A))s. 720. 

12. T ILf' boiler of an engina has 200 nJbes, each 3 in. in 
di ametl' l', for e01L(luetin~ the! heat thro ugh the watt>I" "Find 
tll eir 1,01,;11 CrOB!; se.oLional area.. 

] 3. COUSU'l ll 't a regular iII IHH' ihe!L pen tllogon, :mel dmw a ll the 
diagonals. Sh ow that the Hum oJ a ll the angles in the ve rtit'es 

f tll l' t esnlti ug five-pointeJ stUJ.· equals two right angles. 

14 . A cirl.'ulaJ.· piece of brass htlS a radius of 1 0 ill. a nd it IS 

dpsired 1.0 cut 1\ hole through it equal in area t.o one half t he 
(lisk. ,"hat should be the radius of t ho hole? 

15. The central angle whose arc is "11Ull! to the raclius of 
the r il'cle is CJl.\lpd a radian. It. is ()ftau \tsed a<: 3. lmil, () f 
measm C' of angles. Shvw tlJat. 1 l'adiau = 1800 -+- 7r = m.:.0 
ar1jJroxinmtely. 

16. .A urrcl e is cireum scl'lhed about a r ight t.riangle and t wo 
others a re described wit l l tl le sirl f>s :l.S diameters. Prove that, 
t he large circle equ als the sum of ihe t wo 
small ones. 

17. SCinicireles are conshll et.ed ,)11 t hE' 
tlneo sides of a r ight. t ri l\ugle lUI i ll th 
mijacc li t fi gll re. Show that, LI IH sn lll uf 
t.110 Remil'ircles A (J'ClJ (In!] BO" 
<,qna l to the s6ruiciJ."de ..:10B11'. 

18. Constmct a circle equal to the area of two g lVCIL cil'l:.l es. 

19. If t he limit of safet.y fu r the p-u rbce s peed of lm emery 
stone is fioOO ft. per minnte, what is tlH3 diameter of the 
largest wh eel that can safely make 1.iOO revol ution s per 
mi nutel' .A ns. 11/(3 ".) ±"t.. ill' ]4 in. 
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20. Call a piet'c or l':ll'l'l' Ii i n. widp he used to wrap up a 
'll'clIhn Illaili ng roll \\ llusc ralli lls is 1 ill. :' 

2 1. lIow Illtl Ily lapfl ,U'OIIJl U a. (; il"(~ ular l'lUlIliug t J'aek whose 
d ialnewr is 125 yd. are uecessaq to make up a di stance of 
~ HI1. ':J 

22. Find t he lengtll of the llu n red PUl' tiOIl uf It railroad traek 
that; (,0 11lI tlCj.~ t wo straight IlO r t-iolls at I' ight allgl t>s to each 

t,ltC I ', given t h:\t tll /) (;U l' v(~ll jluriiun is all an' of a. oU'ele uf 
radi ll S200 ft., taugeut at its extl'l!llJ iti~s to the straight portions 
01 t iw trar;k. 

F iuu. th", leugtL uf ilie cW'vell portion if the n llgle betweE'1l 
t lie straight 1>ortiom; is GO°. 

23. \Yhflt is the tllt.al pl'eSl:l1ll'e un tile piston uf all engine 
if the cyliltd ... r is 20 in. in dialllt't.er utlll the gauge i>h l lWS 71:; 111. 

l' 8f).ual'l' itJcll ? 

24. Ji'OrI l' p nIII j);l erwlt with:\ llhw1I' ("!·f· of il ill. are w.eLl in a 
l 11illl'. rr ulia PUT" P W \' 1'1" lI ~ L! l l t,) l'('1I1 0Vc nt<' :lallle a.nlU llli t uf 
waler ill the SlIJ.UC tilll!!, what w ould 1)1:1 its dbmetl'l', ~"el"y 

thillg cbc lJeing the same? .dll '<;. 10 ill . 

25 . , Vhen tI le gauge show~ a steam pressure of 100 lb. vel' 
sqnare inch, what is t he total prl'So;ul"e tending to blow the 
'y lindal' head out, j f it is 18 ill. iJ1 in !>icl(1 diamete r ? 

26. If the water ill a ;$·ill. (i nsine diameter) water maill 1S 
llowing :Lt th o:! rat.e of 5 ft. 1'61' sectJlId, llOW much waLo"!' is 
passing a gi ven lJUin t pel' minu to'! 1 glll. = 231 cn. il l . 

27, A W:lter m ain of 6,in. di:.LLn etel' is GOll t JIIll ed beyond a 
certain point by .L pi}!B af 1-in. diameter. If t he water in the 

G·in. pipe i8 r tl llU ilig at t he rate of :1 ft. pel' seconJ. how fas t 
is t.llt; W[Ltt' I' ill the J-in. l)i p~ r unning ? 

http:dialllt't.er
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28 . .A couduit fo !' t!<l.rrying wat.er is f' il' (' ul::tr III fo rm and is 
1.0 ft. in diameter. Find the urea of the toLul l!l'OSS section. If 
the water level is at EJi', find the area of 
the cross sectiOlI of t.he water if the 

29. F illd the a liloun t of water flow
iug thr ough t he cI)tIduit of Ex. ~8 per 
minu.te if L E OF= 60° alld I,Jlll speed is 
~ f t. l ler secon d.. 

30. Fmd th e ll~ ngtl t .Eallfi' of Ute 
porn Oll of t he circular olltJi ull, E x. 28, wl1iclt iH wet when t il 
water reaches EF if E OF is 4.[;0; if EOF is (;00 ; if ROF is 
equal to HU ". (This so-(~llcd t( u:eti"d jll'l'ill! l!tu " is of t he 

reatest i..mportan(,El i u detel'mill in ;; fJ'ictiol1 alld thcl'efol'u tho 
res ist ance of tIl e p ipe to the w;~teJ' fl ow.) 

,.. 31. Find the area of tIl!:' c!'o;;~ ~er:tiun of tI le water in the 
COnu.lu t of Ex. 28 w hen L EOP= son. ~ JIi.'<. 7: lA1 f;(l ' ft. 

• 32. Fi ll Ll t Ile a l'ea of the m'OSs sect. ion of LIle WitteI' ill 
the I!onuuit of Ex. 28 when Lh ll J i::;tall ct.! f r Olu 0 to E F is 
4 ft" 

33, How fas t is the jJoin t on the l'inl of u. wheel moving, ill 
et per second, if tI le \\'lH~e] is :l ft. in diilllle tf'l' a lHi is rotnt ing 

at a n angular speeu of fa 111' revol utioll s pel' lJ.1inl\C('O:' 

34. H ow fat does a carriage fl1()\" l! W!:tOll OIll-l of its wheels 
)'e l'01\'e8 (without sl ipping) t h rougl l fi ve cowplete rel'olut ions, 
if tlle L1iallleter uf th e wh ee l is "* ft. '! 

35. How many times will tho wlwe] of a bicyele revolve, if 
it is 28 in. in diame ter, in going 0 mi. ';' If the birycl ist goes 
3 mi . in 20 lTIm., how many revolutions tioes the wheel mal. 
pet 111inute' 

36, Finel th e :U1 gnlru' Ilpee(l of' n eal' \\ ;1(>(,1 t hat is 20 ill. ill 
diameter, \\'hell t he tl'uiu is gOill g 40 wi. IJt:r bOll r. 

V. § 22!"i ] l\nSCELLA:\E01TS EXERCIS 1 ~ 

37. TIll' r atli l1 ::< PI" II,.. ear1l1 is approximately ·WOO mi ., aHd 
t lv' l' ~lI'tlj makes 1)11 (> I'f'V(l I UI inl! per L1ay. 'Vhat is t Il(' specLl, 
111 1I 11 ]" fi pel' II Olil', of .t point on the eqnator? of It point whose 
latiturlo is :suc '? 

38. CUln pare t he speed of a point on tlle equator of the 
a l't h. in mil es pM h UlIl' , with the speed of ;w express tra.in 

gui n!{ GO mi. pe r burll', COlll]Jru'e it. witIJ the sptwu. of a point 
It the l'i ln of' a. liywlH'eJ Z I t. in uiametc l' tl,at is maki ng HIO 

revul utiuns l'er SCCOrHl. 

39. If l·t hollu w p ipe ltn~ an jnsil.lt, diameter d and an oltts ic]e 
rliaillater D, t hr t hi(~kl\ t>l;s of it:'! walls t is eqmd to CD- d)/2. 
~how t.haL the area of 11 )(" oross section of t he metal is 

1 - ) + rl . I . 
:J 

~h (lW t ha t. n + r7 = '!.(D -I): hence show I ha t A = -rr( Dt - (2). 

40. Sh ow 1I1at t Ill' area hounded hy t wo concen t ric circles of 
J'auii r nll,1 R auu tWl) ra ll ii of tIle lILl'g"(:'1' one. is C(lua] to hal 
the prodl1C'l of it~ ailit ll rie: (ll - T) all(] t he sum of its tW() 

ei l'l·lll.m' sill e!ol. (CompUl'e ~ JD1. 

4 1. S how ho\\ to fi ml the !U'en of a cily lot bounded by two 
ci rcular streets that. have a common cent er, and two of their 

Tililii, if the lengt hs of the circtllar arcs are 120 ft. and 160 ft. , 
" I l d the st.raiQ'ht line boundaries are 75 f t . long. 
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227. T h e orem 1. ()( A 
ed l !t i CI II !! /!' !> /lil lt !wet' tlU! 

APPENDIX TO PLL"E GEO?liBTRY 

MAXIMA AND MINIMA 

226. Definit ions . Lnt P be ~ th(>(l point lIpon the circum
f el'enelo! of a gi\,{~ll (·itd e and let :.1 iSl11'ies of ..Jlur Lls be tll':l \\' 1l 

t lll'ougb th is point. The I Ollffe.~1 Uli B of all 
t hese chon}:; is the uialUetel' Pf) ( l~x. 2, p. ~ 1 

This fact, llH\j~ be briefl y Si [Ltec1 by say il1 g : 

all cli Ul'# throngh P , the cl i l.t1IH'te l' PQ 
is the maximum (u)'eale.~ t.). 

Agai n , of a ll reg ular poly gons t llat call h 
in scribed in a gi\'en chele, tll e one wb use FIG. Jfl-l 

area is I.ea.,t is th e inSCl'ihell eql1 ilatera.l tri 
angle, a bet whid, may be statetl by say ulg : q / nl l. t eg,dar 

F JIl . 15[, 

polygons irl.".crilled i ii 0., circle, a,e I'lj 1l ilctte l'tll trht1l rrTI' h a.~ I I! 

minimum (lcctst) w'eer, 01' 8I'inpl // , is l1,e minimum. 
Li.ke wi ~e, of nil tile .qti'oi'./ hl linl!8 that C(./. ,I be /1,.WlJft ItO7)/. lL 

; i.ved p otllt to (J ai l'ell lii/ e, th e pei'j>(!H cl i cl,lar is the minimum (§ 77 ). 
These l\nu all other si lflil a r considera.t ions constitute the 

s11bject of maxima amI minima in GE'ome tr ,v. Tl le maximum 
of seyt'l'rtl qllall t ities i ::! t ile gl'f'atest alllong them j the minimum 
is the lertst amon g t hem. \Ye shall 110W sta te a.nd provp a. [l um
ber of theorems related to th i" 1;11 bject. 

same I (I ' (j fl)t} si d e!>, tll.ill I 
I . • 

III II'lI idi t hel:l .~ idel! i ll- I I
I .cI II/Ie ({ l'iVld W I!! I:S lite I I 
1.__ _ _ ~?il u .£ llw, lit. 	 I ' ~ 
o B 0 C 

Given tl, e ri r;ht /:). ABC FIa , lr'rlj 
antI aDY ot her 1;:, E Be (' O)! 

st l.'llct.:d upon t he s ide 13C and ha v ing its side ,·'B =AB. 
To prove 1;:, ~ 1JJ(j > b.. B B 

Proof. Draw ED l.. B f'" 

Tlmll EB > D S 75 
Hut ' j \TtJD 

TI1 CI't'fo r ":1 R > EI/ . \\"lIY': 
\ \ '1 I('llue also D. ABC' > b.. EDC. (b), s 190 

E XERCISES 

1. IYhat is the maxim U1J1 l ine that C!:lll be drawn wit hin a 
r ectangle and tel'lJ\illatt"ll by the "ides ~. \Yhat is the I II inilllUlll 
l in e through a given ill teri or point ? 

2. J')';(w a l'il'd e and t al< e any point P wit hill it.. ConstJ'1l1' t 
tI le 	maximuill lin e ,[.Jill aJ::.u the mini nJl.lli1 iiDC frOl[l P to t he 
·;n~ll mfel'ence. R ('peat;, using :.l. puin t P ol1 t.sidc t he circle. 

3. TI LLI,e J1g-IUf' , (1 i iS th e cy lintl el' uf a steam I:mgi TJe, P the 
~i st Ol I , PH tl ll' pi ~tiJ T1 l'ud, HL 1] 113 l:0l1nel: t ill g rod, aJl d lI 'tl l" 
dri ving wheel. As the eng1lJe wOl'ks, 
d escribe th l.) po"it icJn oj tlte cunn ect;.. L 
iug 1'0<1 ,,,hen the a rea of tho t ri an gle 
RLO is a ma.xi rl1lllll. (0 represen ts 
the UCJl j (, l' of the wheel H':) Answer 
the same questiun fOl' a minimum t ri:lugJe RLO. 
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228. Definition. E\; mes IHwing Pq ua11'cl'irnete rs ute oalled 
isoperimetric. 

229. Theorem II. Of (Ill i.~(Jjledl lLe(ric t l· ir, lIf/le.q lw.1)i!I!I III 

same base, Ihe i 8lJ -sr'e les {.~ tile ilUlxi 1111 1 IlL. 

Given t h e isosceles A A B C owl a,1lY uthel' A . 
upon B O and isopel' imetric to _t n C'. 

To prove A ..lEO > A V n~. 

,.E 

~H 
A Z __+-JG 
/ D -tF

"/'/ / i 
I 

\ 
B C 

F"IU. 1;,7 

nstl'llOted 

Proof. 1J rolollg D.l to E, ll lilk illg' AE = B..1, anti c1 l' :\ w EO. 
A circle hav in!! . J as cen tt' l' nnd B E as tl iaowt(> l' (';\11 11(1\\ ill' 

,lrawn t lll'ongh t.h t' poillts B , 0, RlHl E . 
Theeef01'e L BUE is tL rigli t. <I l1 g1e. 
N"oW' draw ..e tG !LU J. DF 130 

also draw DII = no, ali tI jIJin Baud If. 

Then ...1B + AC = UB+ lJC' = DN+ DIJ = BI!.. 
l-{ut DB + ])11 > .Hi[ 

Therefore BE > flH. 

\\Tbence al so 

But C(}= ~ C!' 

Therefore 

and hence 

,Yhy'" 
Why ' 

Gi \'e11 
Wlnr ? 

Why'] 
\\~hJ ? 
\\"b y ';' 

Why 

230. Corollary 1. Ofal7 i,~ope1"hMtl' h' l l'i,wgle.q, the eq II i/ntemi 

il> the 'lIl.ax; lit 11.m.. 

§ 231J MAXH L\ L'ID l\IL~''B1A .:.09 

231. Theorem III. (~r ,Ill iliO] ,l! r i flLetl'ic pOl!l(JU Jl 8 !wll ing l li 
same Itl.llll be,· uf Sitl,'I1, Ilt t> Inlt.l: i lllll tn is th e olle that i s equt7ute.,,/l•. 

. 

"-" ... 
B / " - - - -~':. E0

) " A 

C 
1'10 . 10l:! 

Given lhe maxill1 ulU polygon ..../BODE of all those that call 
lJe l,lrawn isoperiw L'tl'iu to each ulheJ, Jl av lug t he sam e IlWII bel' 
uf sides. 

To prove that ...-lBCDE is equ ila.teral 
Proof. 1£ .AJ]C'[) E il:; /lot e'111i. la tel'al, at least. two of its 

8i(les, as .dB and ..1E, tnn::;t be ttUe(lual ; a.wl we llI a.y construet 
Il t he d iagollal BE a ll isollLeles A BFE which is j llopcl'lmetl'ic 

with A .dBE. 
T ileD A B P I ..; > A A BE. § --.. 
~rhe l' e fol'e ll('lJE F > AllODE. 
Hut this is contrary to hyput ht's is. 
T llerefore. A B = _IE awl ..dJ1CD E is equilatel'al. 

EXERCISES 

1. Show that of all tri:Ln g ies inscl'ibcli ill a semicircle, that 
i s greatest wllich h as the ,li ;l1ll €'ter as base and the l'adi Ui:>, ( J 

ItS altitude. I ts Ilrca is ellUL'll to ?.!I. 

2. Com pare the m 'ClL (1 f UH~ triallgle of Ex. 1 wit h that. of tJle 
semic:ircic ; with t.he areB. of a square i11 scribed ill the c1rule. 

3. Show that of all iSOpt!l'illletric q Il acLl'ilaterals, the maxi
mum is a. rhombus; show fmth et' more that it is a square. 

4. Prove t hat of all lXll'alli'lvgrams ktvin g givell siues, tJle 
l'ectanglc is the ma xi rlllnu. \"klt does this theorem be com 
wh en sta.ted with l'eforol1Ce to jointed frames,' (See ,Ex. 7, p. 165.) 

p 
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232. Theorem IV. or all 1)()l!l(Jol!8 with ..ddt's (lU W'ven bit r 
U)I ('. Iht' /I/(( .iJi IlUitTI. (ill ((/'/IU) C(l n b/J i/l~/'r ilw(l i ii (/ .w~ iI],ici1·ol 

IlI.w iil(f lhe 1wdel en nilled sit/e .I;'" ils t/i; U,I PlI'r. 

c 

M r '! N 
111L;, l~~J 

Given t.h e I t>n~tb uf all ::.i J l's uf t1tt~ IJulygVl\ .iBCVE, 
r xcept EA ; <tllJ C!;IYCll t hat ~l BCVE i.s th~ l1l (tX i lJlllllJ pulygull 
in area) that has t he brlVel1 si J es rLnd uny uther side E -:1. 

To prove that ABOlJE can bo inscribed in :\ semicircltJ.wbostl 
diam eter is the relllaiJl ing ~ id e, EA. 

P roof. Fl'om any vertex, as 0, dralV CoLi amI OE. 
'Ille /::; .AOE D"llI st he tb e Ju fLxi lIL UIIl of all &. having the 

given Sldes 0.:1, OE; otlwl'wi so, l)y ill nreas ing or llillJiliishin ~ 

t he L .dOE, mcamvLik kepping t he IUlI gths of 0 . ..1 , UE Ull

changed, as al so the IUl'lil of t h e fi gu res, ~C, CDE, hut alloll'
ing ..'1 and E to s1irle a lO ll !; JLV while C is lowere cl 01' r aised, 
we can increase the /::; _ fOE, while the rest of the polygoll 
remains tlIwhaugeu j Jl ,u·e <1.. H tl Jlce, unless /::; ~l CB is th 
lfI axilllum , we eall by s lt !.!l! 1'1'1)('PSSt':; illOl'ea ~e the ~r('a flf 
ABODE. 'ro inc rease in tli it' way tlH~ fLl' l"f\ of _w (ln/:: is 
ho wever, to clony the Iql'otlllesi;; tklti _IBUDE is the llw,ximll\ll 

polygon . H erwe, tho /::; _IOl jJ is the llln.x.imum that can be 
drawn, 11aviug t he sidps A O. (}E. 

Thel'efo r£>, t:. A OE is a right tl'iaugle. § 2~j 
H elice, also, Olies 011 the S6micl l'CLlllliel'ence of which ~1E is 

diameter. Wby~' 
Lik ewise, every vel·tex can be shown to lie on t he sew iei r· 

clllnfer61lC6 whose tl i:uneret' is .AE; that is, t.lll' maxillllllu 

POlY!!Oll can be iusCl'ibed as stated in the theorem. 

§ 234-] 1\fA,"XLvIA AND MIXIMA 211 

233. Theorem V. 0/ all 
I.hat 1t'/Ii,·" crI ll lia insa iued in 

E 

A 

lY[lon.9 with the 8CI)]W flit'ell sides, 
oil'cle is the HUJ..l:i1l1U7n. 

E' .0' 

'FIll. lIl0 

Given a polygon ABODE jn ::;cJ'i hecl in a. circle antl mutually 
eq lllhte l'al to another given polygon, _I' B' (J D'E' , which can
not. be insc ribed. 

To prove 
Proof. Fl'om 

234. Corollary 1. 
n UII1bel' of sides. tit 

EXERCISE 

E'. 
and joi n F to th 

1 f)) eoustI'llct 

J:! ? ''' ')
~ ..,0_ 

C'F'D'! 

1. If in the figUl'e of § !!W! we l'egard t he sides A B , BO, 
te., :1S fltiff rod!" and assume that t.he rod .dB is attachecl tc 

t Ile rod Be by meall S of a hi nge a t B, with a silll iJa l' a rrange
ment at e:tc:ll of the :i oint s, w(' havp what is knowll as a. joiuted 
fra me. Considering al l the ditferell t form:;; which this jointed 
frame A.BCDE can assume, wh at can be s<tid of that one 
I I hose area is t he maximum ? 
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235. Theorem VI. 

D 
FIG. l lll 

Given a regu lar polygon of three sides (equilateral triangle ) 
ABC and a regnlar polygon of fOl11' sides (square) Q, and let 
... lBC and Q be isopel'imetr ic . 

To prove that Q> .A 
Proof. Draw ('0 from 0 t o any point in A.B, an d upon CJ. 

lOns1.l'Uct a t riaugle E D C whioh shall bf' congruent to A DO; 
that is, such that ED = AC 3.11 J EC = A D. 

The figure JJBCE t h us fo nJled j !; an il'N:!gular polygon of 
four sides whicl1 by (:Onstruction has t he Balll e lJe1' imeter as 
ABC, and hence the same as Q. Also, it bas by construction 

he same area as ..1.BO. 
. But Q> the irregular polygon DBCE. § 231 

Whence Q > ABC. 
In 	like mauner it cau be shown t hat a regular polygon of 

live sides is greater tban all isopel'illlet l'ic sfl uare, and so 011. 

236. Corollary 1. T he cirde is the ?nl't.;l"/mtl?lt of all i,qopBl'i

me/de p lane closecljigrl?'es. 

EXERCI SES 

1. Give the proof that, a regular polygon of fi ve sides is 
greater than a corl'espoll lliug isoperil'letric: S'l llare. 

2. Show. that a l'oulld can will hoM mor f' t li:=1lI It square can 
of the same perimeter, the two elms being of ~'l \lal height. 

§ 238] ,IA..XDIA AXD MlKIMA 213 

237. Theorem VII. qr all )'f'g/dar pOl.llomlS Of the !1m 
(('I'eu, Ihu l which "Uli Ihe O"('utest II II moer of ~;illt!s 1tall the m inim u m 

per imel"t'. 

O Dc:J

1,',,,,. H.i:.! 

Given the equivs,lellt I'egular pol,) g 01!f:; (J aud (t , of which ( .. 
llllii t he gl'eatel' n LI lliLer 0 I' siues. 

To prove that th e pcruulltcr of Q' > t he perimete r of Q. 
Proof. Cousu'ui't a. l'eglLhll: polygon Q" hoyil1g the sa llJ 

perimeter as QI and lllf~ sunH' nllm ber uf siu,'s as (, . 
Then Qr> Q". Tll e l 'e f ~ l l' e (J> (J". § :!:)5 
Whence the peri meter Df (J > tl ,(, per i lIlel OL· (I f <iI, § 1::;~ 

But t il t' pertIll"tcr of Q' = tlw !,el'i IlI etf'T nf (i', COIl S. 
'rhereiOl'e the pe l'iJ upter of Q> peri l1leleJ' of Q'. 

238. Corollary l. Of Ill! i"'/li P clONed .figures that are equal 
In a re(l, tlt i> ci t'ri l:' haJJ !li l '. m lll"u/l11I1 j 1e""1/U'(er. 

MISCELLANEOUS EXERCISES. MAXIMA AND MINIMA 

1. From two giv\ln puints on the eirC!llmference of a cil'rl!J to 
draw two line:; meeting on :L tangent to the circle and llI aki n 
a, m<lxilJ1um a.ngl e witIL each otlwr. 

2. 	 T o inSPl'i lic tlw mltXil ll ll lll l'echmgle ill a cirdtl. 


'ro i11SCll'ihe th e 11l:LXiJU IllIl rcc:tull gh: in a. (luadrant 


4. 	 P l'ove that of an hiHll gles havil1g the E,.., 
Isame base and area, tlle i sosee l(>~ t.r iangle 

has t he mini mum pe rimeter. 

[1In.·T. l>rohlllg AB I" ):,', IHRld1l1! 1E:;c A O. 
Draw E D unclAD. l'r(w I' tl llLt t::.. "l ()lJ ~t::...tED 

BAso tlilll DC = DJ:;.'. Xow t1~t: 2, § :tfl.] 	 C 



ROLIn GEO){ETBI 

(' I-LAPT Elt \,1 

LINES AND PLANES IN SP ACE 

PAR T 1. OENERAL T'Rl~CH)Lr:~ 

239. Definitions. Solid Geometry, 01' Geometry of Three Di· 
mensions , treats of fil,'111'eS whose jJal·ts are not· f'onnned to a 

pl a lle. 
plane is a s llTface snell that if :.\l'lY t wo points ill it ai's 

t.a kell , 1.116 straight l ine pa.ssing through th Pl11 lies wholly iu 
t he sur face. 

N
M 

FIG. 16.~ 

Tlm$, In Fig:. If):, , if A ,uul B nrn i' W, ) puill t ~ <)f n pln,fIl' JJY, Tli l! 

nt in ' straig'h t line . 18 lit,,, ill lIw plum' JJ..Y . .lilY l'n inl 0 nll . 1B l ie.~ 

iB MV'. 

A plnne 18 said to be determined by cerlai n 'Point s and lines 
if that ])lane alul no at,ber plalle eon taills those points lliHl 

li nes. 

240. Corollary 1. It is evident i l'O Ill the defini!"lon of , 
j,l:1.ne that If Q line. has t l!!O u/ it.~ .1')oi , <' ,~ iil It lJI((Il (', il lies Ldwlly 

in '''1ft p /l( ll e. 
16 
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241. ASsLUllptions, 0 1' Postu la tes, 

1. .·1 lilr(ll p i..~ ·/I/ ,' i"d l" ,l h , /'J'le li l. 

2. Tlu'(,uylt one! stJ'r(i!lht 7i lle fi n 


wJ!illl i l e« /"1 1/ 1I1/;PI' rV· p ial lP8 mily 


Il l' j J(IS!lf'>d. See .Fig. 1(j ·L 


:3 . If (t 1'hOl(, i.~ "el'll/" (>(l (17m !! I f3 
"!I .~lrl/irJht lill e i /l it I/.'/ 1111 II,/' i.~, 


It ·iiW!I lJl~ lIluil e {I J 1'1181; 1/" (111(11"

!"ro. I f',.j

(] lI.'1 l,uilll in. ·''.i.1(1ce, 

4. Olle ' Ill d m dll Ollf' 1'l(1l1e CHI! lIe iIUU /P If) ]I",~!I !1" '(l liUlt threp, 
poinls not i 'l t/I P .~a i1l e :;{ t'airllil IiIl P. 

' 
P ' A Q 

B' <Q> 
FlO. too (n "! F lO. 10.3 (bl 

Fi~ . l(J(i (/I) r('rresent .~ n 1'IflIle PQ tllrou~h 1 1u·~ l' l'()iJlt ~ _I, R, 
F ig. 16" ( b) ropreSl' lI ts ;1 pilUlO plece .. r "b.ss re8t i ll ~ Oil tilt' poill ts of 
hree tack;; , 

Tlilo jJl(( lJe.~ ('Il llilni io fp r sl'ct Pflch nlhel' in oll l!! ("( si ll;!'e )winl. 

242. Corollary 1. _t plane ill rlptumlll P,7 1'.'1 111'0 illlpr.~r(·lillrl 

lillel:l . 

M 

Pm. lilt, (a) FlO. 1';1; (b) 

[ HlNT. Consider the pr,;n L whorl' t be Dnes inteIBeet, allli two other 
poln t..~, one on ell(; h litH; ; t.ut!1l apply 4, § 211.J 

VI , § 2U) Ii!.<:Xg IL\.L PRlSCIPT,Eco 217 

243. Corollary 2. .oJ 'illl~ (torI fI, jW;,,{ lI'il/l "" t the !iHf' (1(1

l eo7l i/If' U J,hu,e. 
[ li rn. 1'".., I, S 241. ] 

M~N ~~~ -~ 
p' m . 1n7 (n) 

244. Corollary 3 Two lICul1llt:ll "" f' ~ 17,'fallline ct 1J[WIf'. 

M~~~ 
~N "'-? 

F IG. 11)8 ("l I." t; . l'i8 \&1 

[ HI"T. By tho defi llllinn of para ]It·! lilies *It'J, two StIc h IUI'?s fI" ' ~ t 
li e ill it plane. I'lfCIw that t lt is Is f lJ .. 11lIly onl>.J 

EXERCISES 

] . H <)w many plan e.'1 1'1l.!>S 1l11'iI!l'~h a, giVf'TI strnig1l\. li ne 111 

space'! Row l.lJ :illy p:.l/!;' t bl'fll1 gl , lIeu given points ',' 

2. I n a caT·pentl.ll'·~ pla.ne H,e k T1if('-eJgti lies fU "'I ' !=:" a str8ight 
lint'. .A::\ snO Ll as any rough oUl -face has l,eell slltfk iJ:!llil,) pl :ll1ell 
01-1', the " 'hul l" l etlgt h of tll(~ kTlif,'..cdge k~('ps on the 8Ul·faca Il.S 

t hp plane is lUO \ ed alung. Connect tltis fa.d. with § 240. 

3. '''hy are cameras, surveyors' t ransit.s, etc. , mounted on 
tluee legs instead of f oUl' :' 

4 . P rove th at :t straigbt li ne can intel·sect. a plane in bll ttlTl& 

pam!; unless I t lies wllolly 111 t Il\' I,la ne. SC!I! ~ :J..j.\). 

http:caT�pentl.ll
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245 , Theorem 1. The i ll ttI"H()l'ii,j,i ,{I/I'll , IiUII/ ' 1l iN (( s/,." inht. 
!illl', 

Given the t wo intersecti ng pla ties ,.lI,N 
a nd H 8, 

To prove t hat thci I' i Iltcr:;ectioll is 
stnu ght li lli'. 

P roof. L(:!L I and n ho allY t wn p(')i!lj~ 
OlTllllt1J1 to hll t li pla,I1 I·Il. !J, § ~ ,I l. 

,Il mw the ;,trai,!,(ht Iill \;! .W. 
'1'll e 11 t>YC I'Y I,qit li ill . IB li ('~ in .1r.V ~ul{l :l Is!) JJl RS. %:HO 
Th t'refol'c, . 1N i ~ COlli 1l11llt h, t li r 1.\\ (I I ,laue.::>. 
1\I(ll'eoYel', itO poi nt llOt 0 11 A R ('a n be cOJlltllon let lnlt lt plallf's, 

for the "'vo p lanes would t hen eoin t! iclp. I., 1i ~·~1 

Th el'efor8, the iutenlect ioll o[ the pla nes MN and RS is a 
straight line. 

EXERCISES 

1. 'V!t a.t i s tIl t> tCIt'/f .~ (If all 1,() illt ;> I'ommon tu 1'wo illtersed 
i 11 g pla11 es ? 

2. If ;t sheet, fl f papPI' is folded, why is the rl'enf;e stra.ight ',' 

3, Tn how many poiuts (il l f!t'lll'raJ) will th ree l'lalle~ intoI" 
Reet ? \Yhal; t<ln be said f,f t ll c iflfel'Secti otl of fom or 11101'6 

planes in spal~e ;' 

4, C:m t wo p~ndls b~ hpJ(1 in SItCh ,L l'()~ i titJl l tlt R.t. :1 l'hllc 
cannot he passed. t hl'ough t be!l1 i' ~tate tht.: [/1: /1 1 1',11 Jaet abou t 
a p lane that is illustrated by y our nnswer. 

5. Can a pla.n o Le passed (1 n general ) tl lT'ongh £0111' or more 
iven point s in space ',' CalL a p1:tlle bl~ pa::,sci l (in ~eneral ) 

through t hree lines an of wh ich r~LSS tbl'ongh a C'OInmOIL puin t 
in spar; " 

6, Ca.n t here be two straiglli ]inC's 1ha t. Rrfl lllJt para ll " l anu 
that do Hil t meel, ? F iliCl a pa il' of such Ii.nt's ill }i'ig. j (jD , 

Fl U, 110\1 

\'T, § 1181 PERPE,,(DlC'ULAP.s A .•"ID P .-\.R.ALLli LS 2J9 

" AR'l' n , l'~; l t l ' K\ I)\ ( ' \.n ::; ",\.}dJ PARA.Ll :" EL" 

246. Line Perpendicular to a Plane. T he pobJt wll C'l'e a. 
l1 11 e jlJtel'R~cl s a l'hilltl is RaIled tLtc foot of the line on that 
pl}llle, 

-\ stl'ai.ght l Ule iit perpendicular tu a I'hwe W lie31l it is pe l'pen· 
llicuJar to eVf' I','Y l'lLl'a i ~b t li ne in t lJ e plane dra l\' ll tJll'ougll its 

t' 

?;z.I~B 
M E Q G 

C ~

FlO , 1711 (II) 	 Fill l70 (lJ) 

fnot. ,[,l ie plan E: iH tJlI 'l l aho said to be [!erpen lli (~nla,l' to the 
Ji lil'. Thl l~, iu F it;. 110 (It), i r pr, j" perpell il il' ulal' to thl.! plm ll' 
JLY, it is theu pel'pcndiclTl a l' to all toli !;' li nes Q.A, QJ3, QO, ek ; 
:lilt l P(~ is l.'.allull tJIl'! distance J l'lJlI! I' Lo ~lLV; See Ex. 1 lJeluw. 

241. 	 P arallel Planes and Lines. A sLraiglJ t Ji ll l! i::; parallel 
a pl ane if tLuj' IWYt'l' IlIeel', JI O\\,f' \' ('1' f a r produoed. T wu 

plane::; al't;l l ,al'allcl if they never llI eeL, howevl:: r far produced. 
It is to be l'elJJem bererl (§ 48) that two lilles m'e parallel onlY' 

wlwli they li(' i ll lli l> s(lml' plu /le and do not meet. 

248. Corollary L _II'/Cl II P Ihul CQ" tv ill lt UII I! vfllcu jJ((t'/( /lel 

/ill(:8 ;.~ paruRel lu Ih l! (Jllt er till l'. 

EXERCISES 

1. ~how, hy § 77, that tIll.; ptwppurlicular from a point P to 
Ii planil ~lLV ( rig. I TO 1/) i ~ HllUl'ter than ;:\.IIy otlJer line Ulat 
CIUl be Ih:l \I'll frOlil P to ..lllv. 

2. Sh U\I', by § 7 1, that i f two obhque lines from n. ]Joint IJ 
to a plnne JLV cut (>if I'qllal distalll:es fl'OTil the foot of t Ile pel', 
pellli icuhi.l' fro m P tu JLY, tltey :1.1'e equal. ~ea g x. 1. , p. ():3. 
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249, Theorem II. If a line is perpendicukrr to each of two 

lmes at their point of intersection, it is perpendicular to their 

plane. 

Given FiJ verpeu,l ic llb l at lJ 
t o eaul l of t.wo s t l'a i~~1it li lI t'S .18 
:1I1l1 BO ol t Ile plant' JIX ~ 

To prove FB 1lIll'11E' ndil '1i lal' I II 

t he phll ll! ..1IS: 

Proof. D r:l W ..:1 ( I, a II " Th 1' (> 11" II 

B dl'aw :my li ne, at! lHl , 1111' 1' 1-~ 
1J1~ AO at I'H I 171 

Pl'u)ong FE to so t hat, 

1£= FE. .Jo in anLl E t o ~1 , I T, awl 

T ltell A D ant.! no a l'e pCl'l'en uicula l' b isc I,to l' s of F E , Const. 

w1 H!Ilce P..l = ..lE, F( /= OE. § 100 . 

Thel'ef ol's ..:, .. lP(, ~":' . IEO, ~ J5 

w1ieuce LILIF =L fL JI!.. Wh) ~) 

\ho t:;,. TL IF ~ ~ JI..! B, Why '.' 

tlll d "= JIE. Why ': 

Henco 11B J.. Ph.' OI'PB. Why'! 


Hut lIB was a,uy lin. , in J [Y Ihawn t hrough L. 


T Ltl l'efUL'(' Ji'lJ..L JJ.V, S :J ~(j 


250. Corollary 1. .dt I/o JI,dHI ill 

(/ il; ,il(l l' l i tte I,'m , be el'l·('/I'd. Ail e 
I 

[ II I"" , SUPptHIl II ~1'~ O lJfJ p,'l pen- I 
I 

,liculflr l in r B e.' could bl! arcctl,d (F ig. 

/' 

I 

172) . PlI,*,:l. ph ll<' t hn)ui,fh I B Ilnd N 
'7 « , T h is pla.ue will iU l e.NIeCT J1.\ in It M 
~ I,rai!tl l t. line, llS DE, T heil _lD ;ln d 
11 0 are l'Olb J!~ r J.len <ljc ll l ll r ttl D E lit the F·ro . 172 
hl l ll l t) point B, lIut , sil ,,;\> ~17l, HO, and DE rul lie i l l lh~ same phnl.', 
t ld» i ~ iIu}lOtl.'!ihlc , by i, §;\ I. ] 

\'I , ~ ~ '-I t] PBRPI,j~DlCmJARS\.~n PAR,\LLF'l:, ~:2 1 

251. Corollary 2, F /"(I7/1 1/ ) Ilii ll l li' i lh(WI II I J/CIIII', " i,I'1 Oll ( 

l ill l! , " /11 lie !/rttWIl l lel'jlf' l1ri ir,, /u f It , til 
p 

1,/n " ",. 
[ llI.H. U t wo p~rpel1Jiot\ l :lI'R, n'l PB 

a.ot1 P.l, couly 110 dr.., \VII frmu P to 11.1 

plun e ,l t V, t l lell b. l'BJ1 w ,lu ld Cu.I1 l :dIl 
t\vo t'iglu :1 11 ;::\1 " ~() l ha t. rh f' sum Df ti ll' 

<111 !rlcs of b. PR .. l won ld be mOt' '' thaIl 

t w o ri"l, t lIugll.'s. Bnt IhiR !~ impoHgibl(>. 

W hy ~'J 

252. Corollary 3. T h )"f) lI fI " (1 ~/ il ' r /l 1'" i l1 / i ii t( 81 1'(l i~/ '" I ;II P, 

ou ly (m e l lZLtlI€ em! be t ','CtllJ II j ie l' / le li rliclI/rl( 1o l li ,' /ill l', 

[ I1 I"T. D raw two t1 ifl eH'lIt p erpsJl{iIcuhll"ll in spa.,'e to the g\,en lin l' 
a t the j:.o1ven point , u n(l ll]lply §§ 2J2 . :!4!l, If l Wu RUC!J p lanr;; exisL, thaiJ: 
inrerFcc lionll w it llaplane t lttouij'h th ugil'cn li no Vi(ll at.' 7, § !{ J.] 

253. Corollary 4, TimJllfl ll ct ait'l:ll poi il t '/I' il 7l l) ut U I$tmigll 
li ll e, only oil e p l rl7l e CClII be llmuJII (lI!I'jl!. /tl7iI' lIir, r to III" liN e • 

[ IIJ~ r. P roVIl 1,), red uct ion to flll r!usur,lity, fll lo\\' tll llL the inter 
K~C ti Qns of tll'/, lilich ]18l'pellfliolliar plan e!:! with Llle }l1o /1e determl lJ ed h~ 
the given line a.n d given P Oili l woul rl violate § (is.J 

254, Corollary 5, ..: Ill J)eI1>e lldieullli' lirli?1< 1710 1 ,"{In be (( r own 

10 a stm ight lill f ut (r g i t'u l poi llt /:/1 if Ue in a p la/le p 61'l)end£c1l1Cl I' 

to tlll' line at th e giL't ll p O; II (, 

[ Hr1"T. Show lh nt otherwise two l'olT'Elnrllcllln r lines cOllld be rhu.\m 
til tI )() given lin t! In the RamI' plano lit tIll' g iven p(Jinl, t !Jus " j,,11l1

ingi,§Sl ,] 

EXERCISES 

1. Show b ow to dc tf'r miJl 8 a I'crpent1iellh r to 3. plan~ by 
means of t \ \'O carpenLer ':; !>q 1l:lJ'es, 

2 . Tell bow to tes t whether or not n. flagpole is erect, 

3. A Sl'ok e of n. wheel is PPl'l'<:-ntli oulat' t o t1j(~' flxi ll on ,vl1iC'li 
i1 t UI'D S. ShoW" by § 25-1 t Im!; it dt:;;cl ibes a plane i ll iI~ 

rot at.ion , 
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255. Theorem III. T wo I,I<II/I~:< 111'(
p entliculrlT to the sallie lilll' £I N! pll,/,o ll",. 

[[ll s1'. Show l hnl jf lhc l wo l'Julies filet. 
Ray in a point p . ~ 268 wou.ld be vioJated. ] 

256. Theorem I V. If (t p l(l /H ) 

; /Ll erseels t lllO jJltrallel 1 ,z (l 1l f' .~ , Ill(' 
lill e.~ (~f inter,w~dio /l Il re l ,f.tm/{('i. 

Given tJ1 e plane P Q in 1el':;ce t~ 
i lJ ~ the paraJ1 •.] 1'1:111£'!'I .ITX a1\d 
R S in AB ann cn, l'espetth'pl,). 

To prove ~IB II CD. 
[ III'IT. 1' I'OVP, by re,l ul'!i1l 1l l<' lUI 

absurdi ty, that .AB and CD "ftllI10t 

meeL] 

M 

F IG. 17. 

[YI, § 25

B 

~ 

s 

257. Theorem V. Two l ifle:; Jit/rallel fo t~ t!u' ,·a line (i1i 
space) are pam/1,., to ew:h other. CODlvill'e ~ GO. 

[ Hn; T. Let B B' rtlLd e('1 be two lines pllTall c·J t.o a 111 i l\ 1 1i ll~ .A.1 ' 
(F ig. 170) . T he p1a.ne dptcl'lll ined by 0(" nlld cll r point r: ,111 BB' i ~ par 
all el to .iLL ' (§ :!48). The1'o/OI'I' (~48) tIle Ii nil of int.f,n;~cl i on (Jf tld ~ "lane 
with th e Viflll l" of the pa.ralieJti ..:LA' a il rl E R' i~ paralh,J til _1. 1' . !l" Bee 
show, by ~ 40, llt .. t thi s Iinu of in tf' rsectioll coilldd es with lJ l f . btl t il'lL 
RB' and 0(" Ii I! ill a phll W. Fi lill ll y, shu \\ th"t Bn' (\l Id Ge' (',ll II ,,,1 

wlle t. j for, if t\ I(;Y dill meet, , it)' at 11 puinl D. tb~ pl<lllE.' de lc rwin NI hy 
D and ..'L I' wou lJ cOlltain (§ ~ 1 .j, ) bot h BB' a mi (' C' . ] 

r 

VI, § :2 ;:;8J l'EHPEX DrC'tTL.\R8 A~D PA.RA L] ,E l...., :?2:~ 

258. Theorem VI. ~!' Iwu " I/[J le.~, 1I.ul ill the Bame 1)7ulu:" ha t: 
tI,,' i,. ";'/ "N /"'''I/r ,-lil'(' l.' / J,a t'tllltd (I " ri extewli1t9 ill fit!: 8<11111' ,Tit'''':
l i"lI , fll ff!1 ((fe efju/!! w II/lheir pla ne.y ure pClJ'allel. 

M~~/1C" " I N 
I B I 
I I I 

~ : 
AII~:si?~ 

! ~/ Ci/Q.............-: 'IB / 
p 

r' " . . 17fi 

Given tilE' ang1eR 8.1(' [Lil il E' . 1' e', ly illg' ill the plalleS ll[};" 

fLJII1 PQ" respecth'el), willi .dB II .'I'B ' , HJl. U ..d O II A ' O', 
To prove t h;l,t, L .. t = L A ', allll Ll l:J,t .II ,V I PQ. 

Proof. T ltke ..c 1l{ = .J'B ', and .•1.( ' = . I'( fl . 

l h'[1 w..1.. 1', 1311'., ( 1( ", (I /J. a ll d. O' H. 
~ill ce AB i.s {,tl ual :u1(1 pal'allcd to ~ [ I IJ' , 

i1 fullows that A BB'..[' 1S :L l lltrallp1ugl'a lll j 

ht'll( 'e . 1.J' i ~ l·qua l alit! rnLr;d ld t u BE'. 
~i ll1 ilarl y, ...L4,' is equal and parall el to CC ' 

' VII)' ~' 
Why ': 

H ence BB' is eqllal awl v:nal lel to (J ( ". s 2;'7 
T hen BB'O'O il) a p:tmlll'lug l'allJ, UlJU OR = 0 '71'. Wlly'f 
' (' llA rpfol'.' D4 11J{' ~ ~. [' T3'O'. Wh y'? 

I [ ( 'l ll' l? L. l = L .:1'. Why:' 
Now ]'(JII . IB. -1 "i kuw j~ I· J 'Q II .J (i. ~ :H8 

Tb m·r ['Jl'e. PCJ II .lIN 1'0 1', i f nut, the lillE' (i f int" I'section of 
PQ awl Jr":''TwoI1IJ lneet eilhel' AB <II' .AO (or both) oxtendeu ; 
hence PQ wOllld not he parallel tu each of them . 

Np'rE. T Il(! Similar theore m for aJlglell Uta l lie in the sall Ie pla.ne 'was 
pr(wud in S [Ii . .\:\ ill § tli. the two an!:des are RItPPZI'mr lt(al'!J tn each 
(Jtlit'l' if 0Ilf' pa ir of COT'J'e.:;l>IJl llli ng ,;idllill!xwlld in t'PPIJIIU" ll irect.io ll:< fI'Om 
the vertiue!f. 
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(W I ' 259. T heorem VIL ..1 11lll1/1' }WrLJI: /l<licIl1c,r 10 uf two 
p,/tullelli" , :t i,~ jJl! rpl/lflilJll lf ll' I() 1111' vlllPr nllll)•. 


Given \U,I I \I' ll paJ'al1Hl li nes ~ J n 
 D 
ad CD. alill :1 phmc JLV perpcJJ' 

ilicul,u' tu (lD :4\, e. 
To prove t hat .U V'1!:1 pCl"peudku. 

N 
JUl' to AB. 

Proof, Th o) 1':ll'u.lJd Ii ill 'S ~1 
a.l ld CD <1del' lll illl' :l lJlnul' (~ ~ I ~ 
whi r'l! illtel'sectti JLV ill f; U11Ill lill u § 245 

}. uwAC is pel'peutlie lllal' to an; § 2.+G 

whenoe.de L'! pel'peudiel11a l' to AB. §GU 

Draw any line AlE ill t he plalle JrN through A , 

Druw OF i II JLY 1':11'<.1101 j 0 ..lE Ull'oug-h 
§ 2,l6T hen UF is pe l'pentlieul l1r to OfJ' 

Heul;\1 --IE is 1'81'pcll clitlu l:11' t tl A il. ~ ~fi8 

Therefol'e _IB is p e l']J0lltliclllal' t.u .1[.\, ~ J.Hi 

260. Corollary 1, Two 'i fl(: ,~ pf'I'jW ll flic:,dar 10 Ih e S(£ I/W jll(/" ,~ 

IItt! J It/ralleL. 
[ UI ' T. 1.1't.:1B a ll d C1) ( l'i~, 171) h l! pf; rpendioular to the pl:l1l !! .U.\': 

lmagi1l6 a pa ra lkl Uil l L 1. 111 tbrvllc:la 0, 'l lJ olli OD' iR pel'pelldkular tu 
.1l 'V. by § 215fl. ilcll ct! CD' ('/Jim'jrh'R with r D, hy § 261),J 

EXERCISES 

The legs (I f II tn l ill1 1ie alo lll,( p:n::t1 1el l ill es in ~1Jace. What. 
pn,'ccdillg t!..t col'(\ I II 01' ('ol'ollll.I 'Y is ill usll'aterl hf' l'e '( ;'[ enti.l)1l 

othor si mila l' jJlu~tratit.)ll s , 

2. H uw lll:tn)' li nes Ntli bl' (lrawll Llll'ough a given }Joint 
parallel to a. g iYe ll plan e? 1£ then' i 8lll0l'P t han oue sItch, what 
i s e 1e loaus of them all ? 

3. Gi \'en a lllallc a.ml two points withOllt it . WLen will tll~ 
li \l ~ ihl'o ugh th e t,wo points Uf' parall el to t ile plaue 'I 

~·Ill. 17i 

VI. § 2611 PERPE\ DIrt LARH A~D P ARALLELB ",25 

261. Theorem VIJ.I. !l til)/) ,~traiy/d l iJu','1 (lJ'cinl/'J'

:-;1 d ec{ &/J three pont/b'/ li tf/)/lS, I/It' l'urf'/'8pollll i ,lfj i;1!J

'111 1'nls q/ the:ie lil! c:" (ftC jJmpOl' l iol!aL 
Given the ::straight 11l1l'~ 

~1 1J amI CD cut by till' 

pltl':tlld p hme;; L, .II. 
HHlI :..v: 

o prove 1ltat 


_IE E!:J = ( 'F Pn. 


P roof. Dmw BO 1111'1' 1

ill g th ~ p lane J[ I II a, 
Lhaw BF, EU, Fa, BD, 
and .1('. 

TIJ eli riP II RlJ, and EG .. . 10 § :,!,,(:; 

N u\\' ..J..E, E IJ=OO Oll, nIHl ('F ';/. ~ 1 
1' lte l'efol'f\ ..lE ER = OF' PlJ. Why:' 

EXERCISES 

1. :SllOW that if pO I·a11,·1 [,bill'S illlel'eep t I:H1 II<ll spgUlenls on 
one lilJ e, they will in lel'cellt eq 1L.'l1 bt!glllents 011 ally utl1(" r !iue, 

2. 1n F ig, ]78. ~lE = ii , EU= I. IIm l CF=Ii. Wha.t is 

FlIl.17~ 

tlll;! valnil of plJ :' 

3, T wo OJ'U il l lll') hll1cks (' 
,lllIl I ) ltu. i1J 1:j tlu: Hl>!JlI\(· ti\·(" 
lt l' igJlt li II al ill h :I I'I:! 1,I:LCl,d 
u lloll earll \)ili01' a" sltllwn i l l 

till, fi g-Ill'e, Show tl ,nt allY lilll ' 
-1B ,11':.I.lI'n {rUllL t ill' IlP] IIH SUI'

hwc () f a t u t h e 10 \\,I' r BI IJ,m.(: " 

uf I) will be Ii i\'(d I' 11 in th e 
mt.i II j[ : It b,} t h(' poi Il t P \1'11('1'1' 

.AB i ll te rslJl!\.!> t h e COllllJlOl1 s ud'at" c or tIll: tIl ,) Llhwk:;. 
IJ 

http:whenoe.de
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262. Perpendicular Planes. T wo planeR ;If.Y an( 265. Theorem X. II ('fl/'h of Iw/) illf!>rs(,t'lill rf p'tril e.~ i.~ Jler · 
l:;uiJ to bEl perpendicular to Gault ut ller \vhf·1t allY lill e CD ilra wll 

?PII(/h'lIli{'1' III <1 third phclle, 17I ~i !' l i,w (~r i " II' I'.~,"'ti'd l .;.~ nero"/I
i ll t he oll e Vtll'}wl Hlicul:u to t heir in tersection is perpendicular d icliZu l' to the lhi,.d j )l ' f ll l; . 
to the other phlll e. 

N 

M 

l·'ta. 17U. 

263. Theorem IX. If a iS il"(( l!lht li. / ~e /is p el'jJe lidi.r'lIlm· 

o tt plane, euel'!I plaw' /;olt i atILi.l lg tli i,,; l ille -is p erpefi
dii'ula/' to the given plalt~ . 

Given t.he line OD pCl"TJcmliculal" t o l,l ane M)tj and given 

an) plane PQ l'olltuiuHlg t lJ(j lim'! OD. 

To prove that plane l >'i is per pellllilluhil' to pJalle 41L., . 

Proof. L e t ~ l.Li he l 1te 111l e of iu le rsectioll of tIle two pl anes 
_11 .\" :.wd prJ. l UJugill l' all) l i lll' ("/)' ill t he lJ1H.llfl }JQ perpen
tliclliar t.t. the line AB. 

'eh"'ll UJ) is l'atlLll p l t.o 0' Df. § G2 
Bllt O/J i ~ perpl>llllicnl al' t o ...11Nj Gi vPII 

lU:!lICtl Of lJ' ia pt:!I'pe llllic ulur to -'LV. *:!5H 

Since O'D' is any line of t he pla.ne p'J pel"penrlicular to -:1 B, 
it follows that I'Q is verpp'Jl(licl~lar to MJ..V. § 26~ 

264. Corollary 1. Tlte line l'e l'pf! ndicllin l' If) It gil.'e fl plane 

(LI. U (liJ'e ll l miTi t lil's ilL an!! pIlUu:- thro ugh awl J'vilLl IJI! 1')JfJndicula 

to Ihe !/ilJlm JJiune. 

Given the pl anes Nt ami R S p erpelldi(lIllar to p iau!) JLV 
anel intersectin J:; ear.h ot,hul' i ll . 1 R. 

To prove that ~ ll1 is pPl' I, rmu ieli lar to .lIN. 

ProoL S ll l'pose j,hat _ ID is Hil t l' i'I·pOJ.lllicu l:tr t.o .If.V, [mj, 

t.h al som e ot hel ii ll" tLS C'P t hl'c.ugh 0. 111, ' puini. COmllll'! 1 tu th 
t ll1't'e planes. 15 th,' pPl' Jle ll rlic. 'llat' to .IfS: 

Then eli' lies ill RS aud in PQ. § ~I) ~ 

Hellt'E'. OF ('oi llcides wit.h .:iB. ~ :! ~;i 

Therefore AB is l1erpenJi ('.ula l' tv J l.S a.t, O. 

EXERCISES 

1. Thl' hlad~s (I f f\ side l'audle w1lPal II f :l. >i l'enlO bo:t t, ~lr i;! all 
pel'pcndicllhl' to the si(le (I f t he 11<): 11,. C')lill ecl th i ~ fad wi th 
one of the pn:ceding tlieUl'e1ll9. Du t] ,e same witL the faa 
that the upright euge of all Y building is vPl'tieal. 

2, HO\v ma.ny planes can be dt'a.wn ppT' pendieulal' to a gi I'en 
plane and r a:l:lin(! th rough J givell line ill ~ J>aBC ':' 

r111S'I'. S r:o lOCl a pf\l nt il l (hI' glvl' n lim', draw t.hl per l'olll Ji clt l:.lT Jill ~ 
t hrongh thaL PQint to tho ).(iv"11 plane, :m, l consider all the planes tbat ca.n 
bL pa",cu Lhrnuc::li t ilih perpt!lI d iolllar .] 

http:perl'olllJicltl:.lT
http:P>\R.ALljE.lj
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l'~U\T H t I1L1TEDR\.T, _\~(; L I~S 

266. Dihedral Angles. Till' TI~l1l'e f Ol'I1H'fl hy tw o i ntl' l" 
::! p('tillg pm't it)l\t- of [,lan e:; h Ulll ltlUtl h,\ tlt t' i l' Jiae of ilt te l'Sf'(' tiu ll 

is call !;! l\ a dihedral Ul l)..,ri e, T he plalll' ~ fOl' l1 lill.!.i tlw tl il ' i'11ra] 
,lJ1;;le are i ts faces antl tlle li lW IIf i,nl.el':;€t'li ull is its edge, 

A lli l"',hal a,il~lH lII iI) l}l' IIt'sigllllt,loj hI Uti' t WIl If't!el'~ () li 

it.s etig-p, II!' hy t il l' tw o I"Ucra ' )11 il.s PII~tl IOg'lJtlier w ilJ I an 
aUllitiQual It·t! t' l' (' " "ad , I'(LI~I'. 
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)lilwci l'al Hu de:> al'~ I' ight. (wilLe, o\)tthle, etc.. Ilcct.m li ng Ihl 
t lwir pilule :.ll1g10:l :lI'U r ight, l\I.:llLe, ubl,use, et.c, 1:;im il IH' cleij . 
ni tiun" l'xit>L fUI' l:OW I' Il'JIlPlltal',V cl i.lwu.I'ai ,Lllf,: iLs, 61l1'1'1emllu
fa l'.1 dUlcd nd :w gle", vl 'l,tieal lliherlral anglc~> etc, 'fhe face!! 
of }1 l'ight dihtlLll'a l ~UlgJe a ...~ ptll'l'tlllLlil'llhu' to each other 

EXERCISES 

1. Hef\.fl tlll~ adj ;lI 'l:'lIt, ti l liI~llral :lIIgh's ill the following fi~llI'e, 
n~'all Lll l' v(,l'tieal, the CltJlll'l tlllllmta lJ, th t: SUppl t! II H'rt!:t l'j' di
hL,tlral ;'l1~J, 's• 

.Fm. I~I 

Th us, in th p fi~lI r(j, tl lP plonl'" _l OalHI .tTl :11'0 the faces ann 
is tltu eu~e of ( lt~ Il1 hllllral an(f\" B-C'. l- D. 

T he plane angle of a dihedral a ngle i:; au <l1l!!11J [ol'lll eU hy 
lines in t he t wo f[tces pel'pen,iicular to U,e c,lg" at; Ihe sam 
pomt. Thus, GFE is tbe plane angle of the 11iJH~dl':l.l angle 
B-Od-D, 

The magni tll fle fl f n c1iheJl'al angle dOl's not, depprHl \lpon 
the ext f'1I 1 Il l' i ts Faet';<, If :\ plane be D1:lIh~ to rC\Tolvt.: {l'um 
t ha posi11UU of ow' 100ce :1Ufllll I'he ()tl !.:'.~ a~ ;Ul axis to t he po~i
tinn of t.lle ot lll.'l' fa... r, 11 ta l'll:! ~hl'ou~h tbe d ill l,(hil l unglr, and 
th e g reatr.r ti ,t' :llllOllIl t uf tiiL'lli ng, ti le g l'catc l' t Ill; G,n ,.{ le. 

267. Mea sure of Dih edral A ngles. T he plane cmgle of a 
liheural ang le is tak ('l1 as j t~ measure, so that two lhhedr a l 
n~les ar e always in ilie S;·Lill l;' ratio ; l~ lilo lllagnitlHles of t heil' 

pla-ne anglf's, Til particula l', t wo rlilledl'al angles are equal 
when theu plane angh·s ,He "'i\lal, 

2. H I WU 11 1 :II ' '',~ i lllt'1'sed e[1 cJl Ilt,]H !l" s il ow 1b~I L d w op. 
}Jll'iite or vel'tical dilwd.J'al il ligies tI lllS Iu rmeu ar(~ e ~lua1. 

r !l! '11. L,;o§:ll ij, ] 

~. ::iJ IUW that UIC d lll c,ha l an~lc t.lll'ungh which a door is 
" pclled is lUi.'astll't.:ri by the J!lH1w alltil e th ro llgh wh ich the 
bot t Oil! edge or t ho duu r wl)ves. 

. ~J:lke:\1'1 instl'llllll' lI t flll' I III'I IS· 

m ill !,:' di J1t'cu-:d nngles b\- ellttill~ 

,1 1)11 fLtl:li ll~ [l picco o r l l, ·:tvy )ll1pCl' 

III' t' lIl'tlbllal'J. in tl le Ill.WIIl't' !jhOWl l 

HI tJlL' tignrl'. 

5. ' , hat. is the numbcl' uf uegl'e~" ill (jl il' uf tll P. di hed:ra l 
Illl ~l('s of a h:l)' Wi lill ow, it lwillg 11 1J(ll:I'St" OU. tlUlt. t he b ~lJ wi u
l1o\\' cOllsis1;; of tJIl"'U equal lll'l' i!;h t phn~ lii: tl j., llS, and t hat 
t heir UU,;E'S 1'01'111 llll't~e si Llcs uf a I'eljular uctagon ~ 
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268. Theorem XI. ElJeI'.1J jiu iill i o r:t l ila/ie 'h ili /,isl'd " (I di

hell ,.(l i ({II!I'e [.~ erl /tidi~fa lll ji '/I1/1 l lil' .Ii lt ·ell n/ thp (1 11[11,'. 

t'll... 18~ 

T If. blS(l('.t ing ilie dihedral all f:( le fOl' ll ietl uy 
tLI:l nJanes TJ[ a lill '/\\~ so t itat tile dihedl'U] HlIgle:; J[-TS- R 

are eqllal; awl given P~ ! tuttI PI: l)(>l'penJicular 
tu TN w ILl 7'S, rtlspecth'ely, f ronl a llY ],()iIl L I ' ill 'rN. 

o prove t l lUt 1-'~· 1 = PL. 

Proof. J!ass It plulle t hl'ough P _L a llll I'B amI ld I be its 
vuill t of illterSl'('lion WiLL S T; let A X , BX, anu PI Ue the 
ill t el'SE'r·tioIlS of plane l'~ I B with jJlanes 'l'J[, T.V, and 7'R. 

Plalle P.IB 1..1 ,i;!\ICS TJl and TN. '3 Ztj ' 

'l'lleH p lane J I..JJj L ST. § 2G!j 

\I Itenl' e t)'l '.l .JX. HS. ILl 11.1 P X . \ \11) j' 

rile nllg l e ~ . '1Xl ' :llll i EXP a re tlw plan ll ullglf's ur the 
dihed l'al angles "1/- ."" T-U lUll] .N-'ST-H Why ',' 

~ince the dihed ral :Ingle /! :ire givell e'l ll a!. their pla11e angles 
are t:quR.I, that is, L ..:lSI' = L ]]XT' ; 

whellC!> l·t , ....... .. IX P 2: .. t. f::" EX? 

alJd th Gl'e for8 P . r = l'~ . 
Wlty? 

Why: 
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269. Corollary 1. • til!! poiut " 
"ih, 'rlm ! allf/le ilf IIiINj,wll!l rTi,iranl fr, 

270. Corollary N . 

locus oj all poi I/t,~ elJlwl: 

See NOTE, § m), 

EXERCISES 

lite lJiE<PI'/l'lIl) pIll liP "j" 
lie 'it'D J iJCt',~ . 

t. '1'(1 \vlw.t th pOl'fl l1l ill I' lanc ( :CV lllf'il'Y IIueR ~ ~nR I'ul'

l' es1)o11 11 ':' 

2. From al l.Y poi ut withi ll ;~ J illetlral anglt> 1"' l'IJL' llc1i t'ulul':4 
ur e drawn t o the fauss. Hit ow tlt:Lt th e allg],' forlUed by t, h (,~E' 

pel'pcllllicnlal's is s llpplcmontul'Y 1.0 j,lt" plailo angle of th o> 
tlihedral angle. 

3. Pl'ove t hat ~ho twuadjacell t Ili hcdral ang les fOl'med by uno 
plane meeti ng anotller aro supplemental'V, 

[fI rST. AL soms pCdl'l 1 ' llI 1.1ll! Uf ige OI £ li ll' ,j ill o'll ra!, t'rpl'J n pin II " 
pcrp!:lltiimllal' l/l it,; ed~, '. <LlI" <" "' Hi d,u'll ,u 1'1"lIl' al , ~It'N (/1I'1I1"oI ,J 

4. ,Ylult ill tIll,! ] Ol'lUl of ((11 l loil lts eq lli/list:lnt; fl'(lllL f \I n 
intersecting planes, efleh of imlefin i1 e ('xtont ·! 

5. " 'IJat is the locus o( a ll poiuts in spat:!' rl [ll irlistrult [roil I 
t.wo giVl'Il plJill t~ '! 

6. Wh:l t is tIle locus nf' ~Ill poiut s in sllacp ell'lHliRtl111i. frOJ II 
the t~i I'cull1ferenca of a ClI'ele ',' 

7. \Vhat is the locus in lipac€l oC all points equidistant. f l'lJll1 

l,w <I intersecting Jin es ~' 

8. What is the )orU5 of all points eqnally distant f l'om two 
parallel lines? 

9. Prove that of the dihedral angles formed by a plane illte l'
se(·ting pa.ral lel pl a.no::., the aJteru."de amI col'1'esponding angles 
are equal, and tlle inter ior angles on tlle SF( n1tl side of the tl'am~

versa.l pJane tire stJ Pplen l eT , blI'~-' 

, O. Pl'o\'e that allI,lant> angles of a dihedl'al angle am equal. 
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PAUl' [\-. P f)LnLEDILU~ A.x(',-L.E~ 

271. Polyhedral Angles. 'I'he 1i ~lI l"(, rU l' lIl~'t1 hy ll l l 'ep or 
more s traight Jill!! sPgUlt'li ts t ll :t l clld iu 11 t"Ol ll llJ Oll point. 1,0

get,hE'l' with t ho V-s!lapl" l p Ol 'bo1l K of 
lilafl l? s dei rl' llI luf· d l,,\ pa in; of ati j: tl'P ut v 
li nes, ill ou11 1,(1 a polyhedral angle. 

1' ]1(' poi llt li t Wllil, 1t t,]I(· l i l\l-'l'; a ll lill 'et 

is (' al1t>u ti le vertex "I' 111 11 al l g-]I ' . 

'I'L L' l i ui'~ ia wl,il' l , tllt· jllal ' !'!) llIeet 

:\I'f' its edges : at lll t \t p V·lill<l l'P!l t 'lll' t i l111 ~ 
uf the pl" n {-'~ 1,el II I~eli th t'se I' ll gt's al'(~ 

ils faces. 
Th" pla ne a llg](' ~ i ll the f{wes at II I 

y el'r ex :-U'(, e:111rll tll i-' face angles of th u 

jloly h ed ral :1llg11-'. 

}f1n . 1R:l . P.IT.YTn:()\, It, 

\ " ':1 (.: 

\. Iwly li prl l'ul Olll g ] t ' is ((' ITI I 1Iy lit~ llIi ll!:{ 1.1!(' \ ' pr\.(' X alill n [llIill t. 
i ll (·:tell (' JI g!'. T b lll;. i i, I' i ~. ·l ~:-I, ti l" l li llyl lt: i\ l'Il l :l llg!t.-1 iR read 
Ir- AIWlJE . 

Two l)oly h elhal nngll' :-' a t'(> congruent if fh .-y PRl1 hp j llat': I'(l 

so tkt1 t ll eir YI· r l ic('s t'o ill (' iil t! a l,d nl l'i r (;OlTl'spl)lIding ed~es 
('1)iIlCic1e. V 

J.. trihedral angle is n p oJ yht'rl l'nl angle 
t1lltt ha~ t hree fa,' (-' l$, 

Thus, ill F ig, 18 !, t.ll(' t.hr(>e p la ll es , '.,dB, 
T'Be, V~10, " hi el l meet at Y f llI'1J1 U ll: A/ .I-----)c 
t.l'ih eul'al uli g] ~ V-.-l EO. -....:;;::: 

T wo t l' ili,> • .\ral aTlf!l es IU'(l congruent if B 
the tltree f ace .mgles of t Ile OIl C are uqllnl , I' ll ; , 11< 1. T I.UJIEnML 

l'espedively, t o tho thee faee :LlI gles 0 1: ASGLE 

he otht'T, and are arrallged in tli c S::lIllP orel er. 

shu\Yn by lO et hotls silililar t o tlwse of § --1.:1. See ulso ~ ~ .1(11 ,3T 
If tLe intersentioDs of a p ln ll o wil h all t111~ facf'~ of a pol:'. 

huchal Clnglf-' .is [~ "CJ1] vex poly(;c'lJ, lhe polyheu_ral angle is n 
GOllce.t· p olyhedra l Clllyle. 
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272. Theorem XII. The 8Ilm (if t W() ji f('/. (Wrlle .... u/ a 
1.S greater Lha,t. tILe third. 

v 

A( ~c 

B 
• F LO, 1115 

Given t he t rihedral angle V-~tB 

To prove that L ..l VB + L B VO > L A ll 
Proof. If L AVO i ~ equal to 01' le:>s than eithel' of the othel 

an gles. we know the lH'oposit ion j ~ t.rll e witlr out fnl't lwr PI'OOr. 
Tf L AVO i" g reai:m' t han eitlil' r of tlw ot.her angle~l Ja.) off 

a,uy l e ll ~; nlS V..:Lallll I'e' on {,he s idps () f L ~lV(). fl,ll(1 draw ~tU 
Thl'll t.haw VD ill 1it l3 pl u.ne . .:1 VO, ILlitk ill~ L _1 VD =L .1VB. 

La,y oif VB = VD, :L1ll1 drlLw ~ 'lI] and OB. 
Then .6 .A T"B ~ .6A lTD. '''' hy . 

'l'llllrefore ~ I n= ..J.D. 
No\\" .J..B + B O > .AD + D 

, Vhence, subtractin g', nC' > D O. 
Therefore L B VC > L J) VO. 
By constr llction L .1 TOB = L ,·lITO. 

'\.dllinl!', L . 1. YB + L. B va > L . 1170. 

EXERCISES 

Why',' 

Why . 
~ x. 6 
§ ~ 

1. If ill the trihedral allgle JT-,I B C, L A T
T 

B=60", aud 
L. BVa = 80°, make a staiPlUcnt as to the l1nmb'~ l' of degrees 

111 L ..l F O. 
2. Show that fl.uy fuce n.ngle of a tri hedral angle is greatel 

than the lliff(' l'ellce of the other two. 
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273, Theorem XlII. 

all!! coa 
(l11 (l l es. 

,~ 1011 0 

,·"Ii. 1f~ j 

lVI, § 273 

Given th e poly llelh ;-ll a.ugl~ " . 111(,fJF; wit h the erlges cut 
hy any "l anc' in th e poirlts .. I, n, U, fl , E. 

To prove t hat t he Slllll of t ll e f ,WB au g-le,; of th e ]JOlyhcdra1 
augJe i ~ k'si> th,lI l J'U IIl' I'i ljht n.1l ~1!'s , 

Proof. COllJleeL allY poill t () in HlG polygon ..JBODB witl1 
the \'I.H't iees ..J, lJ, C', D, E , 

The lil.lmht' l' of tri. tnl!l(IS with the !'OInlllOn. vertex 0 is the 
same as the lllllllLer h aving the 1'edox V: 

.xow L YBA -t- L FH(I>L4·IRO -t- L OBO~ § 272 

and L V..t1 U-t- L V_tE>L B.JO+L OAE, etn, 

Therefpl'P t1le "urn of tltp ba,;e rmgll's of t he t ri angl ~s having
for a common vertex is grf':t t;el' t hll.n t he :-Hlm of the base 

~-l.ngles of t il t' t riangles having 0 for vel' tex. 
Hut t he sull1 of all t lle angl es of all the triangles whose 

vertex is V is eq ual to tlle sum of all tl1 8 augles of a.ll the tri
angles \v hose vertex is O. Why? 

The.l'e fore t hf' sli m of th<" an .~les aboni. t he ver tex V is less 
than t.b e SUIll of the angles about 0 , tb at is. less than four Tight 
angles. 
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MISCELLANEOUS EXERCISES ON CHAPTER VI 

1. Ledll oli(i book in a I\Jallt.iu g l'o:;it iull agaiJlsL !111ot:i.ler boo~ 
that lies fla t on n. t,lI.lll e, aliLl b old a stl'etcheu :;tl'i ug parallel to 
the cove l' of the slanting book. Ca.n the string have more than 
une position ? Can the stl'i!l~ be horizontal? Yertir-a l ',' 

2. ~h()w that if a half-ol'ell book is 1)laced 011 a t able, rest
i ng Oil it~ bottolU edges. the baok edge of the Look i::; lJ tJ r pell
dif' ulnr to 1.11 p. plane of th e La lli e. (l wl the 1illcS of prill tin !! Ul'~ 
parallel t o tl lat plane. 

3, :-;lHnv i<lr at the (Ull eUru.] all gl ~ hetweon the pagf's of all 
"peu uook is meflsul'tJll II)T the p b ll e angle betweeu oppm;i t 
line.s of lJ pe 01 1 the t\\'o [Jag-es, 

4, What is tI te sk ljle of tlw e1)(l o{ an urcl itlary plallk after 
it has been snweu olI in a ~ l alltt n:; uirectioll, a.sslll1J ili g t hat tt l 
opposite faces of the f) rig illaJ l lj):1l'd are pumllel l'la.n lls I' 

5, Proye that tlle r:;egments Dr two p:ll'a ll ~.llill es u ll:lulle!1 be
tll't' \clll parallel I IIa ll u:; al'e et[ lI ~tl , 

[Ill ' "1' . J:'ass ~L plaull 1! 'l'(J lL.~ !1 tl le prlriLllol !in cs :" ,,] UI\JlI pr,wl! tlmt tlJe 
g i \'t'! 11 ~"gllJe lJ !:' forll l tlt l' ill '! ,tI~i tl' ,i ,l!;., " f :1 l':lmlkl"g rJ.lll. 

6. 1:' l'OV8 that <Lplam· IJPI'pelHli vulat' to tl ,tJ ell!;\! of Ii dille
d ra j allg-Ie is perpoll11i. eulul' to IJut l! its f'tet'S, 

[ l-l l's 'J'. IJS(' § :wa J 
, \Vhat, is tI ll" }(1(, l1 S of all t h~ l)oil llil eq ui ll istalll f l'OIu th 

tlll'f!e faues of a. I ri11 e<.1,'a1 a ll g l p~' 

8. ~how fl wt the Iuens of ILl ly gh ell poinl IJn a Ih u:l seg
lill' ut 1)[' fulll i le ll gt b, wll()~e uu Lls tonel! i\\'u panLllel 1 iJaIlt'l;, it:! 
a tJlll'U l'lanro pal'O..ll el t.u t, 'J w ~ivt' !1 pL lIll'::l, 

9. Prove that if llll'et! liJl(' ~ :11'1' j"' l' liHl liliL'ular to each other 
at a I.!OllllUOll jlui ut ill spa('e, eac· 1i line is l'e t'l'~ lI divlll:ll' t lJ tltf' 
plalle 0:1' t he ,)th t'l' two, ollll that the planes of the liLes (taken 
in pairs) art! p~rl'ell(1i (! ttl:t1' to eal.. it othel'. Note ltO W t hi s ill il
lustrated 011 a cul,e, 01' i ll ~L (;111'11 61' of a W OlD , or iu a cornel' of 
all ordillary box, 
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10. The t l'iitflural ;( ll g1~ furilled when t h ree ]Jl all~sltItlet I!:\,c ll 

other, so l,it'LL e:wh is (J 1:l t'[ w lI lli n lbl' to t he 0 ~h tl l' t wo i::; uu ll ed 
a, trirectangular Ll' ihelll'al ull)::le, 

P rOI'e t lI!l t the eJges of a tl'lL'ecbLll gula l' t ri hed l',·d angle a rc 
mULl-l aU} l'el'p"ll uie ular Ly pairs, Sell :H ~.1Ii , :!Ui) , 

11. l ) ro ve that t. he :; jXl Ct' (I buut, n. point it) d ivided into e ight 
;ungl'll e nt tl'i l'ectaubi uhu' I,l'i ht' ll l'al angl es by tln'ee pl:llles II1U l, l1 -

ally lWl'penllic'ul a l' b} pail's a t, lhl' point. 

12 . .P r ovo tkLt i f a. Illlo is paral le l t o the i lltersuctioll of t wo 
pla1l 6s, it is pa.rallel to e;w h of t in.! pl: lI1es. 

[II" ,!" Suppose t11l11 1lie Ilne j~ lIot p;(rll ll.ul t n LII IC of iU Il !J I :lII e~ allli 

tllUS arg lle t o 1111 a. b~lIrdI IY , J 

13. l-'l'ove tha~ if a. lille is parallel to ea.eh of tll'U intersect· 
ing planes it is pa.mllel to their illLe l' se ~ tio n, 

14. Prove t hat i f ~L line is p:1l':lllel to :1 pl a ne. an y plane 
pel'perliliClllar to t llC Ii no is lJ e l'ptmUi clll: ~ I' tu t lte plaJl e. 

[111 ,< "" P' lS~ : ~ p iau i.' l hrl Hlgl l l l ll~ gil'c ll li uc Ilemeu,l iau llLr to t il e C!iVCll 
IJla ll6 and USIJ §. ~/lj 7 . ] 

16. (' fln a tl'i1i I' ,h:~1 a Jl gl!' he formed by pl a(' il l!; t,!Jreu crpli. 
lateral t l' i:ll1gh: -; so t.ha t Clue ve l·tcx of t'<ll:h lies at t he ve l' t~x 

o£ the t rihetl l"<ll llllgle '? [ 1l1 ~ 1· . USll § :?ill . ] 

16. Ca,\1 a. convex poly hed\'al a l\ ~ l e be fUl'JllOcl as in Ex. Iii 
b.,f placing at it~ ver t.ex one vo r tex of each of .tO I/( · e(lllil:l t(, l" al 
t \' ia ll ~les '.' Ca ll tlLl S ue d Ull u with .1i.l'e uquil,Lt6l'al tt- iau!;le il ' 
Wi t ll si x '! Witll 1Il0r€! tlJ~n si.x ',' 

17. Cau a, CO il vex pol,vlleuraJ. a. 1l ~le be furm ell hy pLLe in '~ at 
its verttJ x une ,'ot·tax of eaull of t lll' l-:e o>'l ll.:ll'ell '? FI) 11i' S ' lll : Ll'e ~ :' 

18. Cfln a com'ex poly lled J'a l ,.ugle be fOl'ln ell uy pllll:ing a t. 
its \'ertex one vertex of each of tInea regular pentagons't 
Folll' ? 

19, ~how t lln.t JUSt five tl ifftlreu t couvex polyheur:1. 1 all gles 
call b~ formed as iu Exs. 1.) -1~ IJ,v p la!! ing a t :l. singh, poill t 
on e ve rtex of sa.uh of se..... eral s illli.l;.t.l' regular pulygu lls 

VT, § ::,:3J .l\fL:';C ELLA~EO LJS EXrmCr.., c s 

20, ~ho W" tkl.t 1111' SII IH of the ,Ii ht> (hal rl.llgles nf n t ri JWllra.l 
;:tll glt'l lie!! b..t wf>L 'lI t W () alill six ri gl,t !liI~l es. 

2L b the t'(~ (i ll g'"ll lH'aJ 1 a POll) t in spa.t' ;> t hat. is t'f} uidistant 
from fU ll r gi ,'on poin t.> lI ut a ll of w!Ji c'h lie in t.iJ e lia lll l\ pla ne '? 

i ve \' (I ,i SOn l or y olt!' :l US w e t'. 

2. L; i l' ('n ll n.v l ine 7a.n d a plane .1IN, 
(l rop 1.1. J! (> I'pP. uJl cll la,· P .. I !'rum ;l il Y p"i nt 
" i ll 1 to JL.V: l)J'ovP tll ilt 7nu ll P. I ,1e
1e l'IIIill e a pla ll11 pC I' p~uilicll lal' Lt1 .If.'V. 
[This pIa ur is (' ailed the projecting plan 

-t:tN
L±=V 

tv! 

of l nn ~l[S. It~ in tersection .W with JL 'V 
jection of l 1111 ~1L\-r. D e ti ll e s illl ilarl y l lt 

is call en. the pro
jJl'n.i e(' t ion ()f t], 

,'<P.!li/(PII I PCl. ] 

3. 1' roV"H that, the projection on n plane .ILY of th l? lin e 
segment .i oinins- I'wo poi nt. s P ' ~ ll( l (~ (Ex . n) is 111(> l illl' .i vin in g 
the fE'et .ll ~Lll d B uf Il le Pf' I' PClI dift ll h1rs droPl1 etl to t IL e plan!' 
froll P tl llll Q, l't'SI'Ul' t ivf!l j' , 

24. If a liue 1 1I1 ee1.s a plan e ..lLYa.t r-; X I N 
puint B , proY(j tllat the Ill'oject joll of l 

Oil .l[X is the line juin in g B t l) tL e foot 
A of a pel'pentlicular let fall from a u)' 
pui nt. P in 1. [T.he angle .mp bet ween t.he line l and it.s pro
. eetion i s ca.ll et!. the rwgle oetwee o the lin!! Clnd Ihl! plaM, 0 1' th 

25 . P l'O\' C tlHtt t.h e ~i d e~ of nil iHOsceles t ria.ngle .m uk f' equal 
ang lu:; wit h any plano (; outaini ng its base. 

26. Show that th t: lengt.h of t he p roj ection of any lill C' 
:;egn lent .PQ ou .-in y pl ane is the lengtli of PO, ti mes t he cosine 
of the an gle hetween t he line and t he pl ant:, 
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274. P olyhedrons. -\. polyhedron is a li mited po rl io n of 
SpUCtl cOlllpl tltt'ly b(Jlll1rl"d Ly p lanes. '1'ho interseatiolls of the 
hunntl ing' planes are ellJl ell the edges : the in t~rsections of 1,h 
e(lges, the vertices j .u lll t hl' l 'ort lOns of the boundin~ planes 
Lonn ded by the h l ges. t he faces, of t he polyhedron . 

[2J 
 ~ 
4k 'T\ tlWfl UO'f Jl r ''\Alll r1tlf'l'f T t: l I t,\ II J; rll , 1 J."

'.10 . IX, 

,\ polyhp,hol1 of fuur faces is called a t etrahedron ; on e of 
s ix faces (fu r example, :1 cube) . a hexahedron; one of eight, 
faces, a u octahedron ; one of twelve faces, a dodecahedron ; on c 
of twenty faces, all icosahedron. 

A diagonal of a polyhedl'Oll is a stl'aigl1t line joining a ny t wo 
vert ioes not in th e same face. 

275. Prisms. A prism is a polyhedron, t wo of whose faet'S, 
called its bases, are congl'ltent p olygons in pa l'aJ lel planes, and. 
whose otLer face.'l, call1'u lateral faces, are parallelograms whos 
v('I'tice;: all lie in tJle base:;. 

.A triangular jlr i s lll is () Ill' "lIOS~' base is a. t I'i rlll gie. 
'n e sum of t.he al'Cas of Lhe l at~ral fa{;e!l ()f any priSlII iq 

calleu t11e lateral are'a 0:[ tile prism. 
238 

\ H , § 275 \ PRl R~IS 2~~ 1 

'l' ]](~ i lltr~ J'se(,t iull~ of the' lat e rat faces al·.... the lateral edges 
of the prisl!!. 

The altitude ,)f :t lil'ism is t he }lrl'uendil'lllar uistnu(' (ll){'twren 

its ba~es. 

HI!: WI P It J i!.." ~ ( )u L. I Q1..£ P 1l13!\\S 

F l U . l ~ 

~ right prism iii nile \\' hose la1-e!':d r (lge!! al'P pel'peucl icul ar to 
its ba.ses. 

All oblique pr ism i>{ OlJ(' whC)~p l:Ill'l'al 
('dges a re UIJ l\ 't1 111 to ils b:UII!S. 

regular prism i ~ a !'ight J))' i SlI l wlJ(lse 
hu;e ~ a re l'f'g'ula l' l'ulygc)lls. 

~\l1y l'0lygolJ l m~ue by a TJ'ilw c whicl 
('uts all t he httel':d e(lgrs of It Jll'Wu, as 
th e pulygon ",-f' B'("l/E ' in Fig. 18R is 
called a section of Ll le pl'bm. A right 

F la . l S;I
section is oue lIl arh> hy a plat\(· pm'pen

"i f'ula!' t.lI all t h o:! lukl'al eu::tel! ()f 1he Jll' i l:l llJ . uS ..,JB('!JE. 
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276. Theorem I. H I .WI l!I(u /r {II.. 
pa.rulld ('dl/ eli (11'(; C;U Ii -

N 

Fw. 1\)0 

Given ..<.lBCIJE ;lI1d ..1'B' ("iJ' £" , sect ions of the ])I'islll JGV, 
malle uY }lsl·s lle11l1alle::.. 

To prove t li at _W CD E ;;:;s. . 1' B' C' [)' g . 

Proof. ' l' he !lid£.' :; uf tl ll:l r"I,\'~olL _Ill a re l,ara-Hel to tile 

sides of th u polygun ..;1' 
Th ul'ef01'6 tI le polyguns lll'tl lIlll tually l' '1l1i btm'aL 
A 1 so the poly ~i.JlI S are mll m all) cfJll i,wgn Ial'. 
Therefore ~Jolygo ll ABODE ~ pol",i;OU A'H O'D'H'. 

EXERCISES 

~ 2.;1; 
na 

~ 2{".8 
§ :;~~ 

1. How man y cllges has a tetl':dl cllron ',' A uexabeJron '; 

2. TIow many diagonal" has .I 1 l1'xa.lJ(~ tlt·()11 ·;' .\ tetrahedroll ~) 

3. P rove t hat any two latel'lu ellbC!s of :l prislll ure equ al mid 
parallel. 

4 P l'ova that any lateral edge of a ti ght pris lll is e(lual to 
th e alt itud e. 

5. Prove that a111'igh t !>eetions of a ]l l' iSlH ar ll eOll gTtlent. 

6. Pl'("'~ that a Sf'ctiUll uf a IJl'i l>Ul parallel to t he basp iH 
"IJl1 grnput to the base. 

\TIl , § ~i8J PRISMS 2.:11 

277, T heorem IT , The /,den t! w'ell A r?f I( P,' /S ill 1.'1 

'111((7 tu th e. p ro'mc tet' PI' t~/ a "irlht see/ion In ll l! ~)licd 
by th e latet'al erlye e ; that 'is, A = PI' X 

E' 
~D' 

A 'I..-.V 

B C 
F lO . 1\)1 

Given th e ]Jrism ..A D' wi th a ri gh t seetiun PQ B ST ; let p, 
denotp the pel'imete l' of the l'ight sectioll, e the lateral edge, 
:1ud A the Jateml al'ea. 

To prove that A = fJ, X '. 

P roof. The luteral ,loren. uonsisls uf a numbel' of llar-allel u. 
Sf' ums, eae:h of w ili eb lH1S a. line erluallo ..-Ll' for its basp, \\' h)'? 

Bach of thes(~ pa ra1lelogl'am:; has Olle of lhe sili es of ti ,e 
right sect ion PQR8T fo r an altitude, . WJ ,y'( 

Then'fore: th e a reas of t il es" pal'allelograms = the lJ81'in iutfll' 
of PQBS T muhiplietl uy ..J ....1'. l\'liy '( 

Tha.t i::, A = ]1, X e. 

278. Corollary 1. Th!' lateNll aren A Of a i'iaM jll'imn i.~ efl "td 

t (, t li I' JiI~ r i ll'r-I lCJ of it.., ott..,1' multiplier! 011 u. irL1el'u Z le ug" .. 01' A = 
," X e, wh ere J!~ denotes the IJel'i llleLer uf tJte bllse, and e Llp· 

Hotes a Intern1 edge. 

EXERCISES 

1.. Fiuel t he aliilude of a regular prism, one side of whose 
triang lll nl' base is ;) ill , alld w hose lat.eral area is 19;') 5(1 ' iu. 

2. f:. how that t he lateral area of It regular hexa.gonal l'ight 
pl'ism i:; ·lv,f· ali , w It!'!'!' h i;; t lle a ltit.ude alitI (( t hE! uistancp. 
f WlTI the center uf tl.J e buse to one of t he sides, 

11 
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279 Congruent Solids. _\.ny two folius, in parti r uhl' :Lily 

t.II' O pris m:;, are Ha.ill jl; be C(JII gI' Ue.llt. wh ell tlH:'Y 1':1U Le w ade 
to coi Ilcille COll "lctely ill all tlwir p:nts. 

J J ' 

I I' 

c 
I"'} (;. tH'.!. C ~ l~(lH 'l l·~.~T PJ{j~'I") 

280. Theorem III. 1'1"0 pl'iSin.~ rUt! ('(J/lf/I' IW Ill if three f aces 
thrtt hU'lllcle II t!'l'he,IN) cwyle 0..( (IIW ute ( (J It! I/'f/ e ll! l'e .~)Jedj-/Jel.ll, 

(" ,ll si ll ii7al'ly plw'eti, I,) lli l'pe f aces Ih ol i "f'jIHle a trih edral al1flle 

fir th e otliel'. 

Given t he jJl'iRTDS AJ amI A '] ' with F.~lf; ~ AJ~ Iace .:l'P, fa.ce 
A O ~ faoe A 'G', awl fuce AD ~ 1'ae6 .d'D'. 

To pr ove t hat l' risl1I A I ~ jJl'iSlli .1 '! '. 

Proof. ~. E ..Ut" "".lB, allil K iB a I' '' 
..j E'A'F', .F'~· I'R', awl E '_l 'j Jl . 

equal r espe(;tj \rel ." t o 
Why~ 

rl'ltf' 1l triheura.l L ~ l ~ triheural L ..:1'. § 27 
Ph ce tlw pri Sl1i . ll (Ill the prism ..l'P so thnt the triheLlral 
.1 ,'oillcide:;l with it" cnng1'llt'ut tr illOdl'aJ L. ,1 '. 
Tlwu Lhe fa('c ~I J wil l (;oinc: ido witll t hf' <:ollgl'lll' n t fite \' 

A'.J'; A a with Ll l t' ('ongl'llent far.o A ' 0 ' ; II 1111 An wi Ih _I.' f)' ; 
lLuI1l)()iIl1;s C mill JJ will fall on 0 ' awl])'. ~ :;:; 

Since til l: lateral ellgf's of 11 pliS Ht arC' pa.mll r l and (' CJlIill. 

e lf elllneiJes witll (f IJII, amI DL "iUI D'1'. §§ !iii T, ·I·\) 
Thel'efol'P the UP})!'!" bases eoiucille, awl tl Je In'i sru s coillcill e 

tll1'CtllgllOut al Ia an' eongl'uent. 

281. Cor ollary 1. TII'o riyht IIt ' i~IIUJ IllU:iIlY cU;'!I ,"lC'lI& bases 
a'lll eIJ1I !l./l tltitiltles u r I' t'O IIYI'II(' ILt. 

\ r L, § 28.'31 PRIS:VIR 24,' 

282. Truncated Prisms. \. truncat ed prism l ~ a jlortion uf 
:l Vl'i";lll iucl uderl betweell t he base: a li a n seen "ll ,,\. licjlll' to tit " 
basl', 

QEtJ 
FTc L IHD V:t l 

283. Corollary 2. 'T,N) f ,·/J UC'II/,.t! 

I l' l'('r .rl.lce.~ i'ldlld ii/ !l 1/ fdh ('(l)'(fl I I I' U 

' 

''' 

I'I'xj IPcl i lJf:ly fo thl'et' /(/1 '1'8 ;1/ 1'/ (l r1 i ll tl II 1";11 

EXERCISES 

FI e: . 1! 1 •. : l it ) 

( . 

1. A woodell heam III n. lon g- has H roctangulor' ri.gh t crnss 
sel! fiOIl whose c1 illhJUsiolis a l'UJ..!! in. by 16 ill . I.f the beam h 
,;:t\\'I·a length" is!:' along tJ ll e vf its d iagollal plH1I 8S, sh ow tha 
l )lP 1'6s1llting tl' iil.J.J guJ a r jlrisms al'e cong'"J.'U ellt.. 

2. ,rhat will be the lal t"ral area of one of the tri a.n/"'1.t1nl' 
prisms of E x.. 1? H s IOfa l area? ....l us . .tO sq . ft.; 41,\ Sfl. H. 

3. A c:ll'penter is to S:1\\' from a given sq llare piece of t imber 
a portion of wlliell on e ell d is to he per pendicular to the 1atpI"a1 
eclf!6S, while tl1l"cc given lat t" l'nl edges a re t" be ~ ft. 6 ill., ;~ ft. 
·1 in., aTlLl 3 ft. long, l'espl>(·ti vely . i:ihow that these mea.SUre
JOen ts ru'C sufficient t o enable hi m t il saw off t he desired portioll. 

4. SIJO\\' (hat 10 nmke a ti ght Wis1n of any desi red sllapc, it 
i.e; sutfici('11 t to Ita ve a pu\.l.e m of a l'i gM seetioll of the desil'erl 
pri sm, anrl the lengtl l of on li lateral t![lp;o. 

5. SLow t hat to mak e a tl'nncatt!U prism uJ ally tle;;il'ecl 
shape, of \\'lticll one e.nU is rL r igh t seotioD, it is sufficient to 
have a pa tj em of that eud, and the lengths (If three given con. 
secuti ve lateral euges. 
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284. Theorem IV. ''i.'!?n /s Ilal in 
I)ol ull I.S (t 

jJ7'ism. 

s· 

A 
B C 

FlO. 11)~ 

Given th e 0blique prism AD' ; and given a r ight prism PS ' 
whose base PS i:< It r ight section of the pl' i.'llll AD', aml wlws 
a ltitude is eq ual to a lateral edge .Ll.d' of t he prism LtD'. 

To prove t hat prism .LiD' = prism PS '. 

Proof. The latem l edges of the prism p...<;' equal the lateral 
edges of the pri sm A D'. Const.. 

Therefore AP = A'P', BQ= B' Q', etc. ' Thy. 
:;Uorcover P Q = P'Q', and the face angles at P , Q, P', Q' a re 

r ight angles. ' Vhy '; 
Hence, by snperposit ion, 

F ace A Q ~ l~n.ue A 'Q'. 
L ikewise, FacE' RR ~ Fa-ee B 'R ', etc. 

Now, Section PQRS T ~ Section P' Q'R'.s' T'. § 27t; 

W hence, t runcated pr ism A R :::: t l'uneated p ri sm A'R'. ~ 283 

Therefore, tl'uncated prism .J R + truncateu prism PD' = 
tr nneate,] p rism .A' H' + t rHllcate(l rris lJl I'D'. Ax. 1 

It follows that prism LW ' = pri sm PS'. 

rII , § 2811J PARALLBIJE PI PEDS 

285. E qu ivalent Solids, 'I' wo solids th~t have the SUllie 

volulIl '" a,rC' -;a,itl to be equivalent, or equal in volume. 
Thus II' ''' pl'U\' eu, in § :?:-H, t hat a ll}' obli tl ue pr is lll is efj " il'c' 

/",t! to (I, right prism W hOill.! base is a r ight sedi on of the oiJ liq u 
prism M U whosp n.lt i tmle is equal to the latelcll euge of t htJ 
obl iq ue pr i !> l1l. 

286. Parallelepipeds. A parallelepipeil is a prislU whos 
1,;(,.;"" fU 0 pUI'a..lld ogmnu; , 

A right parallelepiped is a p llraJ leJep iped whose latera l etl C;es 
(l.n' pel'peUlUe llLll' to i IS Lases. 

® 

Ho, ;rrAl<OlTr.A I: O llT.l 'lUE 

HI
1" \ I! A 1,1. r :L",;f' L I' E ' 1 \' . \ itA L Ll~LKl' Jl' '~D 

.\. rectangular para llelepiped is n. righ t paral lele pilJeLl whose 
bases :.1 1' (; I' l'ctang les. 

.\ . cube is a [l:tl'all~h'p i l-'e t l whose si x faces are s'1U<lTes. 

A ll oblique- parallelepiped if; olle wllOse lateral eJ ge :;: ar 
obliq ne to it s Lases. 

EXE RCISES 

1. Show that th e la teral facE'S of a r ight parillelepijJed are 
l'ecta ngles. 

2. F ind tl le S UlU of all t ht~ f:wl? allg'l e~ of a p:u all elepipecl 

3 . Finu t he di agonal of U (' \1110 whose ca ge is 4 ill .; ~O Ul. ; 0 .. 



246 PU I.YII [;;])ROXS [YII, § 28- VII . § 287J PARALl.ETJEPIPE 24 

287. Theorem V. Hl Il!1 
illl 

F 

1,'10. I~ ~j 

Given the }Jlane A CGtliJ pa:!:!illg through the opposite euges 
AE and CO of t.he parallelepipctl AG. 

To prove that t he pal':d lelepiped LtG is tIi videu ilito t wo 
,O'lu;tl triuug ulaT' prislIls, AflO- F u,I Hl ..lilO- lf. 

Proof. Let 1.1ll.& Ix: a r ig-ht !iedin! 1 \I f the paralleleJJil 'I'll. 
F ront t.he tlefi llitirJll ~If l'at'allelepipetl, tlip ()1'l'lJ~it (j fUt:CB. ~lF 

and j)O, ;llId AIl ...'l.Ilu UG, al'e 1'<Lml1el aJllI t ~l)llgl'l l ell i. ~§ ~;j8 , gg 
'L'lten :fo l'e ];l l..I{, ami 1& .IlL § 256 
Then IJKL is a par;.tllelogl'a lU. WIly': 
The int ersection III of tl il> l'i gllt sectiol1 with t he plane 

A('GE is th e diagonal of tI le 0 [.fIe 
Therefore 6. IJj{ ?:i: 6. rra. \ \lly :' 
Hil t the pl'isllI.lBO-F' is e 'lllu l ill ,"olu me to the l'ight pris lll 

whose ba:;e is UK an d altitude .:LE, and tll e Pl'i fl lU .:JCD- l l is 
f''lual in volu me to t.I le tight pr i!'l11 whoStl Lase i" lhlL alld a l
titude .LiE. § ~8-J. 

But "ince t hese r ight p risms :l1'E' oOllg l'lnmt. ~ :201 
it follows tllaL pl'ism ..LBO-F=]ll'isll i .ADl'- H . 

N(Jl"t. • If tJle fal't's E FH[[ and A Br'D (Fk. 1(0) are perpendicular 
to tlH' edges .dE. n P, etc" it Is easy to ,;oe It.aL til l' d iagonal plan!! .H i('(} 

di vides th e paralll'lcp i[X'd Illtu t wo COII[fl'1lfnt tria.ng ulal' J Il· isJll~. This 
J H\!'I1Pll~ fUI' any l'BCtullgUlru ' JlIlI'I\J1de pipetl , 

EXERCISES 

1. Prove t hat t llll lli a~l)mIl s I)f a I'ed ..allglllal' pa l'alll'J e piperl 
ore t" l tt!U, antI t JI:n . the 8'lll;U'P of the diagonal is ~ lIal tu ti l(' 
St\l l1 of the stpUlTes of the t llrec edges 111 Ht. mut:'t ill a llY yel'tf'x. 

[1I 1~ r. T ho IIla.go11l\l ls tho " :; I' l!w n l\~o IIr I, ri.t!J. t I,rianglc whose ~il[c, 
:In' IHW !If till' t"lg~!; a llll 11 cli:·Lgl'lla l of. 011(' [al'e; I,lll' d iagOIlRI (of t lI u face 
i~ the hypotenuse of a r i!!' iJ t t riallll:lc whosu SId es are t wo of tJlO etl ~()s . J 

2. Fil lil t lw lell gth o r t llC' Il i,lgvllal or :J. l'f~ct:lngu l al' para ll el. 
pi l't"'ll whose edg\'s :'l,ft' 8, 10, 12. 

3, Fi nd the edge of a uuuu wll osl' tli agonnJ is 6 1· in. 

4 .. Prove t.ha1. tllt: tlia;;onal s of a pa.l'all e l epip(~ll hiol'cL cc1f'h 
t Ill'll:. 

[ l!I XT. Co nsider each prtiJ' of diat{tl ll clis Rrpnratt' !y, }lnrl apply § 1< 7 tn 
11", oli:t g'ollal pJ[l n B in whioh UI()Y li e. 

5. Pruve t hat if t.IHl rig-ht Re l:.tioll lTK 
fl Jl del ,i i'~J i o; ,I r (;' otn.l lglt'. tlll! !,WtJ di agulI;L! plal1l;'s J1 0 GE ~l n,l 

NIU[P lli vid '.' the pa l'a llL' lc lJip,,,l illLu l'ulH t l'iallgu.l;:U' p ri ~m l> 

tltal , a r c 6qu,ll ill Yuhll ne. 

. A t '\lll( in th e fUrtli of no l'eelanguJar paral lele piped tImt 
l, oltls l00 gal. is di videLl inl,l! folll' i:Olllpat'!; Ill(>llI'S by t wo v(l rlieal 
t1i agOllal pla ne;;. \Yhat is thl' C:;Lpaeity of eael! ('Omp<u'tlll(>nt '.' 

7 . ..i rube each of whose edges is 1 ft. long is calleo a ·Urlit 

(' nbs i its volume is one cubic foot. If six su.:h cl1bes a l' 
plaCE'll side by side ill tW() rows ot three r ltch, they fOl' Ill a, S'6(!' 

t;wg'ul ar p:u'all elepip(lu ~ ft, wids, 1 ft, bigh, anll 3 ft. IOJJg. 
\Yltai is the vohunu of t,h is paraJl Hlepipeu '.J ',ha t is the vo1
mue 01' each of t Ite iriangl1 lar P l'iS ll1S into wh ich it is divided 
by a diagonal plan e ? 

8. IIuw !n alI:" un it f'llbes 11re th ere in a cube each of whose 
l!Lk0S i" J nnits long " 

9. lIow many unit (' \1 bes are th ere in a rectalJgn!ar par· 
aJleJepipec1 3 unit!; lon g'. lllllits wick antI :2 units high '! W hat 
if; the YOlUlfl t;l of i ll i!! pal'uJ lelepi p('(l ' .. 
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288. Volume of a R ect angular P arallelepiped. T he t.ltl'E'e 
f Ll ges of a n~~ t. a ll gllh J' l' ;u'all pjepipf' ll 1I"] liult l llet't. at a, t! 01I11Il \!Il 

point a rE' c~llleu its dimensiOns. 
In Chapte!' 1\" (§lHI), we rt!iIHlIIl C 

with out proof) the well ·knowlJ prine·jpl\! 
t·hat the area. of n. rectnHgll1 i:; equal to 
tIl e pl"O(i nct. of its t wo tl illl l: ll sions. ::l im i
latly, we Sh :l11 now clSS Ulue tha t th ~ \'01

um e of a I'ectang ular pftrallr le jJi perl it; 

®
FIG. 197 

ef} un l t.o thf' p m ullct of it-; th,."e dime ll f; ion ~ , that is, to the 
l)j'oci Ul:t of its length, b l't'auth, anll heigh t ; i.('. 

Fo,- a,lY rectangular pa ,-allele}!I}Jerllhe 'C ola me V is 

V=7 x b x lt , 

le the lem/l li , b)'eMUh, and heiyht of th 

The stu(leut, ib l'emill llcd that 
tile meaning of the pr inc:il Jle is 
th at., if t he three UilDl'lJ si ol1 :; are 

~' 
Rell mea~ l1 rcd ill terms o f the .~(L 1Il 

unit of h!l1 l,.o1:b , t lt en t hll YrJ I Ulll ~ 

in terms of the fX) 1 , ,.e.~p() li riill{l unit 

cube is the prod uct of the thl'ell A D 

c 

~ 
dimensions. FlO. ]Di; 

The fo llowing coroll a.ries l'e;lillt at (l uce from th is pr inciple: 

289. Corollary 1. '1'''.' 1) t ecl""(I,dw' l'( /I'uZMej>iperls 'lill'{II~1 
~(my,," e llf b a.~e 8 Il i'/' to earh (ja w!' 

as tliefr altiludeR. 

[IIJ~" . If I, b, anu 11 represent 
t im dilLlensions of th l' olle par~ Jll'lc 

piped, til(:n 7, b. amI h' will represent 
the dimensIons of the other . Th e cor
respondina: volumes will thprciore br 
to earh othll), in the ra l i/) (lb ll )/(1/JI1 ' )' 
that is, ill the ra tio h/ h ' ,] 

FjJ
l8)b 

I 

Ii I . " . 
h' 

)-17b 
F H .•. 1'~ 1 

vn. ~ 2tl2J PARALLELEPIPEDS 24f1 

290. Corollary 2. TIl:o recl al/a ,/irIT PlITIlllelPJlijlNl1! havinlj 
'jlll li {l ll·il"rl"s lue to (Jt/l:h othpr (1 8 IhriT lJase,~. 

291. Corollary 3. 'he 1I0{'1IIU2 I)f a GIlDe r, eql/al to the ellU l' 

of ;18 ec1g f' . 

292. Corollar y 4. T he ,/)o{'o: V of 11¥!J rectangular j1rua1lelp 

f its base B <wet its aliil/l de 11.;{dped is the PI'orlu(Jt of IlL 
thut i,~, V = B X h. 

EXERCISES 

1. ' rWQ rectanguhr]>arallol l:lpipeds wit h erIm.l al ti tudes have 
baHt's cOll ta ining 10 gq. ill. a.nd 15 sq. ill ., respectively. T h" 
volu me of the first is jli ell. ft. F il ld the volume of t h 
second. ~lns. 84: Cll. f t. 

2. Compare the volume of the r ectangular paraJ lelepiped 
whose dimel1sion$ are 8 in., H/ ill ., 11 in. with th e OJle whos 
ll inll' l1 s i Oil S are 1. ft " 1 ft ., awl Hi in. 

3. I n a Jot 120 i t. long and 66 f L wi<lc a cella I' is to b 
dng f ot' It buiIding. '[' lIe vell ru' is t o be .w ft. lung, ao ft. wide, 
all f1 7 f t . duep. '1'he I.'tll" t li T~movetl is to be used tu till t he 
Slll'l'OUll dmg ya l'd. \\Tha t del,th of fill call be made? 

4. A standard (U.S ) gallon c011tai.ns 2:n Cll. in . H ow 1l1 any 
gallons can be 111l! in a t<tnk of the form of ~~ rectanguh r par
allelepiped that is 2 ft. high, 1 ~ ft . wide, and 3 ft. long ? 

5. H ow lUany gallon::! (:;ec Ex. I.J.) al'e there in 1 CII. f t. '! 
6. F ind th !;' :::i ze of a cllbical tank tJl at will cont ain 50 gal. 

7. F iuu t h\:l etl ~e of II. 0'11110 wbose volume is 1 7~S c U. in.; 
of a cube wll ose volll ml~ i,,; l .'iOO cu . in. 

8. F ill<l the t3 iagonal of a cube whose volume is 521 cu. in. 

9. If the volullIe of olle cube is t wice that of another, how 
do t heir edges compam? Al1.~. {/2: 1

10. Find the edge of n. cube whose total surface is GO sq. ft. 

11. Th e edge of a (',u IJe is (t . F incl tl1 6 area. of a section 
made by a plllne through t wo d iagonally Opposlte edges. 
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293. Theorem VI. The volume V of any parallelepiped is 
equal to the product of its base n and its altitude Ii j that is. 
V=B X h. 

11 F 

F lO. :100 

Given the parallelepiped I with it s volmn o deJ.wted by 

i ts ba..~e uy B, awl it R aHi tudo ll} h. 


To prove tha1. V = B X h. 

Proof. l'r uriuee ..1 0 ~11l(1 aU tll P ut hel' nllges uf J th a.t arB 
IHl. l'U lid t u . 1 ('. 

Oil tho prol(Jllgation of A O htko f) E = . LG. a ll d through /) 
alld E l'Ll:-lS planes pe l')J t!11lIil'ula l' t il . IE , JOfllLi ng t.lle rhrlll, 

pftl·aJ lele piped II \\'ll() ~t' base 1:; Jj' . 
Then J =11. ~ 28 1 
Prolong 1i'E all !1 all il lB olher edges of II that :1 re pamllol 

to VE. 
nn tit '" prolongation of FE t ake Jf"X = PH. :-tnd 1 hrough J 

and N I1ft !!S planes pel'peJJ.,liclliar to Jj'_\~ form ing th e rer'
angular pam llelepipeu III W310S0 base is 13" . 

'L'hen II = I IJ. \V]1Y': 

T herefore I = III. Wlly :' 
nlol'oover B =B' = B"; 'Vh~~': 

a.nd 71 , the altittul is pcpw.l to the altii lld c> of IIT. Why'. 
Hilt the volum IT1 is B" x h, by ~ ~SI' i heller' t he vol

ume of l is V=B" x h = B x h. 

II, § 296J VO ...51 

294. Theorem V II. The volume V of any triangular prism 
is equal to the proGuct of its base .H and its altitude It .. that 
is, V = 1J X h. N' 

~ 7\ - -~-- -.-. p ' 
~-~------; 

M' i 

, I 
I 

I 

i 

I
/ 

!. 
- p 

Given the hi:ll1 !=; nl a l' p l'i sm L JfY- N whose base B is the 
t1'1auf,(10 Jnlf.i\T, all d. wh o~e ru titULlf;l is It . 

To prove that t Ile volll )IIP V Ill' L J[;V· .V' = R X ". 

Proof. COlll plete the l'ar:ll1del' il'(Il1 J.J[VY P'. 

[TIll' l"el.ll:t illdC!J· of WI! prou r is left to th .. ~ lutl l ·1I1. L"se *2m. ] 


295 . Corollary 1. T he /' ()/U ' IiI! V of 'lilY pl' i.~111 i.< ,"}/I"I to 

Ih l:, p l'orlud l~f' il.~ /.)(18 03 R awl 1/8 ((liil'l,!e It .. Ihtt t is. V = D X h. 

M 
FH: . ~I) l 

---
l ·' IIL ~lr2 

[ HJ~1'. Any l >risw may ue ,Ji vlth'11 ill lo lriall[,'ular prLlllH; 11) d iagonal 
pi ll.1l e". ] 

296. Corollary 2. 1'ri.·WI8 hucilt[l I!IJlIi(}u iellt buse:; ' Lwi ,·qu tll 
(fll il ude:; 11 t't l" /,wi. 
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EXERCISES 

1. D~scribe 01l e ur lllore ways in w hich a parlu lelel-'ipeu 
may be dis torted antI yet have its yoiume I'swain ull C'ha li getl. 

2. The base of a p:ll'allelepipeu is a l'llOmb llS 011(' of whose 
diagoll.a ls is cCj Il:l1 t o its sicl(~. Tlw alt itude of t It(' panLll t'le
piped is a, aud is also equal to a sidl> of t.he ba::;p. Finl.l tlla 
volum e of the paralleleplped. AIL". a;' V ii /'2. 

3. The alti tude of a pal'allelepipcJ ix :) iu., an d a. uiagonal 
of a base divides the uase into twu <::'[uiJat.f' l'al trianglr s, each 
side of which is Gin . FlUU the voluwe of t \J(' parallelepiped. 

4. The volume of a rectangular pa.l'al l e l~ p i pe cl is 2../:30 eu. in. 
and its edges are in t he rat io of 3, D, aud 6. F illa its edges. 

5. The a1titude of a pris m is G m. and its base is a squa r 
ea.eh side of which is 3 in. Jfi url its volume. 

6. Sb ow that two p risms wi til ~l\ ll aJ IXlSes aTC to each other 
as their u..l titl1lles j o.llll that t hose wit ll equal altitnc1es are to 
each utber as their' bases. 

7. A. clay cube baving a :?-in. edge i~ llloliletl in to t.he form 
of a triangu lar prism of height:~ in. W hat is the area of it :.! 
base ? Does it make a. difforence ill the answer wh ether t lw 
prism is made right or oblirl ue'! ~xplaiu . 

S. Assuming t hat iron weight; about 450 Ill. pel' cu. ft. , timl 
the wright of a rod 3 f t. long, whose cross section is a recta,llgle 
1} by 2 111. 

9. With the data of E x. S, TIml the w eight uf au iron roc! :3 f t. 
6 iu. long, whose \:.1'oss sadion is a. 1'egnlm 11exagon 1 in. 011 
each tlide. 

10. "\Yhat must be the len gth of th e side of an equilateral 
tria.ngle in order' that a. t ria nS' llb .l' prislll l'rectel1 upon it and of 
height 1 fL shall have a volum e of 1 cu. ft . ',' Soh'e the Sa.11l6 

probl-e lll, when it is assumed that t.h e Lase is <1 reg ula r Lexagoll. 

'II, § 29;) Y1U .i'llIDS 

P AR'r n . Pl'"R...UITDS 

297. Pyramids. A pyramid is a polyhct'lroD boun<1en by ~I 
polygon, callt'(l its base, ;tlJl1. st:l\' l'ral t riangles thflt ha,re a. 

COlUll1on ve rtex. 
TIle tl'i;l,O g'les :lre c~LII Cl c1 t he lateral faces, the common vertex 

1,'\ ro.ll eu th e vertex of the pyramid, :11[(l t lw pel'Ilen ilieular d is, 
t-ance fro m the v(' l't e x t l.l t hl' lm sf' i;; calleel tIle altitude. 

v 

E c 
A 

Fw. :IUD. PYll.l )UJ) 

A pyram id is t)' ia ll!7" lul", (Jl;lIdmll gIl1ar, etc., aecording as its 
base is a t l'iangl{', a CjlUl.Lll' iilltel'31, etc. 

~\ regular pyramid is an t> wllOsc buse is a re~nl al' polygon and 
whose ve rtex li es in the 11erpendicnla.r ereeted at the center of 
the base. 

v 

D 

C 
10 . 201. R Rl)U L AR ]'VllAMID 

Th e slant height of H i"fJ{Ju 7r'1 . pyramid is the altitude of any 
ODe of it:! t rianglll a r fac'es (Yllin lfig.. ~O·l ). 
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A truncated pyramid i ~ nil' por ti oll I)]' a py ratnitl illl, ll l!lp[j 

uetweell t lli; l J;lstJ amI any sect ion lIW tll ' by :t plane (,\l tf,in ~ all 
th ll lateral ellge:,;, 

A frustum of a pyramid i8 a pori ion iJl(;.lll,lec1 lwt,weeu t lll:l 
base aud a sectiun made by :l l, lall 6 IJlll'allel to the base. 

ILL'l 

The lLilil urir (d It /I'IIN/1l1/l is tl le Jengtll o{ tbe perpen (]i clilar 
hetwl'en Ull' plalJ E's of its ImsC's. 

Tlw I'flet/Il /IIO' S 1,)[ a fl' ll:'ltll ll l of rt r e{f llirl r p.vramia arC' 1'0 11

gl' lI en t t rapP?'(lilhl. 
rrhe .'Ilft il l h" '[1/'/ of Hl l' frn::;l.lI l1l (I f a ref/ Il l/I I' p,Famiu is t11 

altitude of Oll e of the trapl'zoi ,h I'rJl'llling it!> f :Ll' 

EXERCISES 

1. Of which type are tho celcbra.ted l~gyptian py ramids . 
2. l->ro\re the eq lI uJi ty of t.110 lateral puges of a regular 

pyramid. Oi tliClsf' of a fru stum of a r egular py ramid. 
S. }' l'o,e that the f(lc es of any frns tum of a pyrami d a lT' 

trapezoids. 
4, P rove the statempnt rll<1l1e j 11 ~ 2!)7 tha.t the faces of " 

frus tulll of a re(/lI lll f' pyra mi d are GlJIl!,t' I/ (: nl t ral'ewirls. 
5, P rov e th:4t 1·1Ie lat eral fll(:PS of a regular py ramid ~lJ'e CO II 

g l'uent isosceles t riangles, hel l('e 311 mV' il lat the sla llt helght-, 
measUI'ed on an y f::cce, is the sarne as that. mNumreu on any other 
face. 

8, Pwn ) that any h'i3Jlgular py ramiu is a tetrahed ron, 
State and p rove the cOD.verse. 

\'tI, § ::lOa] pYRA~ll n14 

298, Theorem VIII. The lateral area A of a regular pyra· 

mid is equal to one half the product of the periTTl£ter of its base 

P, and its slant height l ; that is, A = j J X I/:!.. 

v 

Fro. :tll(j 

Given t he l'egnla r PYl'amiJ V- r!BC])E with the slant heigh t 
" t he late ral a rC,LA. anil tlle peri ll1eter uf t.l!l:l baSI:! ]I, 

To prove that A = Ji X,/'J,. 
Proof. A = thl~ sum of Lll l' al'ea~ of the tTialIg les V. IB 

VB C', etc. 
l[en . 1B + ' + ... ] X I/'J = }I X l/':-. \\ 'by ~. 

299. Corollary 1. The lateral ut' ('(l. u/ th e .rt'1l,~/1f Ifl, of It 

t'I'I/,r!at' 7l!/}'Ulii;,l i " I!CJlwl 10 0111' 11(((( Ih e p m rlfl {'1 of liIe 8 11m Q 

till' ,J(' f'ilnet(' f " ~ o f th e IJfl8e ,~ ((1/,1 ;I,~ "trllft ht' ;~//d . [ :::lee ~ un.J 
EXERCISES 

1. ' L'l le shlllt Lf'i g-ht of JI I'f1l:p dul' lll')w gonal pyl'alil illl~ 10 ft . 
E:u'h fl iJe of iLo; ba.s.. is S n. Wk tt is i j;s In,tcral a rf'a ~~ Al,.;u. 
whaL is its totrll :ll'ea '! ..1"8. :l to q'I' ft. ;W(J.:!7 sq. ft . 

. The aJ t.itwllC Df : ~ reg- IlJ:n q n<lIlt-:mglll:Ll' py ramid is J. i ll. 

Ille si,le of it~ j,aSf' is (j i n. \VIt ltt. is it" lnj "raJ area? \Vh at 
is its total area '? _ bl.~ , (i0 sr1. in .; % sq. i:1I. 

3. Fiut1 the lateral ,U'ea of t he fl'\L~t u lil for wed by a plan 
hisi'ct ill g" tll e altitulle of tlw pYl'ulIlitl ll lollt,iulleu ill Ex. ~ 

FillU its tutal area. 

http:frn::;l.lI
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300. Theorem IX. (( 11(({lIlirt is cut U 
Uel t 
(a) 

tit 
TI the lateml erwe.-; (iI' divided 

proportionally ; 
I...u) The section is a jJ ol!!yo/L Ifilltilal' to the bet,s 

v 

A D 

FIG. :.107 

Given the pYl'amid 
to the bast: AD. 

.t.IB b\' a vlane .A'])' pa \'a.llel 

To prove ((/ ) tha t 
VS ' )'S' = V_tI VA' = VB t VB' = "', etC' . 

that the section _1'B'U' IJ'E' is sim ilar to t he bas 

Proof of (a; 
P ass a plane th rough V pa.rallel to t he base and a.p}Jly § 261. 

Proof of (0) 

,6. V ..l B ~ 6 IA'B' j 6. V130 - 6. Vl3' C', etc. \V)IY? 
Therefore 

1B/ iL' B' = I B/ VB' ; nJjVB' = Be 
and helJce _LB I .. I' B' = B e H C' = C 

Thus, the polygolls ABC'D 
respondi ng sirles ]Jl'u!,ol'ti una1. 

Mo\,eover, t he same p() l .\'~ons afO J1l lltlJally 

H enlJe A BCDh: ~ A'HO'D'E'. 

''' '', ptc. , ,n,} i' 
I\).: . \1 

q llialli{lll ar, § :mx 
§ 1(jii 

VII , § 302J PYl1A.\1 [DS 257 

301. ill 11 ,·t! I i i 1'(( ('1, 

Proof: I II k'ig. :lOi . . IlU 'D E A' R' C" D' 8 ' = Ali/ .:1'B'~. §§ H)". Sou 
WhJ ? 

(a). § 300 

Ax. U 

B ut ~ I t:/A/ JJI = I 'B/TB'. 

and also r 8/ ,"S/ = I li/l 'BI ; 

hElllce .fUJ/. l 'D ' == r8/ 1'8'. 

\I' hell e,'. !<q\la1'ill~. ~t1J" .·I'IF == ".'1"/ " 81"l, 

f1 euc\' . 1BODB/ .l' a'f" D'E' = ,'s"/ ,'s/'ll. 

302. Corollary 2. haec eqLliva lellt u(/,,;e,~ 

I lu thir Utl lJf:1J (/ il t l 

[ U N T. Rapres!>nt b.i R ;\Ilrl R' IIll' nrea.~ of tile t.W() sections. awl by R 
lld B ' t he areas of t hc IXLSes . L nt h h I' the CtJlll lJl On a.lli tlltle of t be pyra, 

mid"" a nd J.. t he tl i ~t,we" £1'''1 11 t he I'l'J'I, ·X of I~i l h ol' pyramid to the tie cl ioll 

walle in it. TI 'en lr n ==k" hJ :Oll tl Il ' / B'=/{" '1l" (!i 80} )· hence R l l1 
= It' l lJ'. Hu t i:J = lJ' uJ iJ ) rot Jlf!8ill; iJ U1IQU R = R' ,J 

EXERCISES 

1 . C Olll l' lU·tl the a l'eas I )l' two til!CLlOnS of a ]lyt'ami.d w1u;;p 
pel'}JI'mliclllal' llistam:es 1'1'lI1I1 tIl(! \'e l'tax al'e :1 in. tlllU ..t ill . 
respective ly . Does it w~ke allY uiltel'8nce in yOUI' answer 
whether the py r.'llllil l i ~ of Olll !lIl a!,!' 0[' another'? A,/.~, 9 : 115. 

2. The llltitllUC o[ ,1 p,' l' ~4U.liU IV i til a f; rl1tl'Ll'e base is 1 Gill. 
the arerl of a sectiolJ parallC'1 to tlu~ b:'lfll' a nd 10 in. fl'o lll the 
vertex is ijr; I sq, i ll . I!'i nu tlJ.e al'ea oj' the bnv •. 

3. TIl e Ilasus ti l' t he fl'IlSt1l1U ur l.ll'Cg ll lu.l' p:r1'll lllicl lUi" elJni
lateral tri angles w I[(lsl;! s i' lefl al'E' 10 ill. :LIiu 18 ill. l'llspl:l ctively; 
the altitude 01 th~ f r ustlilll is R ill . Find the a.ltit ll(le of t il 
pyramid I) f which LIle gi l'en tigul'e is no 1'1'lU; h llJl. ..JIlS. 18 in. 

4. The altitude of a pyramiu iB II. At w!J at di stance from 
t he vertex Illust a pla.ne be [> ~tssed paral lel t.o the basti 80 that 
the section fOl'lned sh:lll IJI (1 ) une !J aIl' a~ lar~e as t.he base '? 
(2') one third ~' (3) 011(' ll ilJ tll '! 
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303. Theorem X. T II 'O ! r itlll t:J/lla,. pyt'({ II Lids lwvill y 
equ ivalellt uases Inul ef/ Illl i oll i l /u/e>: ((1'(' r?fll(il 'ri7r: ,il. 

, v' 
H ~ -------- - - -'------ - ---------- - - -,, 

I 
I
1- - - -  - -
I 

11 : 
I-- - ---k ---+-I "!-~ 
I 
I 

l---k I 
I 
I 
I 

A_____ / , ..--/ ..--/ C A ,''' 7l=----------~c t 

B B' 
b'lO. :.'08 

Given the r .Vl';lm ius r-~1BC' a llil r'-~ l'B' O' ha.v illg ..quiva· 
Jell t lJilses ..:llJU, ..l'lJl(", !lll il " e UlIllll UIl alti tuue . .111. 

To prove V-..J BO= r'-...:1'lJ' C'. 
P roof. The jll'oof ut t he t l1('()l'el ll consists in slw\\'iu g tklt 

the PYJ'alll iLl s V-A TIU allil ,""-_L' E' L"" C<llluot ll it)'p r ill vol LI II I 

by a$ llHWh as an ~' g i V(, 11 .tllIOll nt, ]] ( IW('\"t1l' SlIl,tll. This means 
that t.he t wo vol ulll es Rl'(j actuall y e1luaJ , fo1' if t hey wen' 
Ull etlual, they wonl,l iliffcl' uy as lil neh as some);",!:" <lllJOll ll t,
in faet, that is w hat lllH'll 'la l m ea H:>. 

'Ve proceed, t h t' Il , to ghuw t l1at V-. I no .uIIl V'-.,1' B' C' ,~a ll . 

no t differ by as HllU·h it-.; a llY gi " I~ u <blJl Ollll t, ho\\'pve t' swa ll. 
Vi vid!' t.he alt ituLle ..:.III i ll [,o a 1I1l111],1~ 1' of ("li lal P,U'LIS, a Ul l 

hroll git t lJ e points of divisiull pass pl:Lnes p;U'all ~l t o t he planL' 
of tl It.' bast!S. 

The correspol1l1 ing sectiuns made ).J.f allY one of tIl ese pla ties 
in the two lly ramirls ,1I'e ef}ni\ alent. § 30~ 

N ol'{ inscribe i n each vyralllitl a ~el' il~S of prisms lla \-1 ng the 
t ria llhTl1la r se(~ ti~JlIs as U/I pal' bases and t lt e clistanee bet wec lI 
tI1l' sections as thei l' COlllm ou alt itude. 

VlI , § :m!J rYRA~llD~' 259 

Ear,1t Ilair of oorrespon tlillg prisms in th e two pyramid!! at' 
tht' ll e1J.ui '{,Llell1~ § :!!)(j 

'l' .1l!mo\fore, Hili lS um of th E.' p r isms insrrihpd in 1""-.lI10 i!! 
eyuivalon t t o th(' SUlll of th p prism:; ills(' ribeLl i ll T" - ..:1 B'(!. 

1£ the number of clivisiom; ill to \I !lich ..1[1 is dividl' tl is taken 
sufficient ly Lll'ge, t he ;lUll) ()f the Pl' it;l lI S in V-.. LBO ma.,Y be 
Tll ud/ : to differ fl'Ulll t he vol ume of r:... 1BC by less tLa n any 
,;i vI'n <L 1l 1I)Hllt. Likt'wi:w, by t..di in g- HI" 11111111)el' of di, ibiolls 
in .. if[ ~ t1 flh; ielltl y lat'~e, t he. sum of the prism s ill V '- ..J ' B'G' 
lLlay Le mat1e to cliff, '!' fl' Ulil tlw \ ul um\! uf V·I .. J' B'O' by less 
t hau t he saws ~iven n11 10l1llt, l!flWl.!yer small it 11'1" uean taken. 

Sillce, by taki ng the l1\1mhel' of el i vis ions in All suffiCient ly 
large, the Yoillmes uf V-ABO Cl.nd V'-,j /B'e' rliffel' by less 
than any given amount fro ln t hese eq llal SlllUS, the pyram ids 
mast .lifter frolll each other by less than the SlLme giVe!l ::tmonn 
,lll d th is is what wewel'e to S l IOW. Compa re § 211. 

3M, Corollary 1. ,AnI/two Ji!J)'Gl1bid" having (Jq !1 ; IJalent bases 
(I nri eql/(I [ altitude/! a ,' ai IJalellt. 

FIG. 20:'1 

[1l~T. Divide each pyrnD1id ill to ui:lnqlllllr pyral llid~. J 

EXERCISES 

1. What is the l OCUli of the vertices of a ll pyramids whose 
bases and vol umes are the sawe "! 

. P ro \· e t hat if the hase of a pyrami r] is n paral lel ogram, the 
plano dctermil lcd by its Vld l' tex a mI eit her rliagonal of it s base 
d i l,j(les it i nt o t wo equi" alcnt tr iangula r pyramids. 
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305. Theorem XI. The volume V oj a triangular pyramid 
iJ equal to one th ird the product of its base Il , and its altitude 

h ; that is, V = 11 >; ;' ;:1. 

)" 1(; , ~1I1 

Given l LI" t l'i;mg ll lal' V~'ral1lid I) LJry 
To prove that the volil me V ur () I,J{X c rJ\1 rt. ls 1 its base 13 

times its al t itu.rle Ii ; t un f is. V = B X h, :';' 

Proof. Com;tl'lwl a 1l'inug lll: ll' Pl'iS 1l 1 JfP ha\~i ll g L .lfX for 
it:; Imse, and it:; btt' l'al et1::;e<. equal ami pal'nllpl to the edge 0.1[, 

T he pl'i~ l1l JIP i" marlEl np of t.he tl'iall 61lla r l'Yl'amitl 
'-LJIX an cl tl Je l]Uach'allg tt];u' 1),H a mi d O- L_YPQ. 
P ass a J)hll1 t: th rough OQ 'I ml ON div itling t he qua~lra1t

gnlar pyramirl i nh) t. wo triall gnliu' pyratuitl:>, O- L _V Q and 
O-}/QP . 

YYl'anlltl u-LYQ = pyramiJ 0_" ~ :)03 

PYl'rtl1l ill O-xrJJ' mny Lo l"',ll t _Y-QO I ', 
l'y l'amid S- C~ (Jl'= p,Yl'n lllld {J [ • .1D,-. § 303 

berefore. t he three t l'iarl g'ul a l' pYl'ami.1:> a l'e equal and 
O- L J£Y is one thil'd tbe prism. 

But th e vohunC' uf the prism is equal to the product of it!'! 
bas\' and its a l t i tudl:. § .2f)11 

T herefore, p),l'alfJ ill O-£JD;r = ~ the nroduct of its base 
and its altitude. 

\ l r, ~ :Hli 1 PYI\ \..\11D8 2m 

306, Corollary 1. The 1'(J!I( lI lC V I~ f 1II1!1 }'!lI·UIIl.id ;,~ "(I 'III I 
/II' llii ,'d th e 1,,·(,tfu,'l li r it,~ uns( B tr ll d il.'1 lI!ti{lIrJe It ; that i.'<. 

= B h/3. 

If J/~ , ~1I. 

PT I ~·l' . Dj\' i,l e t he pymn dd i 11 1" tl'i~li!JUJ([l' pyr:nni ds amI nppt.v § !-lO.'i. ] 

307. Theorem XII. If cI ji·/( ...IIII / ) flf I { i'.'lr(l ,,!II ' lUI.~ lJ(l .~es 
B It ad fl ' ({fIll altitude It. tltU I i" 1'111 Ji '(> /II I' /,.'/,'" III ill J> /(: 1/(j .'~ i.Jax" 
i s B (/ ncl u;!w.w' IlIlU",Je ix JJ, tTl f' /'1)1 11 11/1' V qf Ihe .I~·U.~tIl In i,'< 
!! i ('e ll b,ll (he ,fiJi'Ii/l l lo ,' 

lU I Tt'(1I - Ii ,v= .--- . 
: ~ ! ; 

Given t h e lJVl'fllUlll l' will , lx l'>l ' 1J "1 11.1 
alti t IJ I1 r1 11, :1lJcl a fnl :;lll iu ur it wit iJ 1.; l~l'R 
IJ (lU(l B ' ull ,l altilnJe li . 

To prove th.at t il t· vcJh ll u, ' Vol' t. he f l'll :'

t lllJJ is 
I f - Tt)'V = 

.1 .. M" 
" 

~~ Ji : , ~ l ~ 
Proof. T Ilt· I'l'l lst Ll l1l is 111\ ' ,l i tl'el'(J IIt,'p 

bl:' 1. W(·ell tl l!'\ I"'t! pyra lrl ius P and / ". wh~I'" P' has tlw bast;' IJ' 
a nrl tilt' ~a llle Yt' l'te~ as P. 

The \' \l l ll1 u e of P i.s BIl;:l. \\'liy;' 
~jru::(' t.la.. altit1ll1e of P' il{ II - h. its volume i~ 

B'( JJ -- It' 
Wh, :' 

.) " 
- h)H eue V =P- p=Bll

:3 :;; 
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308. Corollary 1. TlII' l' o/lI l/lf' 1 ~ ,~" (l.rI'UStfWi,~((ll'J/I·t.llIlill 
of [m .W!1> Band R ' (!J lil I(llillll /l - It i,~ Ili f'e ll by Ill(' lil/ 'II/ III,, : 

V= (B +B' +, HB') /t ;':, 

Outline of Proof. III ~ :an. 
Bil E = ( 11  h)~/H". 

lI.z..iu !!. t1 1l: tlvt :.l t inu Df § :;07 . 

i li' l ll'l' "Jjf / \ Ii =( [J  " )/ Jr= 1 - It / II 

WiH! III'f! II ="" /; C" IJ  ,,'1Ji) . 

Bill, ily ~ <101, 

'" = r; 11 a - JlI ( II  11 )I~ 

M 

= elJ  B' )il :l + B'h/a, 
" uhstituLin~ the '. :tl ne ,,[ FI jusL f OllDll, WI! 

have F IG, ~ lJ 

=[ i,I! +B/Jlr13 =[B T.../JjjJI + BI]1I / 3 , 
B' 

EXERCISES 

1. Find t he altitude of :L tri lLllg'nlul' pyramid whose vohllue 
is 50 cu. in, and whose tmse i ~ 12 sq , ill, LIas. 1 :!~ ill . 

",. If :1. Pl'b lU ~llJ d a pymm itl have [L COlllluVll base amI alti· 
tUUd, \\ hat is the l'atiu vf thei J' yol um",, ? 

3, If t he base of a PP'[L1l1i tl i :; :L 8'111:\re and its alti l ll de is 
.1 ft " ho w lOlig mus!' p~l ch !SiLI t: of thu bql1 al'e be in orele r LIlllt 
the vollll lle lllay IlP Hi til . ft . :' 

4. Sl l u \\, thai tIl e Vlllullie of tb,~ tab'ahedl'on , all ot' wLose 
f' llges are ('qual 1. 0 il, is -../'! (~3/ 1 2. 

[ FI1~T . ~ce 'l'h , XX.X:1 I1 . § 10~.] 

5, F inu the vollllne of a fJou st lUll of the pyralll id of Ex. 1 
-' ut off by a plall e (j i n. f rom tI le base. 

6. Find the l'OIUll l" tJf eadl (jf the parts in tv whieh tIl(> JlY.'· 
,1I ll ili of E x. :3 i ~ cut by t ll'O planes parallel to i b ba~e ",Lidl 
lrise(·t the al t itude. 

VII, § 309) CYLINDERS 263 

PART HI. Y L [NDl~H.s ~n CO~ES 

309, Cylinders. A cylindrical surface is a cll rvl'd su rfano 
gene ra ted U,Y a. mO\'lnS' straigh t line, called t he generatrix, 
which moves always p;uallel to itsd f and l:onstantly passes 
tll rougb a fi xed cur ve called t he directrix, The G(e n c l' at l'i ~ ill 
:I ll y Ol l fl positiou is (Jail ed 1m element uf t he slIl'ffll:e. Ulla 
elelll ellt nI](1 only OliO can be llraw"]) through u g-i. "t:11 IJoill t On 
the ey l ill< h·ienl ~llrfan o. 

\ cylinder is a solid bouli ded b.v a c,v lillLI l' ical surface aml 
t wo p:lmlle l p lanes. The two plaue sll l'facps [lI'e calle(l t he 
bases, aDu t il e cyli ll dl'i eal s llJ'Lwo is called tho lateral surface. 

The altitude of a cylinder i s the lcngth of t he perpll l1 u.ic lllar 
between the bases. 

A right sect ion of a cyl inder is a section mude hy a plane 
I H> I'!"'llil i f'IIl:11' W '-Ill its eJelJ.lIJ lJt ~. 

\' I.l S )) " Jr' .\ [, S ITIlF.\(,E 

Jo'ro , ~14 

A circular cy linder is one whose bases are cir(\les. 
A right cylinder is one whose e le lillm t s a re all peqlendicular 

to its ba ses; othel'\\Tise, t.h e cylindt' l' j" saill to 110 obli(luc, 
A rIght circular cylinder is a l'igll t cy linder whose base is a 

circl e. Stlell a cJ lillLler call be gtnlel'ated by the rcyolu tiolJ of 
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a, l'ect.'1.ugle about Due of its sill!?!> tls an ax.is; 1'01' thiR reason: 
r ight ci l'ClllfU' l ..ylinder is RQ lilet.iulils l!aJleu fl. t7/l iurl pl' of N ' /'fj

dioll , 

31 0, Postula te, \ IH'ISIII is inscribed in u cylinder when itR 
lateral ed~8g nre el tl illollh; of t he oy iin(ler anti Its lmses arc 
i lI scl'i uecl ill I it I" kl.S l~S of' t i ll ~ [',Yi i ll(li-I' , 

ri O. ~n:-) 

l u order to s t lldy t he p rop c.:rt ies of tILe cy lin der t,he follo willg 
postnlatR is needed: 

~· l c!Jliilllet Wid u. Jld,~ / l1 ill,W.' /'i/)(!il 'within it rlllI !1 VI' IIl lll /" ! f) 

dUJi? t by as 7ilth' as (I' e l )/ ('a ,~('.llflf" /1/ letfpml (l r el{ fwd i ll 1:o7 /( II/I~ 

U!I malt- i llft till; 1III IIt b(' 1' (,~r II i , lei< I~( t ILl' tJflse of Ihe prism 8J1,tJiciPII Il!l 

rfl'eat, lchilf', the leH!Jlh uI 1'((<;71 (~f IllOsfl .sides rif!f ' [JIl!l~ 8 8l{tJiciPll l iy 

S lilft ll, 

T he length of an eLl~f~ of the inS(·l' ibp. Ll p rism is oqnal to t lJ e 
length of <.LU cleme ut 1)£ th e c:yl imlel' (see 1:;;.:. ,i, I), 2~V; ) i 'lIId. 
by increasi ll :;' the n Ul1lb!.!l' of "i (l(' ~ (If tll e inllcl'i hell prism, 
the base of the pl'i"u, appl'Oueh t!s, both in area. and in Ll lv 
length of its perimeter, as nearly a:; we please to the base of 
the cylinder. Th is l att~r fad. \\ e ;i,,:,1lI I1 V, as in § 210. 

' Ve shull now proceed tv show th at the theorems :1.lI'eally 
proved fo1' pr isms U m be exteuc1e rl t v l') lintiel's by the use of 
the lwecec1i ng postul:l.te, 

\ ' 11 , § ;31 3] AREAS AXD VUL UMES .It) 

311. Theorem XIII. ',IIlin({t;r 

is UjI/a[ to tll 1. 

eta } f/t rtf is, A = l x p. 

FlO. :!l li 

Outline of Proof, h i Ol'der to prove t he t.hcOl'em, inscribt, in 
th e cy liJH1e)" a ny p rism who:-;e base is a lJOlygvl l of 11 side8, 

Thun, for tl li~ l /1' i s)/I, liY § 2,, : 
1) A ' = I x Ii' , 

where A' and p' arc, respecl jvel ~, the l ilteral area allCl the p t'/" 
l'il11etel' of t he l'Ight seot ion of the pris lIl i II l1 d wllC l'&t if; the 
l ength of an edge of the pr j.sm, ",11 1(; 11 is e'lllal t o an elomeu t of 
t,he eyliuJer, A s the number n of si,j es increases so that 
t he lengt. h of each slde approaches zero 

A ' comes to cuffe!' f rom .A by 3.0<) little as we please ; \i aw, 
I X 1/ I;OJUes t o (li H'e r V'UIIl 1xp by as li t tle as we plense. %:H O, 

H ti U(' l', Ly ll ), A (lome :> to ,li irel' ]'1'0111 , <Ii by a!llittle a~ we please, 
1t folluws, as ill § 303, t l lllL A = I X 11, 

312 , Corollary 1. Th e Illtem7 <OWl nf (f 1'i(lh" "' r cl/ lm' 

rad i tf8 of th e circu lar 

See § 214, 

313, Corollary 2, T he lateral cu ea 0.1 (tI f !! cylinder /1'7w :st 

right ,~ ectiUIl i8 a circle is eqllu l to 2 71" 1'1. where 'f is the Nul/us t!" 

the right sl'. ct iun, (wd l i8 the length of " II. pZemel/t. 
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314. Theorem XIV. The pO/lime V (~ .. 
c1. wa to tILt. p roduct () il8 vase B wu 
{h(ft i8. V = B x h. 

[ The proof is It,fr. to tJ JI~ "tudv nl InscribE' a pr i ~Tu of It s ides ill w e c)'l 
imler '~ /I d use § 2\):, a nd ~ 8 10. .Fil ii ,, \\, rile dtl! PS sug!!estell uy § ;111. J 

315. Corolla ry 1. The ?"C>I /I II/ P. nfH /" '/" '1I 1(/r ('ll','wlel' is Wi ll 

I ,) 7r/·~h . ,/'71."1"(' I' rs the I·"(U" .~ oJ' IItt i) (1..'6 (11/( / It i.~ 171.1' alUtude 
1111': cylinder. See ~ ~1.(j . 

EXERCISES 


[Ill tll~ exercise'!!, USII t he Ilppl',,;":i lllate Va]lIe ".. =22/7.) 


1. In a gteaUl engill e 0.:; ilIH'S, 0 1' ('ylill!lrital pipes, each 2 in. 
ill outl;ide dialllf'tel' ,tllll 12 f t. l Ol1g, Cun "ey t ho heat from the 
ti l'e-box through to tl l l' water. H ow lIlllch heatin t!' stl1'face is 
pl'ese l!te~l to t,ile wate r ? An.s. ·lOS! Ilq. ft. 

2. ~eglecting the la p, how mnch tin is rerlui l'ec1 to lIlake a 
stoyel'ipe 10 f t. lung :In,1 8 in . lU lli amde !' ? 

3. A right cl l'Cubr q liJltla has the rad ius of its brrse equal 
L\) ;'1 in. lIoW' g l'ea t. m n:-. l its a lti t ude btl in order tlw.t it :;ha l1 
]Ht\'e a lateral area of 30 s'1' i n. '? 

4. Find th e total area, inr>lu\li ng til l' I? 11 t1s, of 3. covered tin 
can whose diamete r is ·llll. tm d w ho:>p }\I'igl l1' is 6 i u. 

lIS. 100 1' sq. ill . 

s . Derive a general f Ol'll1 111h, fur tlw Lot.u l arl!il (ill c1adi llg tbf' 
base,;) of u. r ight cil'cubl.' cyl inder W llOS() Ileight i s h :m u the 
l'~Ldiu !; uf wLo:;e Lase is ,', 

6. What fract ioll or the l1' pt,al ill n tin C:1n ;; in . w'ide allll 
.J in. high is lIsed t~ make the tup allli bU1[Om ? 'VIJ<Lt t" 1Il a k 
t h e cir()ular sides '! 

7. If the dialJl eter of a well i.s 7 ft. and t1l(~ \\'atel' IS 10 ft. 
deep, how JIlany gallons f water are t here ill it, 1'el'l(l) lI il1g 
T~ gal. to t he c ubi c foot ? /18, 28l)7.':; gals. 

, II, § 3 l:i] AllEAS A..\'D '-OLT..TMES _6i 

8. " 'hell a budy i-; 111a.(·('lj ilJ :\ t'ylirllhil'uJ tH lJIhl pl' of 11;1tL'l' 

3 ltJ. iII d ialllPtl?l', t Ire wate l' }<3\,(·1 l'i srs 1 ilJ. " 'hat iN tbl~ 

V( ,IIIII"~ or t Ill! hutly " ~(Jt.(' that :\ .Iu rti lOd I'or Huuillg t 1le 
ull.lrn e of Q, bOlly of !III!1 1l11apE' iN hf'l'e jUtlSh·Hilld. 

9. SI,ow that. the ,'oluTI'lll V fiIlLl the lateral area .:I of UJ'ight 
circ ulur t.'y lilHl tJJ' a re (:onnp.c:ted 1),)' t he l'elation V= ~ I X r ~. 

10, Om' gall olJ is ~;H cLlbie illCltes. At wlmt h cif~h ts U I1 u 

eylinchicn l lli eas ul'illh' (' an w1,ose baso is li in . in dia lU cic l' wi ll 
tl1 e lll llrks Lor 1. gallon , 1 qnfll't, :t flua rts, 3 quart.s. btl Ifl ude ? 

11. Fi nd the total n l'en or th e galloll mea~ \Jl'j ng can 

Ex. Ill. 

12. H a\ ing given tit!' totnl 8m'face l' uJ a righl cil'mlnr eylill
J er, in which tlltl height is l'llual t u t be diameter uf t he lJase, 
finl1 Lhe vol ll llle V. 

[li l ~T. - Cil l l Til" l,e' i.,,],1 II. ] 

13. Fi llt] we volume of metal per foot of lengt h in it p ip'> 
wh ose ou ter di~ JI (li p]' is :~~ in., al i t! wl luse inne r di:lmet l:! l' is 

;) in . Ill'lI e:.] lind the wei:;ht per l'uut of length if the pi pe 
ii; il'Oll, it b~ing t:iveu 1hat irou weiglls (about) ·(UO lb. pel' 
',ubic fout. 

14. I f the Gute]' ;lIlcl i11 11 I.1 I· Jiameters of a 

tube are D lU](l ri, re:olpeetil'f'ly , show that t ll 
v(JlulI!tl ill a Jell[.,rth l is 7rIU)~ - ((1) , 1. If til 
thit'kll t1SS of tI le l u be i" ll"llot.ed hy I, show 
tlla L I = (lJ - (7 l/ 'J, nnd lle l1ee that the volum 
ill a h:lIgt h I is 

d t(D + rl )/'.:. . 

15. 8how t.k Lt the vr) lume of t, IL(' tilL \.Ii' l~x. 1·1 t; IUI :Ib " 1m 
l'epl'('sentecl by tllll i'ol'lll uln 7I'1I (d + t) ; I' by the f01'1II ilI a 
7I'lt (D - I). in t l l(' lloiatiolJ or Ex. J -l. 

16. 'What is tJ le volume of 1Jl (j largest beam of sqU Clre ('ross 
sec't.ioll that cal! be rllt fro nl a d l'enlal' log J 6 ill. i ll diall1eter 
and 10 n. luug-~' \ jhal. fl'ut· jjoll of t.lle log is wasteu '! 

0 

http:ll"llot.ed
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31 6. Cones. A conical surface iR i ~ Rmfa'~<, gl~Jj emtt'(l Lly t\ 

moyi1J g' st raight lill e .•:lB, !: ~dl l" ll t.hr gelleratrtx, wLich PUHSt'S 

al ways Lhl'flllgli a lix ('d point T~ "fllleu t he verte%, and cOll stuntly 

1"1(•• :.m 

intersects a fi xed cnn'e, called thr directrix. A eonicul sll l'fac 
thns Cl)l1 ~ istB of two pal'ttl, whi(:h ate <,alled th e uppel' amI 
1(')\\'e1' nappes. 'J!he genel'atl'ixin allY aIle pos ition is ealled a ll 
element of t h" ;';lI J'ial' t". 

A cone is :L sol il1 uuumlf! t1 by a couiea.1 ;md a('p and a 1!J.l!11" 
whi d l l'ut.s all it~ C1H11I1!lIt,;. The> p IILlH:! is th ll ll ra.Il,·,] UII;! base 
IIf th ... I'O U(> ; 111ll11'l ,P ('ol1 il'al s lll'fn('(' if; cnll eu tlt f' lateral surface 
of tl1I' rOil f'. 'fIll· altitude of ,'l l'OIW i" tlll< pel·lJ!-mdicul a.l' di". 
lauce i'l'OIl1 i t il v(' l'ie\. to Its h:l'\P. 

Fil l. ~HI 

A circular cone is una whuse hast'! is [l, circle, The axis of (t cil'
cola]' (!Illle is ti le li ne join ilJg t h e vel'tex t o the tenter of tll P bas~. 

n I, § aHiJ 26D 

.\ right circular cone i'i a ciroulcu' COll e w hose :lXiH is pl:rpel,· 
tliGula ]' to t he base. fl uel l a non \! is also ealled a cone of revolu
tion, liilll'e it may be generatefl by revel ving a right t J'ia.ngle 
aLout one of its sid es as an axis. 

F I ll. 2J:l R rr. Hl' \ I I{ 

M 

PA,R \ l .J ~ P: l, Til H 4\Q .. 

'rIl e slant height of :t co]] e uf rpV(Jl u1'iolJ is t,1w lellgth of nIH' 

uf 1l.S elements. 
.\ frustum 01 R. cone is the ]lDl'tifJIl of a (.' Olle incJ LlIlrd he

tween tbe hase and ~ se(! t ion parallel to the base and (ntttin " 
all the elnmcntl' . 

M 

FIG . :!~O. }'HUST I' ll 01' ., Cm<E 

Th(> lateral surface of a fl'u~tum of a eone is the port ion of 
the latel'al surface of the cone included bet \\'een the bases of 
tho fl'u st um. 

htl slaot height of a frnstunl of a cone of fE'\'o11.lt ion is tll 
p01'tion flf any element of the cone inclu detl b etwtlen the hases. 
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317. Postu late. A. pyrnmill is inscribed in a. cOile when its 
l:1tel'nl e,lge i> arc ele lnellts of t he cullll noll i.ts bai:>(' is i.nscribed 
i.ll the ba:5(" of th e C U rll!. 

'1'il(> following post ulate, con 6sponding to t hat of ~ 310, is 
lH::eded ill lh \:! stllLl,v of th e COlle : 

i/ II lItY /J r l/1(ul (' 10 (,({rl ' 

,I reu tl llf1 i ,t r oil/llw , (,t! 
'h il 

F lO, 221. CO~"E W1T 1J IS~C lHll l' ..lI P YI!.U t lit 

Th e base of the in scl'ibed pyramid a})proaches, both in area 
and in perimeter, the base or the cone ~§ 810) ; au d th e ald
t ude of an y face wf tho pyramid approacbes an elem ent of t h ;> 
cone, as t he py ramid approach es t he cone. . 

If t he COlle is a. right Ci!'C\ I}a l' Ca ll e, t Il e PP 3Ulid can be made 
a t egulal' pyra.miu. i then j he slant height of tlle pyramid ap
p roaches the slant !t(>ight of the cone. 

318. Restriction. T he \\Torel cone as ll sed heJ'eafter in t l lis 
book will be nll ,lerstooc1 to rofer t o a. circu/t! 1' COll e only . T he 
precedin g postulct.te ap}llie .'i , however , to aJJy kiJ)d of cone; 
and it lD a~' be u sed to ubtain roslllts for ('ones of any form in 
t hu I JlalllJOr il lus trated helow~ for eil'lmlar ('ones on ly . 

W o proceed to l!xtE'lJ(l to ci rcular cones certa in theurems 
already proved fol' ]JYl'a mills. 

Vil, § 321J AREAS X\D \,0 LU:.\Di:H _ , 1 

319. Theorem XV. ThL' /(J tcm l f//'e(( A (if" (l I' i!llil 
ci!'cuiru ' cOILe i~ l: fj {((t/ to Olil' lutl)" the p J'ulill f'f Il if . ..; 
;lall t ltei!flt! l W lt[ th e circum/ert /we p of it~ ~w;e ; 
that 'i~) A = l x jI 2. 

Outline of P roof. I n sm:.ilH.J a !'pg u}:n py mwid of 1/ fal:es in 
he (' (JIle ( ~('e j"ig. ~~1) i l, iJ en, by § 2!JR, l it e l ltt e ral a rt:a A ' of 

t1 11': py m mi,l is equal to oll e ktlf Hle pl'oduct oJ its sln.lI l. lwight 
l ' ;UJJ tho perimetor p ' of its b3.l!tl i that is, 

A ' = ~ I' X p' ; 

and this formula. is Clll'l'c r'l 11 0 lillt tter h ow l al'~e 71 Illay b". 
By t,tking n su lliriently lal'ge, A' e Oll lt'S to differ by as 1i tt Ie 

as W6 please f rom A ; wl ti le (' aud pi come t o differ by as li t tl\:! 
as we please from I il lHl P, I"l'slloct.i vely, ~ ,3 17. 

Whence, as ill *:a l, 

A = k' X p. 

320. Corollary 1. ,/,/" 1111/'rIl7 W'/'t/ of It I' iah/ /' 1"1"/;117(/ I' ~IJ II 
i,~ 'IT" • I, 1/)/' ( ,.e ,. i s Ihe ftftlil~ '~ t(1" Ih , bft,~e Qud l is Ihe ,~lrl/l l hl! fyht. 
See §~ ~nU lind 214. . 

321 . Corollary 2. T i, ,, l'1 lr;ml I II'el l of It F 'IS/ II "t , ~r rt. 'riflht 
t.:il'c t!h li' ('Oll e i s e'J II(l l 10 (j ,lt' /' ''( ( the j ll"fJ/ l(f c( Of il" sitll il heirth t 


II tl /h e ."' 1/£ (y ·/lt e , · irl ·'I1 I1.1( ·ttl ll l't!.~ Of ilS llll,w~.~ , 


L M 

F l U. ~.!"J 

( T ill' pr ')(I'[ is lefL II I t il.' »Lllll l'li t. Insnibe ::L frustum of 1\ rC!!ll lal' 
pyrawid ill t.lJ~ giveu frustum ul n CU II C, Rlllillsl! § <:17 a:lJlI § ~ !J ~ J.J 

http:postulct.te
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322. Theorem XVI. ,·1111/ se("{iun I~r II l' i n'/(lft l" ernie l!amll,}, 
til i/" vlIse i,q u dJ"I'!e 1/)" 0111' ((tN' is 10 Ilwl /(( the fllt 81!. (t .~ the 8fJU 

I~( it.~ (liS/ II/ I Ce / '-011/ th e /'Ulex i,~ to Ihe .~fJ/I 't,.e of the ,fltit ude 0/ 

the rOIlP. [ UI " T. T c) j1rf) I'Cl t uat tlJe section i~ a circle, pa....~ :my l wo 
planes through the axis of t I,e c~ 1illll er, alJd sholV tha t t hd r il1 ter,~di()lls 

wi .h lue se ction are t'fj ual. T heil iURt!r lbe a l'Pgular EP 'a lllid and proceed 
s ill § 31\1, UJ:>ill g §§ 801 alld 817.J 

323. Theorem XVII. Thr) 'llo7lime V (~ 1 (I CII/l. t; 'is 
"fJ" t.l1 til U I/ I ' th iT'IZ tlte i ll 'or/lld . it~ ba..,e B ltml '1·t:. 
(fltil nrle It; that is, Y = Ell ;) . 

[ Ill " ' . r ,e §~ 317 , sou, a UlI pl'ocecd as ill *:ll!I. ) 

324. Corollary I, 1/ J i'UI,'L UliY CUiW Ichose UU8C 'l8 B Wid 

!Vho,~e alfiflldl' is II, () fl'/I.~tlllJl ,:,'1 Cll t , n·I/() .~p /IPt)(' ,' 1)((8e is TIl (mel 

whose alWilde i8 h, t/l e l ' lJ! lI lIW V I ~ " tilt' j i" lslam is 

v= ntr_ B' (I:' - h). 
~ .) 

o 

M 

ItILi . :!:~:~ 

325. Corollary 2. 'I'lLe 1.'1!/lliIlI! o( a Fllstallt of anN cOile ls 
e1l ual to the ,~!lin of three cune8 u·hos.; CO"' )/bU I I ll/titucie i:s the alti
tude of the jt"IIsl11m aud wlw lJe bas e,~ to'e the tll;O bases a nd a meal! 
propo;'tioilal between them. 

r"" T. URe §§ 32:!, ;S~N. not ill l,( ,,11;0 § J OB. ] 

VTI, § 325] AREAS A."'D VOLUMES 2, ; 

EXERCISES 

1. The altitude of a. r ight Cil'cll iar COllI' is 12 iu. and the 
l'adiul:) of the base 9 in. Fil1l1 the htt,emi a.rea a1J(1 the total 
ar ea of t he l:une. ..lng. -lUj !lq. in.; o78~ sq. in . 

2. H ow Ul allY sqlJare ya rds of cn.nvas are there i.n a eouicnl 
tent 12 :ft. ill dia mcteJ' a llLl S ft. lt igl, " 

3. 'Phe total Mea of a righ t (;;l'cula.1' (~on e wbose al ti tuue is 
10 ill, is ~80 "''1. ill , Fi llil the t utlll area of the cOlle ('ut oft' 
by a p la lle l)<ll'allel to t i lt' lmst' an d (j il l. h om Hit? Vl' rt t'X, 

4. T he al tit ncle of <l l' ig-ht o:.: il'l'lllal' o:.:t)lI (1 is II. Hul\' rar frU Ill 
the vertex m llst n plane be passell 1',U'HlJ el t n t h l! uasp so that 
the lateral area of tl,e COlltt ('uL off ::;]) ,1]] be one hal f that 
of the ol'igh ml coue? ..iii 8 . 11/ '\12. 

[ Urn. Fln, t pl'()V(~ tll nt l ), (' al'e" "f tlu.. (']'":-,, Sedi li lt llHlI le by ti, 
)J li l1W will lle IIlt t' Jla Jf tl ' l! !In';, ,,1' WJC lIn.s t'. T il l'" app ly § :J ~~ ,] 

5. T Lo s1ant heigbt <l)t(1 t lc e clilllllctel' or tlle base of' H r ight 
~ il'c ul :,u: cono ,U'/l ead l oq ll a1 LU f. lrind t he Lobd area. illl: lud
109 tlHI bn~e. 

6, 'Pile eil'ClIlniel'enc.e or the base oj' a eil'clIl a J' ('o ll e is t1 rt. 
alld itg height is 8 f t. Wl, at is its volum e -: 

2.j·~ i) -. ' 
-"" 1il :~. -. - I 0 1' "",:J acu. ft. 

•, 'Ir 

1f t Ile height of £~ cit-cHlnl' Gone is 10 ft., w hat llJURt be tlt 
1,ftdiLJ I:! of its uase in (m lG!' t ll aL t ll e Vollllt lt' Il\ay be :~O cU. ft. '.' 

8. A fl'u shlln of a 1.:0ll e is 1 ft. lliglc and t llH l':ulii of its 
11ases a l'C l'espectively 9 ft. alld ~ f t . 
}I'intI its volume. 

9 , If l' and R are tlle l'adii vf t.lle 
bases of tl!i;~ f1'llstuIll of H COll e ll.lllll is 
its slant. height, thld the fonnilla for its L M 
voh III I !:" 

'r 
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PART I V. r;1~XEH.AL T I ' flW l tE~rS O~ l'ULYILlWnO),S 
!:HMJL A H,l TY HEU LTLAlt :-\!lLW::; \ · OL.U~l EK 

326. Theorem XVIII. Tw() tr ;(l/lff,dr/,. J'lINllll ic/,'! Il,at li nv 

a tri /i ('cl l'ul (lI1Ule of the Olle "quol II} , I (r i lledl'l l l ' lil{/Ie (~( tI, e olhr:r 

al'l' In each other (t,,! til e jJ I·oc7 I11·I.~ n/ the erl'J!!.3 i lic/lldiTl!! t he flCj lllt { 

t fill(!dl'lll (( /l yles. H 

o~ . ;;,\ ',~ ) O~G 
F' 

F 

FIG, 2~! 

Given t hp t l'inll f,rn]:\1' p)l'nmill R ()-pa If nuu O'- P O' TT', witl I 
the ttihedntl L () = t rih ed l'a l L (I' , fUll! wieh VO hlJlieS J~lllot.(" 1. 

by V and V', l'Cll p t ~,:ti v~l y. 

To prove t;!Ja,t Vj V' =[UF . OU. UlIJ/ [O'f,". 0 '(;'. O'H' ]. 

Proof. P Iac,' VYJ'<i Jlli ,l (/-F'O'II' so t.hal t l'il1E:' dnu L 0' will 
ooinci de wiUt t l'i]H'utal L O. 

FroU! H and II' l1m II' iff{ :\ n,1 11 'K' pl!rpendiculaJ' to the 
plaue OFf], 

Then 

But 

VjV' =[A OFG· Ill{J/[A OP'(l' . 11 '1l'] 
=[~ OPOJ, [~UP'O']' [ilK / iT'l," ], 

~ OFO 
A ()Ji" U '  ( ll 

\\ 11 ,\ :' 

§ l ~)a 

Agaill , let tl le p lall e ,1otel'lIli neu by 1[K ;lII d 
plaue 01"0 in l ine OK'R 

1-[l Il' illte l'SP ltf 

Then l't , 6. OKJ-f ~ 1' 1-. ~ O l{' 
rr herefore lIle/1I 'f(' = (J iJ / nlI' 

V OF. no Oil '~' . ("1fr . 

W hy? 
Wh~ n 

II'!'hpl'eior V,= il' = O'pG )'(/1-: '(7"1 . 

\'11. § 330] TEXEUAL THBORE~1~ 275 

327. CorOllary 1. ,/,/1' 1) trirOl!l"lu,' jil'ilimli fhnl li Cl/'" ,I Il'i 

/"'''I' li l IIn!I/£' , ~r l/i f' " IU ' 1" /IIt( lff/11 Il'ih{'rir,'/ (/II ({[,' /!( fill' 1)111,'1' (II" 

If) ('( l eI! 0 111"" (I,~ II/(. J1 l'ii l lll ('f,~ of Ihe: <'(/yes ;"df/dillg till! f ,.,'lwrirul 
II/ '!il,·s. 

( 1I , 'Il'. 13 N;: r1k the' Pl'If' 11i lip l ilt" I ri :Lnl!"Il I:l 1' \,,\ I'allli tl~, at,1l 1l6e S :~2lJ 
<J n,1 '1'11"" "1'11' II, S '.I-I. J 

328, CorOllary 2, 1'11'11 / >I{l'u l /r' lepij,,,t/1l l!illl II Ii I'" (I Il'iherlm / 
"" fl l , '/, "'u 011 (' "I/ "rI' I rl (/ f "i/II't/I'''! (UI! ,'" ;~t' ill(' olh(> /' 1/ t,J 10 l'm'lL 

"'11'" ",~ ," (' prod ucf" 0.011/' I ', l~,e,~ i ll" j'lI / i uyl" !' If i/" " /m l cl li [1 II'. 

329. Similar Tetrahedrons. T wo tel r:LlI(,t!rolls (tllat. is, 
tr iangular pyrarni rb) are saiQ to l it,' similar if t1l1dr faces are 
similar eae h tu paoli amI siTllilflrly pl aced. 

330. Theorem XIX. TIll' I'(lillm l"~ of 1/1' 

rll'O;;R w'e 10 I'ltch other a ,9 tllf' cube>! c!f allY t l " 

edges. 

0 '-:::: jG rr4G' 
F F' 

F [c, 225 

Given t llfl similar t etralwd),()ll s O-FOH ;'11 111 O'-FI (;,' rr' with 
the volumes den oted by V awl V', aml wll h OP an(l OF ' two 
correSJlonding edllas. 

- -is - 3
To prove t llat V,'V' =UP ; 0 ']<", 

Proof. Tl'ihelli-n.] L f) = lr ib pul'al L 0'. 
Thel'eiDre 

Y/ V' = 

Hut 

) , 

§§ l u8, :!71 

§ 3~O 

§ ;;~G 

,rhy,' 
'1'1 Wl'l' f0 1' 

V/ Y' = i 'R' ) (OF/ O'P'; (UF/ O'P') = OP 3/ U'F,3
• 
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331. Similar Polyhedrons. Tn general. similar polyhedrons 
are polyhedr ons whicll luwe t he 8(1,1I1 e llllillher of fuces similar 
each to eault a nd sillJ ilarly placed, and their cones])on cli ng 
}Julyhedral allf{lm\ flll1lal. 

In tJw calle of ~ ill1 i1aL' totrah (JLlr oll~, tle t rihedral an gles 0 

the ono are n8uess(Lt' ily crlll:11 to t llOse of the other, if we know 
only tlia t tbfl faces aJ'fJ si lll i ial' e:lf:1t t o (' [tell, s jJH~ (J the "iUl i
larity of t.lae {,LOPS lIl akes rJIO th ree i'aue angles at each vertex 
l;I(plal i ll l'li e t wo tetl':llic(ll'om;, by ~ lOX, 

By *:1:';0 :l.I1I] ThoOI'C' llI 11, *J II , we ca ll Rhuw tha,i. till y 111'0 
i;imi la r poly lle(lrolls ~U'e to cadi other as th e 011be8 of a.llY i. W(J 
corresponding I:!rl gos. 

332. The Regular Solids. \ regular polyhedron is one \\'h o~ 
faces ar e aJl (',ong1'1\ent regula r poly~ons and whosE' polylwdl'ftl 
a ngles arE' al1 l ikowifle congruc lI t. F ive ty pes of such poly
hedrous 8 .I'C T'I' pre"ell ted 11('1011'. 

~~6:J[]JLJ

!rounbnOrrf DOlJ')CAHr.LJ nO~ Oc"'t.\1JJlIHl.UH (;r llf: T t:T la UT:DRclS' 

)t'1(; . :.!:!n. T H .K J",,' to: H.EC I1 L AH. S OLJD:i 

We shall now shuw thal the alJov~ types art! the unly pos
sible tYlles of reguhll' l'() J ~yhel.hons. 

\ '11 . *:i:q I : 1-:.:'\ l ·,H.AL T1lli0RE~ T~ _77 

333. Theorem XX. ,";,~t oldp fi l' I' d,jrl.n'!:II I 1,lIi't!.~ q 

"I'u" inl' jJol!lhl!d rol!,~. 

Proof. Th e IJl'Uof is basel1 UPOJI two f:'Lets: (1) tl lat any 
l'olyhedl'al ,mt;le bas at least, throe faces and (~) t lJat tL.<: SnlU 

uP the face aJ1~ l e:s of any COll vex Ilolyhedral angle mnst he 
less than ;)liO°. (See § 270.) 

SllpplJ~e t1rHt tll at eal;h fa l; t1 j" t u he a tria nf!l e, 'Phl'll ) frll ill 
t he llefinitioll of a l'l'fiu1al' IJt.ly ll1;,tl roll , Ole t,l'iallgh; 1II 1Is1 ",. 

e(luilateral. I ~a(;h uf its angitJ!:> will tllt;;]'e [ul' !J IJl' (iO-. ( 'tJiI

sell llently, by stute l'lellt (~) above, polyhellrnl t\1 lgJes IJlay hI' 
fOl'med by cumbin ing three, :four, or fiyc such uli glei:i. but no 
lJJOre than five can bo thus usec1, sinus six such all g1e~ <l IlJUUJ. t 

t o 360°, while seven or mure of thelll exc,~ed 3 1i(lo. 

Therefore, not 111u]'e t han three I'eg'ul:ll' pnl} hecJrons fire 
possible having triangles a.s faces. T he j-,] Il'ee that m'e pos~ihl e 
are t he ruguhr tet,J'ahedroll , regul:ll' octahedron, a llll reglllal' 
iCllSahe(lrol1. (See Fig. 226. 

:-:lll ppose secol1cUy that l~ach faco is to be a S,}IlU l'C' . Eucd l 

I'ac:e angle must then he !lOa a\l d, the 811 111 flf i'OI U' SIl(:11 :lI'lgles 
IIPil1g :~GO°, i t Iolluw!> t haI, hu t one 1'llgl1hl' puly ll ed l'flll i~ pos
~iul~ having' sql1 lll'E'S as ~Ides. 'l'ht' CUL'l' is rJw uw' t ll at i s 

!,ossible. 
TI,i1'tlly. :-;uvpose that @}tcll face is t o 1)1:' a 1'egnla l' pelltagoll . 

;-; ineo ea.('} 1 of the Il.lLgle" uf ~11"11 a fig-lIrl! is H)go, it follows 
t.hat IW IIhll'e 1han OIW l'eg'ul :11' poly lte,hull is 1)() :lsi l.Jlf~ \\'ho~~ 

['acc's ~II'P pl1ut.agoWI. T he !IIlf' i bat i,~ pOllsibl p I ~ tlll' dOlleca

bedl.'C)J I. 
\VI> V:lU p]'otoSOll no :i.'al'llwl', fur \,ll e ~ 1I111 o{ t hl'l"H :tlI g1e:>. of a 

I'Pgulal' l1pxagoll is :~ljUO, while th, ' Sill !) "I' l lt l'f' e aHgl {· ~ of nny 
I'egnlal' polygon of mOre t-I lau Rix sides is g l'l"atlH' than 360°. 

HencE' t.he t heorem is proveil. 

~I)TE. The!<1: ri'glll!~1' $ol iils oer. nl' III nnllll't:! in the f()rlll s of a "ar iel), 
of crystals i Ullt Hut all crystal" ;jl'(~ l'Ul!1t1:u' slllill". 

http:Oc"'t.\1JJlIHl.UH
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334. Models. ';Uutlal!! of t Il e Ij va pos!'i ble l'{"[ul al' poly he
droll s \.:;Ut Iw easily CUl1stl'lIcted as follows: 

Draw diai!l'alIJ S on cUl'dholud as i ndir'ated ill the ti g ul'es belllw. 
' ut these !lil t and thOl l c'1I1 llal f way through tho clotted lille.ll 

so u,; to make it eas.v t o fold alung t hese lines. 

M\'" 
\/'.,.. 

Fi ll, 2'_'7 

Fold On the uo Ueu li nes SU as to bri ng t.he er1 ~es together, snb
<; Pf]llPut.ly Pn.8tillg ski ps r) f paper uVel' t he ei"1 g't!s tu hulJ t lll.! 
sulid in jJo~ ition. :\[uI1I.ds of iJ le Le(.raht'cll'OI I, odahetirOlI , a wl 
icosahedron may ah;o he lIl ade Vl!l'}" 'luiekly by ll illgillg tu
geth er shor t. umbrpJla wi res by mean s of ::.trnng copper wi!'t'::! 

stJ:nn g t h rough iJle end holes, jtJi ni llg log-~t.her at each eorlll' !' 
the l'ropej' II ll1 nhur IJf rOil s. 'ril l' ~tu.]C" ll t Inaj sho w ,that each 
lit' the:-;u uLodels will l)e llui tc rigit1 wLtul l!olU pltlttltl . 

VII, § 335J G8XEltiL T1U~OHE1IS 

335. Theorem X XI. 
/Iff' i ll"1'"/I''' 1> 1'11" (>(> /1 tit 

avalieri's Theorem, {r tIl' 

P If .. ::!28 

279 

r 

Outline of Proof. '['he 1wo so litls 1IH1." bl! rliviLL"cl into a large 
number uf thin ~di ces Ly s!'<: Lio11 s p:11'Illl, '1 to Il le t wo i l )(d utl ill~ 

}Jlalles. TIJ{>se ~liCI·~ lIIay Lr tholl ght- of !IS :lPPl'O XllIJ:ttt'ly 

oyJin d rical, !l Il U t he S11lU of all tl:e slTce5 in pit \: el' ca.se 15 the 
vo lli llJ8 of i be suli d. 

'he bases of two cort'espor:;1i ng slieell of j-he two solids 
between t Il e same two p hllPS 3 \'13 i' (l LHU in fll'£'a, by 11} }lotl18Sis . 
'I t is thereforo apparent. t lluL t h ,., '1'0 / IIIIII',~ uf !,lIe two c. liTes I Inn, l. 
m A' ~lices eli lrer :l~ little flS we IJl c:tf'fl if t heil' lliick npss is stdfi . 
ci e ntly smaiL It (' ::tTl he iihu\\, l1 in a 11 r(wis '~ manw'!' t lllll: tll\" 
toral VO !Ull1C1 V of one of Ih(> solid:,:, which i!> the ~um of :111 
IlLlL'lt slic 'ps, ,l ifTe rs f tOIll the total "olumt' V ' of tue other solid 
')' as little (I S we ple:tse. 

Hence, ~I'! ill ~§ 30;';, .3U, i t follows t hat V=V'. 

Non. n bsl!ryc also tllUt §§ ~\l3, 80S are "lS3Cllt.iall~' Spcc iltl cases of 
wh M lJl"JccdC!!l. 
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336, Theorem XXII. The Prismoid Formula, ~r 11/1.11 

flt)/irl S (~,. u ny (~r IIIi' h';' I(I,~ " (JII,oil{Neil i,l '''i ,~ (Jl ll/ i ,l(>r is 1)// 111'(/1'(, 

{I.If II I;Q j,urallel 1,[0 lie "I!CtiOIl,~ n /ll/rl T , (1/11/ i( " I[ d 

of (w,olh er 81:rtio ll pundl ei If) fl l"! Inil / llla.'1 

'1)01t( me V (~t' S ioS !Ii ce,l O!/ Ihl' /O,.,/tl/!rl : 
V = rB + T + t .If) , " / Ii, 

,"" (>1'1' 71. rJ ~ ,c"d .If (/"111)11' II" fl l' !''''' ' { ( 1" 1' ,~"I:/ i"II ,~. I/I,,1 " d" lIlIl ex 
till ' r7i8/il III'e fwlll 'ee n B (/Ilr/ 'l', 

T h(' (lroo /' or tll l ' !,I'L'co(l lll g fUI'lilld ~ e(lll ~ i :-1ts ii i :-;liuwillg' t.1 mt, 
it l'l' d lll:P S i ll ('\' (e l',\' t;u",o t u 1 he VI~ I'~' f() l'l lll lla foJ' vUllllil e tllat 

li as already lw(m P I' OI°l:tl ill the rut i,' ]ps ;lhoYc . 

Outline of Proof for Prisms and Cylinders , r1I tl IOS(~ casCl s, a I [ 

p<u'allel se<li;lOlI s ar e c<] l\a.l U~ ~j'(i , :~ 10) , Il,cl,ee B= '1'= .V j 
an(l thfl torlHula t o be pJ'uvcll be(:omc;l V = B ,h, which lIe 
have ahead.) pro ve(l to hp. eO J'l' ed ( ~~ ::!~) G , :.:n4)

Outline of Proof for P yramids and Cones, III t,hp:'\e cases \1'(' 

k now t hat thb m'm!' of ;LIlY s(wlitl ll parallel to t.lll' Ui1He JJ i:; lll'U

pOl'tional to the s 'lll ;JI'1~ til' i t!:; ,1ist.ant,;B £rOll] tli e Vf' rt cx (~§ :301 , 
322). H ence, siueu J[ i" ;It :1, J istall u6 11 / 2 Irellli the YCl't(:jx, 

~1!. _ (Ii ~ t _ 1, B-1 JI. 
- Ii " - .J' OJ , ., 

The top sedion 'J' is zeru, ;'\ i])(:o tl ,l' top bOUIlI1ilI g pla1l !! llleets 
'3, ]1y ralI!i([ OJ' a cone in .i ns t oli e poin! Illl Lhe l' el'l(~X , 

Hence tlll~ fOl'lllnla to 1." f! l' (lVI't! becum es, il l this <lase, 

V = [B + 'l' + <I )fJ ' h/ G = (, H + 0 + J3) , hi " = WI} '> , 

wh ir:h \\' e know to he t:(ll'J'ect, !i ~ 30G, :W:3 

Outline of Proof fo r Frustums, GiI'f'll a Fl11stUII' nf a PYl'l'il, dd "I' nf 
a (;flJW , let IT 1.(; t Ill' cli ~ tlllli ' e Jr"lll 111 (1 vertex 0 In t l, t' lal',!!er 1)( tl,, ' two 
bpund in;.: 8eet, i li )j ~ , L L' r n l'l'!'le .'ielJ t. t l!i ~ 1nl'gt, r 5e~lit)n . '1'], .' 11 1/  h i~ 

the distauce t ro lll 0 tl) I he I)l lwr h() lllldil '!! seet.ioll T, and II - It / '2 iloi III 
distallce trolU 0 to rl,,~ nJidtik hel'lil'l)( ~ll, 

'Va know tbai the mitUllc V,.f tll~ fl' li~lUlll i l5 

Or, since 
we know that 

V = [Wi  f (1I - 11 ))/ 3, 
T B= ( II-hF/ll~ , 

§* 30; , 52! 
§§ :30] , o:.l2 

\'11 , § :ml (; J,~,\ J; I : AJ. T II E l IRE:\ l i-: 

v = RCB -(1I - /1) *, lI ') 'S - !!.UI flJ_:~ E h + "~]Ii,." 
l-ii lJ ('O T/ B =(H- hV/ Fl 2. awl .1 /, f1 = ( 

t.he fO)'l JlHJR II! Ill' PI'/lI'I' r/ lJl:ty 1" . Wl'il teu, 
- Ii :.l l" , ll ", 

:281 

= [ R + '1' 1 Llf)h, Ii = 1 II +~hJl J 
, H + .1 ( IT -. .:~ :!, I:" H I~ 

= ~ [:l ll c  ;-1 If/; --I h" J '~ . 
T{J :; 

TI1i~ i~ {ltpli\"a \f' lIl h I t hp .l'I'1'11 1111a lhal w,' ItOII v, !II l it, !'tIlT ~'l ' 1 h L' III 'V lit 

111l'1 11'1l 1l1 i:-:. [11'11'\' 1.'41 . 

337, Uses of the Prismoid Formuill , '1']" , I'l'i';11I" ,,1 f" I'I , Jl tla i,.; " ,'''" 
VI'lIlt'lit U)t..![1I1H 1)1" l'1· lI l\ · t lllwl'ill ,t: f h. , ~ 1)11t 1 1l1 ' ~ fir : l \~ ll'it'f Y IIf so lid;.;. \\" l~ 

sbl~ll S" I' ilJ ( ' ]' ;qlll' r V lll rit al it !J "ld ~ .l ll " ~pl,,' n" an d rl'll ~tll IJl ~lIf ,pl" '),('K 

a~ wl'lI II ~ I'lli' !.III' ~"I i,b of th l:; ,'l"ll' tuI' , 
i t. al!;tl h" lds {IJ I' all Y ''' Ii'l ] ">lIIJ.ll',l hy til''' Jlnw lle ] pla)l , , ~, lIJ arl .. 11 1' I.y 

joiniu/,t tll~ " I I,,' r 1'1'1''' '" id" l')'iSIlI~ . ('L('" h Olllitil ',j 10,' I h e ' fll ne t.W() plllll",' i 
slIt 'li II Ro litl is l'" lIed II prismoid, 

F rt;, :':~! I 

The r "nll1tia i~ II"'" I"" ', " xll' lJ ~ ilt..ly by L' I, !! il,eel','; I II e~tillJ"I(' 111 
voluDlr'S ,.f l 'IIl'i "IIS 1II ',ie. 'r ,'. sll,' l , II' III" \'lI lilt ll " fi r a 11ill, '"' t l ", vlll 1l1 Jl U 

of H ll1Nlt! , 'a'li ll ,~' , ~illl'e ll w Hni ll " (1I "l lI l1l li hplds fUl' Rl.l ..h 1\ lal' '!!' vrtri \,ty 
'I'f ~oUds. it i:-: n' ;.L.;";f ll! fl l)l ~" ~ :1 r~ · f4 ) n~l! Ir. IMl t ho ul (Jr/' il stnpp/n(l t o 8,.(, 

I' ll iell Qjlh ('SI' ~u ltu.s l'ral/y J'eRem/d l 8 Ih r' (11 ~1'('I I ~hfl ~(' 1" "'1i1l 1 i" (/I' " irp!/, 
It I;; sl lown in lII rtl'l' a (lyal ll'C( [ lJllol,,, I li a! lI'f ,Wtllll' /1) J' tlIu /rl holtl,~ 'vh,"' 

,' vc r tiw (l I'H I 0/ Iii ,. " f'(' /.iulI Ii!! 11/'(1 ph/I/ I ' /",rlllll'l to l lip /)"I//ld il'[1 plclll f " 
is p roportiolla l l l) f lU' '' 'ill ll,.e /If till' '/iHifJlII' r / 1'11111, R/) m p .tUNI p"i ll t In Ihat 
)l'flil f, i)f [lJl;l' ,ulitb Hilt J' lantin l ll' t1 nther\l'i~o ill (,;jJ,: lll enlary geollletl',V 
sai i&.fJ t hi" l'erJu irement , 
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MISCE.LLANEOUS EXERCISES. CHAPTER VII 

1. Show tb aJ ,· \\.llY St~ (, t i nn of a. cyliudol' HI tlp by :l plall 
passing through au delll t'1 11 is a pa rall elogram, " rllat, is Iii e 
sectiou wlJ el1 the c,vl inde l' iii a l'l ght eyJi n1Ipl'? 

2 , Show I,hat l 'Vel',\' S(!I,t irJl1 ur a C(llll:' mad,! Ily OJ pIau 
tl n ol1g ll t ill ' \' (:' I'U>X j,.; il 1I';:lI1g l l " \\' hal is Lhe ~wuti ')1 1 when 
U le COl li' ill :1 rig-h( l ' UIIP? 

3. I f II, f, . 111111 (' al'e tlw Ilillll'llsiul1"; 0 (' a jlnl'rtl ll,lcpi peu, 
li ltnw 1 hat i I II.! Jell gr II of its (l ill ,~ClIHll is '\ tr' + II" -0', 

4, H o\, ' lUIl~ an lIluhn:l lu will ~ll ill t,\I :1 , t l' ull k mcaslll'ing 
:)~ ill . by 17 ill . hy 2 1. in., i lll;jrl ~ lu eaSIl I·t!, (n ) if t he um brella 
is laill nll t he but,tom ? (1/) i r it i;; placed 11i;\gQually hpI \vean 
oPl'o:;i te com e l's of t Le top :wll hoi h Im ~) 

6. Fi ll .-l the volume of :1 p),l'alni ,l Wlt l) RO basI> is a. rhomhwl 
(i ill. Oll a ~ i (le antl whose height if; rj in ., if UI10 a,llg'le uf t,11 1' 
T:!tom hilS is 00°. 

6. The G I'l'at ".\'l·Ulllili in Egypt is ahCl lil, 180 ft. bigb nnrl 
i ts basl' is a s(lu:l l'e munslll'i llg abuui 7H I rt. Oll :L s l(If'. Fiwl 
"PIJl'oximatl"ly it" \ ohll ne in cu!Jic yal'ds. 

7. \Vlller is pou red illin a (' .)' lill l1ricH1 1'1'~1' l'\'o i l' 2:; ft. in 
duu l1 E'tel' at rhE' I'at.e of :)00 gallolls a Illilli tle . Fi ll ll t.he tnt. 
1Jllluhel' of' iuches pE'l' tll inutc) at wbich t1le watnr .l'ises in th 

rf'se l'Vllil' (1 gal. = ~iH CIl . in.). 

8 . .\. l:o pper [ '"<LP0\' is 9A ill . in (h:nnpleJ' at the Iwtt.clIn, 
8 .in. at the tOl ', ;tnd 11 i ll . (1(>['p. \ll il ,,-ilJi\ -I:! fH l' i ll. [oJ' [(l('ks 

antl wast e, IJ o\v IIl lich metal i ~ l'e(lu i l'(>(l fo l' its Cllll :;t l'llCI iOll, 
exclndi ng- tlle cover ? 

9, 11 conical SVil'8 ha.s <L slant h".ig'llt uf GO ft. and the 
pel'i11'lctpt' of the b(lge is im ft. 1<11111 the lntpl'ul sl1l'face. 

10 . H ow l ilRny cnll i" i1l ,,111'8 of lead art' 1 hcl'P in n I~ i t'ce ( II' 

lea,1 pi pe ~ ytl. long, 111(1 olltt>]' di: llI lI' l f' I' hril l;; 2 il! . ,(1It1 t.he 
thit:k ness uf tue \('ad buill!! l rlf ;1fI ind l ': 
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11. T he ch.imney of a factory Las appruxl lJlately tIt£' S hll JIP 

of 1I fl' l1:; LlllJl of a. l'l:glllaf pyramid. Its ll eigitt is 7.j ft 3 1111 

it" ul'{1t!l' and lllWf'l' !tao!!::; ll r e sq U(l.1'es whose s iues n re 5 h . 
HIllI ~ ft. respectively. 'rhl' flue is t hl'oL1ghol lt a s(l une wlws£' 
side is 3 ft. H ow mnny IJnbio feet oI material dol's the 
::liim llt'Y (:on t..'1.u J ·: AsslIming' t hat a briek i s S i ll long. ;; :1 in 
wille.l1l1 tl 21 in . llli C'k ( as is orJino.rily t he cm;e), tJsti lnatc Lbe 
!J umboI' of h l'i~ks ill ..uc li [\ uhullTtuy. 

12. UUIlI )J'U·(, (itl' lallll' :L1 areas, U tI" total n l'e(l~, Hl ltl [Itt! 

I OIIl U1P.S of (1) a dgl d cirrll l llt· cyli nder au,l a. l'igllt t'i ['('u l;u' 
lOnl' having t'Llll :J! bllSl' S a uu rd t it lllh·~. (~) a. l'f'g llla t' J>YI'[lII tid 
awl a l'egn la l' l'lisw hll,viug cOllg l'UeuL bases amI Oll11a1 wtiLllI lf's. 

13. A staTubrll rain-~aug-e is IIl nll\3 by inclosing a luh E' 1 
ill Ihe ih tel')Ol' of a ean .-I(tDE amI conD I~cting t he 11I Dlirh of 
the tnhu to the mouth of tIl e Ca.t.J uy a r llll
!leI P(;l11. Tlwa,molllli of water, measured 
i tl j}lc'betl (Il... ptlt), that. !J:\S fa1J en ill iJw 
'''1 l.'iJII t.y o f' the gILl I [te ill Il.'tCI'III 111 erl 1)~' l'l'lltl· 
ill!:! 010 .hcighL of ill(l IVlltl'l' ill I he t illu>, 11, 
~'hl(l a form nlfJ fOT: t he n.JUouut or ra ia t hat 
k lS i'aJl eJ I i ll terlllS of t he heIght. Ii of t ll 
wah::L' in the tnbe B, the l'atl ins I' of the tnue, 
a.nd the l'a.di lls R 0 [' LIll! ClUJ. _l ll'~ . /l 1;J H". 

14. If 0I1!' of t11e elh:es ()f a. tetrab~'llron i" 1 in. 10m;, Ill)W 
lun g will \.)8 t lt l1 CO t'l'l'>l1'0 11 J jng edge uf a s i tIl i1 u.l' tetl'al l1:lth uu 
of ~ times tl ll ' \'ollltn e '.' \nswl''- l he IlRUle 'lllesl illll for 1be 
l!aSe ill witid) t.he Dew 1l'tJ'll\lt'rl t IIU i s to have /wl( ti le VOl nlJll' 

I, tl '" 1 I' . I ' .:1; , / "' q ,n Ie ll L'lb'lmli . or li S. _ I n .; I v J = .j, III. 

I S, 1 t is Il ima.l 10 ,~lJtLe L1w Ilil\1Jletel' r7 or a lubE' ill illl:l letl, 
au el l1w :lrea A of ilH <lurJ:H'e i ll Si ll ta l'e ['pet. Show that tllt~ 
formula useu by t.Jl1giuet' ril: 

A = (J.!?(i18 (1/ 
gives YefT Jle:U'lX the CllI'I'e l·t 1';J,.lue ill SllLHLI'P feet, if d is mea,,· 
lll'Eldln illl'Les, a1t ll t it, 11!1Jg'L II , 7 i !> IlteuSlll'etl in feet, 
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THE SPHERE 

l'XIt1' T. UEN lm _\ I ~ PHOL'E U'rl ES 

338. Spheres. A~ sphere i;:; II purDoH uf space hounded by a 
sul'face ::inc h Ulat a ll I:!tl'lLig ht h nes tu it hOIll a. ti. xeu poill t 
wit hin al't' eq ual. 

'rhe fi xed poin t within the sphere is called its center j a 
l ill i' st"glil eli t j oilli ll g Ole et'nLI~l' to :lily ]Joint un the sUl'faee is 

" c 

I ,* tt ' ~j( 1 

a. radius j a. l iw' seti l Jl ellL (/.1'<1.\\' 11 Ll ll'II u g li till"' (' ("lI ter a ll J LeI' 

Ill ill ateu a t both en lh b) t Il e cl1ll'f'al'u i!': a diameter. 
It J<lllow~ hum t.ht:se (l elill ith){J :l that: 

Tlte i'(ulil 0/ (I sphl' I'I'. I)~ ' ';'jl ,,,1 "} " II'I'I'S, (U'e eqllui. 

The d ia ,lle/PI's 0/ (t .'phet"l!, OJ' ,~( I',} ,'ol ,~jJ ;' f i'f!:i, U)'I' fH} lml. 

I:) Splr ete:;. hn"i,I!1 PIJI'il l I'IIdii , ,Jt' I'fJ /ut/ d [(oJ/ de ,." , (/ i'f' !'llllal. 
• [ "pl,Pte 11/11.'1 111' W'l l t l '( Itr'd 7,.,/ /III' ,'I' culli/ion (~ ,. (t ,~f! ,niri,.d, 

uiJ(w t its dirt tTiI"I-' I' . 

~lH 

V III , § ;);l!J] 'E:'o."E IUJ.. P IWPEB,TlJ<;t) ')~5 

EXERCISES 

1. ' Vbat is the loem; ui' the l!{jillt ~ tlmt al'c :t~ i ll. from t1 1e 

s ll l'fa t:c of a ~phe!'a w h ose I'Rllill ~ i~ -1 iu. ·: 

2. Show that t he ,Ii titmwe fl'utn t.h e {,l'n te l' of a ~l'l l el'e to 
a "[JI)i llt uu ts id o n IB tiphCl' ll is [! l'p:il.(~ 1' t ll :tll the md i tl ~. (U~l' 

Ax. ] 0.) ;o:. tatc th e ('Olll' L'l'St:. b i t b' ll(' ': 

3. [ f til") til'JIL' j'('S ]I<.l l· (' t.ll" S.. lIll " (' l!Iltrl', t.h e,v :trt! ('a:lled 
concentric. ~IJUI\- tha t o il " (.d· t lrU ' ·U1Wl' II t. l' i, · sl J\I P l'CS Ii I'S 
wholly wit.h in t, ll<' I>tllel'. 

4. Rhow that if t he rontcr uf' ead l une of twu given spllE' l'PS 

Ji es on the SUr fcH! 13 of t il L othl!t', tll!~l l' I'ac lii a re "(III,d. 

5. Show hy § Ti, ilw t n I" ull e pprpttn rli "lu,u' ii, :1, dianwter 
of a :splwl'e at its extn· ll1 it..v hall only pUP poiJ lt in Cflll llllOl1 

with the spller£:>_ 

o 

~ 'N 

339. Tangent Planes and Lines. A p1a.ne that has only 
olle puint ill e0l111 ilUll with (I. sphel'e is cn ll t? ll a tangent plane to 
tliP spll!:: I't). A lille t.lJ:tt Ilus Oilly Due puill t ill ('()ln II\O Il wit,lI n 

"1111/'l'e ill ('allt;',1 a tangent line to t,he ~ l'h(' l' lol. I II pitlJet· rase> 
thu single CUlllJll0l1 !Joint is o,lUeu thp point of tangency . 
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340. Theorem 1. .1 J,/tllll' }1I'i" " r!i/"tI,I/' /" If , /;III//( 'I"r !U· 1/ 

"1,11 1'1'1 1(/ 1/," I~" li N1'./'/'" /IIi/ il '.~ il; IrI " :I' ,,/ Ill/h, ' sit/" 1'1'. 

Outline of Proof. I. I'L 11 Y h i ' " 
I'I:lJu.' porp tLn,Jj('u lnr TO 0 (lirlilldl'I' l' } 
:"It P. CII11T II'CI allY )lo in l . 1 " r .If V I., 

t l" . ct'n tOr !I f Lill' bp l l"l"l' n, SI" ,w . U.\ 
~ 17, 111M 0 t > Of'; Wlll"tl " l', hS §ii::!I, 

.1 "" ,,"nt he " " ti ll' ~) . I II'ro', >i ll l hll~ " 
I ~ Ii i" "" ,?! pniJl I ,.1 t i, ,, plnn" I 'll 11,l' 
HI,hl'r p , 

341. Corollary l. U ''' /I ' 't' r~ 
(/f' Theo l'hn 1.) U II 1'/fl II(' i,~ 

I (In~lt , d (f) I /. 8/ '''' ' 1'' '0 i/ i,< '"II"" } "" ,
rliCli lip ' 10 fl, e i"1/(7/II" (/1'/111"/1 /, , IlII' 
poi", of I'nll/ ( I" ,. 

M . -.-._ . ..,,<=-'.
I A P N 

FHI. 2:~ 1 

rIll "" . Sho w, I , ~ Ax. J0, t 11(0 I I I" , r::ulilu, is ,~ lt ort.t'r than 1111)" fltlll'r lI nl' 
dmwil rrom I hc' Cl\ l1 ll' r t o tl ,(, ]lI IlI ..... 'rl " II I II ~" * 7; .) 

342. Corollary 2. • t ,; I rlfiultt / i ''(1IWI/Ii' 1I11 /(,111" 1'/1/ II flirl/l/l ' I I') 

(~/ « l'Il'!t('/'I' 1/ / ()J I / ' Of its e.1'I tell l iIi" ., ill 'I,LII!lt<" t il) IlII' '~/j" ('te; 11Iifl 

COiIl' P 1'8('7/1, [ lll)/ 'r. l",~ §§ 251, ::t \() fnr direct , a 111 1§ 1Hl for cOI1\'el'lU'. J 

343. Corollary 3. ..llI u/ tI,,, ,~/mi!JlIllill.r" IOl/ye,,, to (t 111'111'1' 
at ([, !Ihr:n puiltl lie in /lu· plrllle lall~,tui tl) tlt e spli (']'P at tlw! 
p oi,,(. [H Il\T. Cse § :n,l.] 

EXERCISES 

1. "\\nat is t h e 10Cll ~ of a }Inill L ill sp:uoe at; a giw~1I tl i staJl(~e 

frOtH a, gi"f'n point. '( 

2. Prove that if t wo lint' S :u~ L<lllgl'ut: t o a. sl'lt et'e at tJU:l 

same POill1., 1]11";1' pla.1W is tnllgell t 1.0 t lt P. Ill'llerc. 

[ IIJX,.. Cl)TIl It!ct this "lUI Oil!" " f tlr !.. (~or,)ll;lr i l':l Oil I I,i" ]lll!{I'. ) 

3. J\U liu t.ls tan gt'llt to a 6 Jlb el'~ f ruw ill(' sall lt· point· aI'<' 
eqlmL 

[!Tt s'!'. Connec t th e Cl'l1ter I'lf l llf' ilph t!l'e with th e givelll)Qillt alJd wit h 

two or mol''' poillts tof tuugtlllcy. J 

\nll , ~ :H1J ( :E:\ FR \ L r nO PERTIE8 ...87 

344. Theorem II. RlJc/'Y sI1clioil (~ splt,·!'c infUIt {II 

'1;; It c:iJ{.'te. 

r iO. ~a~ 

Given t hl. sphen· WllO:lll centc l' i s n, ,' ut IJ,v a "p1ane in t ]l e 

sel:l.i ull . 1.1IBY'. 

TO llTove tlll1-t, B,,(,tinll .1.1rnViS ;t, "i l' l']" . 

Proof. 1h,u\\ O(J 1- ,~('etili ll _L1{JJ.\'; ] eo i ll (l 1,(J ( I aillt D, 
a ll 'y two poill ts ill HII' i ,,.,."'lI'k l' lOr t h, ' sel'tiun. Ihaw 0(1amI 
U f). 

I II lhe l 't 
(J(i = 

'1'llt'l"cfor 
. T llelPi'Ol'S 

i. :uHI 
~ 

\~hy :" 
\\ h) ..' 
\\ hy ': 

~ i llrt' (l :'l.ud 11 arC' Ilf/f/ tW it I lI li ll t s 1111 tI lt'! ppJ'i llleter o f ti ,l' 
f!\\l!I l lt ll , :t Il I'oill l :i Ull t il .· l'£' l'i ll[,·tl' l' trl ' the Spc:t iOIl an' tlquall y 
di iilullt rl'( llI l (i, 'L'UI' J'l'i"(lI'C' ~w!'L i llil • Ll/IJ(' l S :t ,:i l'f'l ". S 1();-\ 

iXERCISES 

1. If, in Fig. ~3:!, the rad ins of lh,~ splle l'e, UO, i!i 10 il l. , 
and tho llistllilre ()Q fl 'oll1 thtj l" 'l lte )' () II) t he plalli~ ."in i" 
(j il l., fi n el t.he I'ailins CQ or the (,l r d p. 

2, I I', i ll Fig. :!:~~ , t hl;l J ist:lI Wl'$ ('Ii ami u C a l'e gil'en. sJ. rn 

ho\\ t.o li lld Wle ,J i:.li.11I ' ·~ O(~. 
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345, Great and Small Circles, A eircl ,~ on tb(> sphere ",Los(
plaue pa,sses tlll'onglI t1lf' (!l'ut er is called a great cir(;l~ of th,' 
spil ere, as CD, I"il;. :!:tt 

- -i 

II"~~I
I 


I' t 

p 

F1n, 2:l;1 

A cil'cle On t ll o s pli e rp whuse p LaJ I6 dl'~~ not pa~R tlll'ongh t Ile 
center is called (1 small circle of tb e spherl', :IS _113, F ig. 2:"i;{, 

'l'h e axis vf n. ('in'l l:' II I' rL s phHrc is t lte di::ull eft' t, uf t hp Sjl!tAl' 

which is pel'jJtlIllli clIhll' to t h i" pl :l ll i' oJ tIll' c i~'c l e. 

Tho poles of !l (.j 1'(.:1.. of rL gpllPl'€' al''' tl H' "xtrl:'J1lities of ti ll' 
rLx; s of t he ci r('] e, 

346. Corollary 1. ThJ'O W,it WI!! tlll'ee poilUs Uli the ,sm:li'lc:f 
o.f(l 	.I'plu·l'e O,W (f " r/ ,,,II,, (JI ll> ... il'l:71· (!,. the ,~phe l'e IIVtil 7)(' drall) II , 

[TI II,T, l'~~ 4. ~ 241.J 

347, Corollary 2 , T lmJlty'" {I /lll two pO/Ill s oIl/he SIJ1:/l( ee uj' 

11. sp!WI' f' ({ great "in'/r· ,n"", 1)1' 11/'1(/1')" It full ows f r olll 4, *:t-I1 , 
that th ere i s nu ,' (l l1rt /JlII!! 1i ,1f' ~ tl!'lt gn·at cil'cle tlJl'ou~.It tl l ~' /" '0 

g il'eTll'oiu t.s, unl (·ss th ey li r' at t lt tl oppu;::itu t'II U.Rof 11 d ialll etf'I', 

348, Distance on a Sphere, By t he distance between two 
points 011 the slld'ar;u <i f a :;"phtJ1' (l is lll en.nt t he lellgtll of t hL' 
shorter al'IJ of t.h e greut l: ire1~ .i u il\i lt~ t hew , It ('an be shown 
.1lat t, lti s is th t! ~h"l'test path 011 the sllI'face uf t.ln' sphere he
tweelJ tIl t-' two potlJ Ls. 
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EXERCISES 

1. if we con"it1cl' t,ltp I'a r l it il!:l a 

Sl'lICI'f', ",hal ki nd o f l'i l'dt,:, :u'e 
Ule parallel:> of htLitude? i ll 
eqll,ltOl' " the m eridian s ',' 

2, Provo th ~ t til e n,xis uf a ~ llJ a ll 

(1il'fl lc' ,d' a " plll' rLl Jl a!\~es t hl'llllgh 
till' \'('ute]' ul' I Ii ;' (' iJ'nl l~; :'JIlJ l 'lJ lI 

vp rsely, a ui al'H'1f> J' uf tlll', ~ l' lil ' n' 

th J' () II ~ h the L!CII l:C l' (,l ;1 !i lllal! (, j l"' 1v 

is t li e axis uI tllaL slllaJ I l;lrde. 

3. l'l'{)\'e t.hat 1II til " sam l.! s phere. UJ' ilJ ("qllal spil l· t'es, all 
~ I'e at. cir('le;; ,Ire eql\nl. 

4. TI ll~ l'a ,lI ll !\ \If a spl lL'l'~ i~ 1\J ilJ . F i ntl t he area uf 
l\crtilll1 made Ly ,L pl nn£' 11 i ll , frollt tl n' cf' IILt' I·. 

5, T.iJe al'ell " f !l ::il 't' tio ll o r a "plll\l'f' 'j ill . fl' (llJl the ClUtt e r 

i ~ !?88 7r liq. ill. (;'imt I h'j Il['elL of lL HPl!t iO Il I iu, l' l'om til e " I: IJ te l' , 

6. I' l'ove U,at til li le !):UII£l SplJpl'l', Ill' ill <'IJll a l l- jll l PI'('S, if tw o 

SI'('I j tJ ll ~ !Ire "tPll li , t lll~'y :\1'1' 1''IlI ;dly llist••nt 1'1'11111 t.lll ' 1'('lIte r , aw! 
('Oll I'ersely, ' 

7, (" ' II V£, Iha1 :1lI)' \.w u grl'at " il'cies of fL s pht'I'" hiSI't'j e~l('li 
II r1110' 1' , 

http:lllen.nt
http:tlJl'ou~.It
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349. Theorem III. • iii I,"i/l l .~ i /l til t' "ii'I'f1 ,II) ;"'(',,"" of a drd 
(.I I II I'./ Ih f!l'e (l/'l' C'li/l l/lI!! t/i."'u ,, l It'll/ It ~il h ('I' V II" (Jfil .~ Jlul llN. 

F ro. :!.'1 1 (, ,) FI, :·. 2:>1 (/I) 

Given :til } f W(J T'oints ~1 :tJ lt1 B ill t he (.i l'(;n Uli'tll'RllCe of t hE' 
l' irf-le ", InC, alld P and P', t he pules uf AIJ 

.....-........-.... ..---......~ 

To prove that P. ' = PR, ll.l lll P '. ' = /" 11, 

Proof. l)I'uw il.e g t' t' rLt uird es T'~J r' 1l)1I 11'l:Jl)'. 
Ll'L U I)I:! Lhe in t('1'st'('ti u/1 1)1' th" ax is 1']>' \\'irh t he plane 

AfW . Draw t.he sl r ai,!{Jlt I j ll e~ ..11), IJ lJ. 1'~ 1 awl PlJ. 

No w 	 1'/) = PD.flll dlJ .l= lJli, 1~~hJ '1' 

1Ili a LP/ ). ' =L PiJB= :)U". Wb,) '( 
HeIY' 1'1 1f,} I'" 	T'.J = r 11 drr l I~B, \\ 'hy ~' 

.......... ...--.
', 'l1e re fo l'" 	 P.I=l'lJ. Why " 

~ ......--. 
111 t he sri III !! \\ 11 .\ it lIl ay 1..1' PL'(,vHI I t ll:tt P '_ .1 = P'B, 

~(J.I ' ~ . T Il(' Il ItUlJ l l' l' I II wlj icli ei l'cll's JJlll.'· be dl'lIWll 0 11 Il 'il1lw J'O i~ 
ili llSu·n.tetl lJy F ig , :l:~ I (Ii) . Lf IHI,' eml (If " st ri ng j~ beld a t ',BY jlnint 011 
t illo' " 11hl'l"", wh il e It p~Iwil a llndJl'11 tu li ,c o tl "J t' 1'1 1<1 is lJJo"cd around tlll' 
KjJherr. kpe).ill !! tli u :;lri ll l!' I~ ut , th l! e lld "f tl ,e [It: lJ ril d esOl'i lJcK a eirele on 
llll' sphere, b~' l'I ,, 'U l'ullJ l IT. 

'I'I11' varl nllS tigU1\ ' ,1r:t1l'1l ill t h iK " it llpLer C,UI be 1', '!JI'ul!uccLl 11 11 t wo 
i:ltu[ac;; tlf 11 11 act ual s]ll": l'!:' , by t li ts lU.:tiJOt! uf ul'll.wwg tile circ llll>. 

VIll, § :iii 1J Cl K\;,Ert.\L P\{( ll ' I.]RT 1I';l'\ 2!1l 

350. Polar Distance. 'l'b l~ polar distan ce of :\ t' i I·(·.lt> t,f jJ 

sl'lt cl'e is t.llt! diRiu ll(w uu tJ \C' spil o.! l·e (~ :!.J.H) l'.'1J 11l it.lI Jle ,U'E'~1 

pol~ to any pui rt f of t he t'i t'1'1l.1 11 fe,l 'P ll e l', ti s f~' ll l' iii; i ll Fi ~. ~:{ 1. 
A quadrant i" one 1'Oll rl h part of I,ll \-' l' i rc'lll U f I31'e1H!(! of [ 

gn:aL ci.rell:'; i .p. a ll RI'U II f DOC, lJ'I 1\ g l'l~ a t nirci u. 

351. Corollary 1. TIll' I I"/I~I ' iliN/fIH Cl' (~( II :(1'11((1 [, i,.t'll' i,~ I ( 

'J 1iwi/,(wl . 

F II :. !.!;{;'", 

[ HL.''1T , Lot _WO be a !.,'reat !'iroll' , Tb l'Il it." center 0 is alsn the 
center of t he great ci rcle PlJP'. Hence [htl arc PB measures we right 
angle POB ] 

EXERCISES 

1. 'Yhal, is th li loc1U; of all t hI' p(1i fit::; Iln tilt! ~mrffw~ of t,h 
ar th at a qnadrant';, clistatlel! 11'CJlT1 U l t' 11IId b pole '! ['rom the 

sout ll lJole? f l'om t ha ell'la lOl? Det;l tl'{;l ii ~lU'~ f tl l' 1';x. 1, P. :?8!J. 

nw uistanue of j.]1~ pI a1J c of n, ('Pl'talll $:lIiall r il'eJe f l'O lll t.he 
nt(~r of a sph!'l'c i:'l Ollf' ll :Ll, i lll' 1':1I1j ns nf th ll ); I'hel'e. If tl le 

d. iameter of the spl!I· l'e is 12 in., fi nd t Il e lll ,lar llit;bu lUl' of the 
small circle in degrees nllll ill i l l('ll1o!5. J.!II:< . (jOO; :J 11' in. 

3, Show tha.L a ~reat ri l'cle on tht' ear tll whose poles 11 p nu 
the equator passe~ tl ll'ough t Ile ll ol't.h pule. 
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352, P robl em 1. To r1f'f l' rm I Jl i! tht ) 'mlillll of (1 re'I:,ol/ tll aterial 
sjlli ere. 

r .. p 

F lu. :l; :n (II ) 

Given 3 1l Y loa terl a l 8pit e l'f'. OPQ. 

To find ib; m (l ill$. 

p i 

-..., A" 

QI 

if [( ;, :!:l(J tb) 

Construction. T ako allY poiut jJ Oll the f'urIa llC' (J f' t he s pher 
as a pole, nu,l desed l ie t lt" chelf' ", IB O. 

T ake a ny t lll'N> l )oill t. s nn t h is ei l'l!le, as ", I, D, ..." 
By Illeans of t he cOIn passes (' Ollst 1'1I d on pal!~! 1' Ill' on tl ll' 

black board t h e t l'i:m gl c ..1'B ' 0' ,.ollg l'uent t f> th e t l' illllgl0 
~HJO. 

Oi r('lllI1 Scl'iLe a uird e (\l'0 11l)ll A _l' ll'C , awl le t. })' ho th 
' .~(mtc l' of t ill!'! eirel!'. 

Draw D"_I" equal to lilA l':ltli ns TJ'A' . 
Thl'ongh I)" Ul'a,w an iudetiu ile lim' [> ' (l pCl'jlcll tl iculru' to 

" ~ fI 

F l'Oln .tI" lay orr wit h cOInpasses A " p i e ' lll ",1 to lin 
At ..;,[" el'cc:t (I perpf' wlinulal' to _1"1" alld ",xl,end it to meeL 

P'Q' ut 

Then P'Q' is the diallle!" ,· nll d P 'Q' / 2 i'l Ule L' wlius of tIl" 
gi yen ~phl;n· e . 

[Tile proof is ]r·n t il the sLUlltmt.. J 

\ Iff, § :nil ( m~ ]o;lU L PlWPL J{'l'1 1 ~:-; 2 ~1: 1 

353. Problem II. '/'/1 /'u il xlou '/ " .'ijl" ,! /·e 1l1/'11"Ull .10«i' Ub',," 
·,ui ,it.:s nut all I II Ihl! .~r( , lI e p/WI 

c 

A 

I" .. " ~: l'/ 

Given t lle foUl' poiuts A, E, e, 1) Hot a11 ill the same planv. 

To construct a t- phel'lj tlmt pusses t h r ough ...1, B, C, a ml D. 

Construction, At- E . th6 midd le T)oil lt uf _l B, !'teet a Vlall 
2EP pe l' pell!licnl:tJ' to .lB. T.J ikllWi ::!\::, lpt T'PR be a. pla nt-' 

l 'E' l'}ltj ll lliclllar t o B e lit iis 111;11,11 ,· pnin\.fi' ; ,1ml let (.J 0R he a 

I'hlltj ll Bl'pe n ,liC:ll b r to ED :Lt ii s lllit1<ll l:l .I' \li ll t U. 
lJet 0 1m tltu puint l:unl1ll!lll to all t lt"t'l: plane,; QD I', P P Ii, . 

t . 

'' '' ith 0 as ce ll ter. antl O. t n.:! rauius. d ra w a s]Jllf'I"" 
This is t ire n· 'llL i red sp lr f' l'l:l :pas~ing titl'OlIgh .l. fl, C~ all!l lJ. 

Proof. T ll(' piaU (' rJRP IS tlte lllc(ls of nll poi nt:> eqLlidistalll. 
1' 1'< )])1 . 1 awl B, \\ll.1 :' 

Likewis~, I 'PU is the lU I: ll ~ uf 1, C/i uts eqnilLi shlll t fl' nlJl /: 
~ L1 11 1 0 ; :l ll'l (1( ,' It is 1l1l~ I <lC li R ui [lIli n t.-I l1flll idista ll t 1'1'0 111 U 

mId j ) . 
T lte p LUl (-\S (~8J> a lJ d P F R w Het j Jl U l im · 01'. \\' 11.\ ~ . 
T he linf' ul' wept !! the plane qU!l i.1l a sillg te p oint O. 

Why ~' 

Tltereron· 0 i;; efl ll idi stl\ll t. fl,.,Jll _1, B, ( ', n. Wh.'" ·: 
_\Iol'euvel', 0 is t it" l)Ill,) J·Ollll el.J.Ili Ll istan t frow . 1. B. C. D. 

W lty '( 
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354. Inscribed a nd Circumscribed Spher es. A s}Jljf~re is 
s~1lI1 to GO:! circumscribed abull t allJ pill)' lU'dl'Oll wllell Ule ver
ti ces uf tho poly bedl" 'n nll li t' 1\ 11 itR slId:!c 

F lo . 2:I!I, !lu 't '1:-. 1 IOI·n~D S.t'1JJ.:. It..R 

.~ Sp1181'e is saitl to be inscribed llL an,) [lol.rhptlroll ",hell it 
i" lillJ l;el lL to 1:;1 (:11 or tl1(' I':L(' I'::> \If t iL t' J,()J,) lt edt·oll . 

I"J(]. ~;l\J. h" I! I H IITJ Sl' llEln 

355. Corollary 1. 01/(> 11,1I} o,dy Ollt: .~p7wi 'e may be dn:Uia
.<I·";/Jed ({ {J0111 II I I!f ('Ii l'e ll /PI1'lIhl'tl "/I (t r irUl y,dru· l J,IItrl ll) i(] ) . 

"
[ HI ,,"'. h lS$ ;\ '1' IIt, I'I' jlil'nlJ~1t till' f01l1 "I'rtict" all il l § 1:163. NOtit.:6 

I hal ll lt~ t01l1' , ur llrl;'l; C'l llllI,,1 all Ii " j ll un . plall l,; ,] 

\' I II. § :3,')f'i] (l K'<F.R.-\'L PROPERTI l~S ",95 

i ll U !df'lll (p(,.ali 
(/ ,'U /, (t ria ng"lar I'f/N ob; 

356. Problem III. 

Given the l.e jTaJL8LlroJi ..:1lJOl i , lfig. :.!:~~ !. 


To construct the sphol'e in,,(, l'iue(l ill it. 


Construction and Proof. Hifl(? vt 1,11(' tlilwlhal a ligl('.~ WI10SP 


(lges a n! no, ( 'D, alill DB. h,) th" J)tall£'S /JuG, (JED , allrl 
J),h'.R, l'cBpcl't i \'<'1y. 

Tlw phlle nne 1:; il Ia lUI' II!> or IlJ e IH,ilr1 '1 1·!'11I iILisk11l t rl'QUl 

t he far.:e~ B O/) :Inti 11.1 ('; 111 (' t.! 'li! f> ('f~ () is I hI' 11)I'U8 cd· t TH' 

po int ~(''l u jllh;ta ll L f' I'I) lUthc ftu 'l;'S JI( ' /) ;u lI l ('_I V ; allll tlir' 1'1;111 

DB B is th e lu('us 01' the poill tli 1\llllidi~t;) I r1 fl 'O ll1 111 (> f a t'(!t' m 'j) 
an,l T) ..JB. Why': 

T he in tel'sedion 0 (1f tlH"SIl pl:w fls is ~ rl uillislullt from tll 
[Ot1t' falet's of tlJe lell'u'lH'th'olJ JTr>nce U ll" ~l'h»)' I' wll l)se e{'nte l' 
i ~ () ;L1 1rJ WllO:>l' I'llrli u s i:; Uw pCI'penrliC111ar tli "laI IN' OJ!: fl'nI li 
o lu t h e fate .:1 /3( ', ill U\lIR'(' nt, t" f"lIc h 11 1'1 111" fal"'::': it i:; 
t lkl'efol'u .in ·sl' r il, r.: ci i n t he t ,"tnulf'd l'Ol I. 

'SI) ullH"r Sl ,l,Cl'o l'xists nl<Lt io.; iI Jl;I' I'i1 ,,"tl i l l t lw tl ~ tl' ;t1 1 ( ' l lI'\J'JI, 

f ur 110 other )Joint thau 0 it; cquHl ist:l1 l t f1'1J11I the fO U l: hwps. 
"\\1Jy ? 

DReIS 

1. By means of all i nstrnIn ell I called a Rl ,lterOlllettl l', ti le 
rhl' t..,\11ces A D and DP, F Ig. :!:16. /'fill t,e I1 lcasul'ed directly. 
Rhow, by ~ 162, how t o find the l'LLIlil 18 1'1'01 11 tllese ,' alues. 

. 8h ml' t hat the prnt:t·ss or § :~52 can he \1 :,el1 to Jin d th 
l'adi u:; of :t sph ere, jf only a 11;('1'" of till:! Sliit t'1'6 ib avai lnble. as 
in t be Cttli€ of a, gl ass I t>IlS, 

3. Show that foUl' poiutfl in space l10tcl'mine a sphere, pro
vided t.hey do not lie in Oll f' l'bllL~, 

4. Sho w that Spl lf'I'e ig tid(.'f1 rr inerl if <illy l' ircle thai lie:>;1, 

nn· it amI one pole of th at eil'C'}r :lI'C :;i\'('n. 

5. Show that·, ;~n y twu d l'eles of a sphere eoml'lc>t t>l) de
t ermi ne t he ~l' h e)'c . 
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P ART I I. SPIrERW.\L ,L'{GLEH- Tl{LL'{( ~LE8-

POLYGONS 


357 . Spherical Angles. T he line ta.ngent t u (\, great e:il'cl(' 
f a sphp l' P at :lily poin t; i:> ft tan gen t t o t Il e spherr a t. t h!t l 

point ; fil l' if 1l 'lH:h es 111(' :l l' il(' l'c i ll 0111 :" U III~ poin t ( ~ :"I: ;D) . 
Tlw :Lngle 1'1l1'l !IL' l1 hy 1111 1 i ni;(' I'!\('d i !l ii u f 1w() i!TI',, 1 ( 'i l'('l (·~ i !ol 

('a ll,· 1! :1 spherical angle. I I i,., d ptil ll'll t o I", (·q n:tl I I) 1hi,' 3,Jl g l\' 

fO I'l II (' 11 11.1 t il" I;Wi';I>II 1. -; '<1 t llf' tI'.' ll g l'i 'a t (,i l'i:] U:; , aJ Ll I" il' l'u illt 

uf i ute l'sl "' j;i u l1 , a:; I.lll' angll' UI'D, Fig. :: Ill. 

358. Theorem IV. Th!' I t f/~/II' fli t "".'! /! t wo (fJ'o(cl (;il'd r!.'i 
is I/l er/slIl ·n l l}.'/ tlu~ 'U '(' (l (I U!'~(( t ,:it'cl,; rlt's,·t'iberl /) ·o1n 
its verte.1' a.s (( j)l) le (I ud i l/ (' ll ll /,',1 /){;t ll't'(m i ts sirles. 

1-'1" , :! Ii l 

Given t Il e gl'E'atei l'olel'l P .,II" :1111 1 PRJ" i l llr 'I' >lpcl' i !l g' :Lt P, :U lll 

,.:lB t he a l'C of a great. uil'de ,1 ~s(' l' i l1e l l wi l l I P a:; ~t pull>. 

To prove t hat ~fB is t he meaHtlr e of L .J P B. 

Proof. Draw the r~hli j (U. OR. an,l the tun" nts PO. PD. 
'r hen '...1 1P C ,md OB II P D. Why? 

H ence L ~lOB = L erD. Why ~' 

Rut L ..J B is measlll 'PII llY th li re _I B ; hl~ ll Hl L (l1'D i s 
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lri r :l....nll· \',d by th e ar It f o ll ows that the spherioal augl 
.J PB , whic'h is ~rlual to L CPD by definition (§ 3.3j), is Tn l:B.S· 

\ll"ed hy th e lU'C ..:lB. 

359. Corollary 1. T he sph erical u ilf/le l,el ,eecillicl) [I (cat cin'/f·" 

i ,~ I'fj u(( l 10 th e }1lrnw fIl lrlle (iT' all' rl ili edml tII iyle fa nned I)!! 'h e 
planes or th e f l.l;O a re a l ,: i?'I'iC8. 

360. Spherical Triangles and 
Polygons. .A spherical polygon i ~ 

a ]lVl' l i OIl Ol :). sp lll' ri l'u j slIl' fal'L' 

loon ml l'll by th ree or lIl orp 0 1'(;S of 
great circles; as ", tB CDE:, F ig. :.! 1l. 

The b O<Ulllin g arcs of gn'at ci l'" 
d es are called the s ides of tht" 
sphe rical pOlygOll ; t]Jeil' ill t el'see· 
tiolls, the vertices ; :1ll .-1 the ang les 
fOl'lUf' ll by ihe 1::'llLt'!I ilt the \'cr· 
t,i(;es, tll'" angles of tbe sI,bericnl 
p o] ygllll, 

A diagonal of a s ph e ri c:. ] }Ji)lygun i s a ll a rC of ,~ ~reat ci 1'cla 
join ing IU1,} two llou·aLlj a CE'l lt \' e l" 
h oes. 

A spherical triangle i;; a Spl l£'l 'jC'a1 


polrgoll of t h I'l' P :; ides, as . 1Be, 

Fi~. ~N ~. 

Tlw \vol'l1;> isosceles, equilat.eral, 
acute, right, HUll obtuse n.l' P a.l' ll li(' ll 
t.u sl'lie ricnl triangles ill " re(:is ol ~' 


t.ll !'! "a me \yay 3.S t o phm £' tl' i ang,ll '~ ' 


Thu::;, in Fig. :.!-12. Un.! sj ,he l'ical 
trian~le A BC i ~ isos('eles if til 
two ,;itles, n" A B UHtl B e, ar,_ 

l] Il[U ; tlH! tl'i:1llg1e is el ll Li lntel'nl if _,111 = 13(' = ..tiO, t.he l ri
augl e i;, <J. Tight t riangle if a.n)' one angle is a r ight angle j etc , 

r 

F la , !! H 

1'1.... :,(4-'" 
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361. Relation to Central Polyhedra l Angles. ' r h", 1,1;) I,es 

"f til e a rcs of ll H~ gl'ent ci"(' ]pJ; fUl'lll itl~ ti lt' !;j ll t' s of a sphel'
i(;a1 polygoll 1IIC'l't at, t he CI~U t.cl' Ill' t he ~pht!re antI fonu a poly
hed ral angle, , l ~ O-ABCD. 

VUL :.! -l ~~ 

Th is I'o]yite(ll'a] angle :ulil t i, t' ~i'ill'l'i(':d pO],Vgnll a re so 
:luM'] Y l',~late d lk"t th e studl~ ll\j (: f1 lJ e:1Sily Ill'U"" Ihe 1.'(J1l,)will g' 
stalp lllf'Il [S: 

( ' I) 1'11 ," Nil/I' s I~r I( s/,li pd"Q/I IOI.'I!IO Il. h,11'!' th e SlItli p 11; 1'118111'1' " li S 

tli p t'o fl'elptlll." ilt~l .!i(l'" rlII;I' I' ,< o f th e /"'/ I( h('(/ /'(/ / oll!!l/? , 

(II) Tile li /i!/l,.s ('~r !III' "l,{' I'rI'I 'III,JO lm/o ll " ,n.·/! Ih l' srlill e ilU!"R /l 1'P.~ 
Its Ihe (' m're,~1o l/llill~1 ( I ;//(~clrlll (w ~,lf!,s o( 111f' pol 'llt erll'rrl (l/!:l{e, 

'fbus, $lcies ,AB, 73(', e te" of tl ll" :-' l' li l:'l'ir.;a,] plJ]ygllll .:'IBeD 
ha n' 111 e S:lllllj 1I11:l1l:> lll'e'i :lS h l'a ~ .,J() R, ROC. etc.. of' poly he
dral L O- . UJ rJD j a1ll1 sp]lCl'i r :u < A 7: (" ROJ), elf'" have tit!' 
same m e :I'illJ' l'S 115 the tliIH.'l lt·a l ",; whosi.: l.' t1 !.!'I ·S a l'e OB, OC', et c . 

(I'') ..1,'.11 (j oule of" Ii "lll/ I' ''''I'll! p()ll/~11J 1I (/J/'. I ll. 

dih erlml (l)1;lle of i1u' / loly!ipdml tl/ I:17i> i i., //I. ('I/ ",0'N1 1)!, 

0. !lI'ea ( r["cie de,';" t'il){,d il} i!" t l/1 1'''1'1('.'' or Ihe O;I;I/p a ~ nule awl 

turn inated b?/ th e sid l's, ~ I"P~ !i :~ ';I\, ~).' ~I , 

III genera l, m Ol ,l(ld [I!'()/ ' prl /0 1' I llf' ,~ i'il'.~ (IIlt7 111 1' 11I1(il(> s Of a 

'~Jllt eric(/! P"'!!I[/U i! j , ! I'II I "/.w) } u' ,h r· l 'II/' ( I' ,'>j )!liII7iIl 7,ti1l'(' (W(f1t>S 

COirl rl i 1l erl l'(l1 (t "yles (1 ' h f! l'ul'rei<polli7i'I!1 t;" "tmZ j1o/!llu!rlf'{ll (( n(ll e, 

\'IH , § 30;11 'J'1UA."m. E~ AXn POLYGO~R :?(I\) 

362, Theorem V . 'PIU' S / I /1/ ' ~J' !t1l!1 [1l'0 shi es 0/ 1/ IIJ)/ter lc ,, ! 

I t' i l/ II!/Ie 18 Yl'el.ltfn' t/, (lil f hl! tI/ i" tI ,,< ide, [ CollJ pare ~ ~i~.J 

J·' 1Ot ~ II 

Given the splledcal J\ ...int', 

To prove tlt a1 jjJ + lif' > cD. 
Proof, L _If )1$ + L lJOn > L (111. 1. 

......... 
L _tOJj i" uH'a:lII l'eu l)~ ...:.IB, 

L RO C' i s IIwt\!i uJ'eJ Ly fR), 
r-... 

_'0 ..1 is IlIellSl1l'ed by CA. 

'l']wl'efOl'e j]j + fi(' > ('. 1. 

363. Theorem VI. TIll' ,~ II ;,1 

Ih l! " il/I' .'< (( f' rIf '!1 I'(J/WI'J! 8j,!t (Jl'lcltl 
JIUi:IJ!I(! II i" I""" tlU'I / .moo. [ Com
pa.l'e § :2 ';";'; ,] 

Given the s jJ he rif' a l p ulygull 
.,IIW 1), 

To prove tl ,a t 
,,-.. ~ 

Jj + Il" - ..-...'D + lJ..t :1 00°. 

rUI.\l . \lake u.se uf ~ 117!l.J 10'10. ~.tt. 

§ .,-.) 
... ,

Wl1Y· 
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EXERCISES 

1. ~how t. hni .w y ~jde of a. spl lll1'ical poly goll is less than 180 '. 
~ ---. 

2. f ll tlll' ~phencal 1::,. ABO, -:tJJ = :3,j°, and B C = -;Do. He-
tween wba t limit" 11I 11S1 OJ lie '! 

3. T ln ee of Lhe kides of a spherical qll:1 d nl at eral a l'e l'espe(~
t,i n '] ,> i-i8° I T', 70° ;)(j ', al1d 50° :3:>'. Het weeu w hat limit!> lnlt kt 
t he i'Oll l't lt s iLl l! lie' 

364, Polar Triangles. If frum the ver'bees of a spl lBrical 
t riall gle as l,oles a.l't'b of g l'cat circles arB 111'01'1' 11 , illest' :11'(' 

1'01' 111 a "econd tt'ian~ le wlt idl is ('aIled the polar triangle or 
th{' fi rst. 

FJC: . !!44i 

Thus, if ,A, B, U. 1,110 I'e rt ices ot the spheri eal 1::,. _11.3(', 3.J.t' 

the poles of the al'CS B'C', .:1' 0 ', ..J'B', fOl' lllillg t.lle !lpll el'ical 
1::,. ~t'lJ'0', tl l!!!1 A'13' U' i ~ t ll (1 l'ohl1' t l'iallgle of ...lBt', 

If the entire circles be drawn, t1ley "ill illte rst'(: t so as ttl 
form eight spherical trian gles, bu t the polar of the givell 
trian gle ..lBG is t hat one of the eight tri~n gles whose vertices 
lie on the sam e side of t.hp a rcS of t he given trialJgle as the 
corresponding vert ices of the given triangle, and no s idtl oj' 
which i!; groater ihan 180°. 

\ ' [J l. § ;jOflJ " 01 

li e .~ lilil!";Gfl l Irirlllgle i ii the po/u/' 
the fi r .5/. 

F lO. :Ui 

Given 1'l .L:/ ' B' C', t,lw polar IIf 2. . 1/)( '. 

To prove Hlat 1::,. . lflO j~ tl lf> ]}o] 'll' ,)f e:, _I' B'O'. 
"..---.., 

P rooL A is the 1'01(3 01 B 'G', aml () is Ul e IJole of 
..---... 
'1' IJ' ; 

Gi ven, 

henct' B' is at a. quad ra n t's distanre from A and 0, sO that B' is 

t he polr of AG', § 21n 

S im ilarly , "1' is the pule of fii), ami 0" ili t he pole of AB. 
Therefore ..lBG' is the polar triang-h: uf ~l/B' C'. § 3C·1. 

EXERCISES 

] . S how tha.t if one s ide of :1 spll printl h·t[Lll gle Oil tlt u ('IHth's 
s lll'far.e is on the elJnato l', (J lle nll'tex. of the polar trbugle is ei thlll' 

t the Horth ]Jule OJ.' at tl le sOl1ih pole. 

2. Show t hat if one vertex of a t riangle au the eal'th is a t 
t.he north pole, one sicle of th E' polar h 'iallgle is on the equator. 

3, ~how that jf one vertex of n t riangle OlJ tl le ea rth i'l at 
11\' north pole', and if UlI f' l;irlt! I)f t ile lTi,Ulgl f> is 011 tho erlll f'l i'ul', 

Hl P pola.l' t.riangle also l l :\ ~ oll e Vl'l'tt!X at tlle norll l polt! awl 
lie side along the eClllIl t.or. 
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366. Theorem VIII /" 1"'0 1)')"' '' l/"ill lIy /I'II, l'lt d l (( 11(/11' . 

Ihe one 	i8 me(l .~lIred V!I till' ·~/lJlP/ " ml'" 1 (~,. the .~ Irlll IJP1 IU.~if!! to it 1/1 
he othe)·. 

~------------------~ 
rr il l. ~IR 

Given i.11e poml' t riang les .J. lJU <{ ud • (' ]3' ( ", with th e si rles 
d l'lloted hy Il, b, c, !lll U ,,', b' , e', respe r,ti vp1.r , 

To prove tli :L 
r) L ... l + a'= lS0 , LB + //= 180°, L ( ' + c' = 180o; 

(b) L A' + ,t = 180', L ff + " = I SO", .:... 0 ' + I." = U~Oo. 

Proof. Let .LE and Afl (p 1"(Jlun~Bd . i f necessary) in terseot 

H O' at D al lrl E, respl?(,tivel'y. 
Then O't} = flO", alltl fiB' = 9 ()o. 'Why ': 
Therefor (tif) + fijj ,= 1SO • , \Thy " 
That is a1E + .b7J + ED -+ jJir = 180", 

0 1', fijj + (t ' = 180". 

But fijj is th6 mfltLS U1"ll of L .( 1. (c) § 36J 
'l'llel'efol'" L.l +rr' = 1))0°. 

n a similar mannel' L B + v' = JSOo, :t lll l '+ (;'=180°, 
The proof of (/,) is left t ell' tJ lB Shldet lt . 

EXERCISE 

1. If t,11e a ngll.!s of i l "p iJe l' icru t riangle H rl' 700
, 90°, il.nd HOo, 

J'espllctively, tin t} the sides of the pJJal' triangle (ill ue~l'ees ) . 

n Il , § 368J T RT AXGLES AXD POLynux. am 
367, Theorem IX. The ., II/Ie (~r I lt l' '/II!lz".~ ,~r U Ilpll/',. it.:(1 / Il'i

(Wille I,~ !lreat!',· 111 11" 1801> (( lit! it'XII t" tllt 5iJrr. 

F lU. :!.t!1 

Given the Sj1l!,' t'iC.'u ~ --1R(' wiU I t he "ide5 II , U, 'lIld c. 


To prove tllat L.1+ L R + .' a> lS(J° a1ll1 < ;),10°. 


P roof. L ei. £. ~ 1 ' n' C". wit h it:; si tl ex Ilenoll"ll. h) rt' , //, il lill ,.. , 

l,e t he polar ul ~ . 1IJU. 

Theil L .J + 1/' = 180°, L lJ + 1/ = 1.80°, L ( ' + ," = 1.'.;00. 

'I'ln'l'e l'ul" tl L . 1+ L B +L C + 1/ ' + 1/ +,/ = .J-Wo. \\ Ity ': 
But ,,' + // + , ! < :ltiW. § 3G3 

ht! l'eIore L . 1+ L R t L (I > 180". \\1\\ '.' 
:\.gain 'I' + // + (,I > 0'. 
'I'hel'eforc' L. I + L 7J +Lf'<,i-IO"'. \Y l ly ~' 

368, Corollary 1. I II II " I""/' /I'ol I t/' I, /yil' Ih el'" ca ll be 1) ,11', 

two, til' /, , '1' / / If,,',)(-, dtlhl ", I!lI"s .. Ih,','" '.'(( /1 I I '; U" I', tfl'U, UI' Iht'l~ " 

b tl l,~t' /.T ll y l eli. 

EXERCISES 

1. ::< llOw that j, tri allgh, 011 tIle c[u·th's surfare whose ~ i cl e~ 

arE' t Ilt" el1uator :\11(1 1-\1'0 llI e ri diaw~ , has two of its angles l"i !:;ltt 
a ngles, and two of its si e l e~ rpln lll';mis. 

. H , as iu l~x , 1, t.wu uf tlle Img1es of a ;,phel'iral t. rin l1g1 
are l"i g bt 1l11 !j J ~ s, uetweell wh nl limits l l1 ust, t.1 le third lillgle l ie. 
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369. Birectangular and Trirectangular Triangles. ,\ 
sl,lierical t r i;)J)gl~ h(tI'i ll g t wo t ight angles is '~fl ll tl d a birectangu

p 

F lU ~GII 

lar 'Spherical tri [m~l l:'. .A :>1)11eri(;;[1 h iangle having <-I,ll of' its 
fLlI gJ es r igh t an gl r s i~ cnJle d a trirectangular splte.I'ieal triang ll;l . 

[f L P ill tI, l' fl g tlre iH t>iU ltel' [l!:: ut e 01' obtll~tl, whi lp h. L ,1I1!1 
B a re r igh tj 6. ..JlJP i ~ l;ilwIGllilll/' U' ,' If L P is a.l w a r ig- li t 
aug1!:', L::. .dB P is tl' irl"'la lf y nln /', nd ill Fig. 2~{O, p. 28·t, 

EXERCISES 

1. The siues of a. spheriral tr iangle are 80°, and 12Go, alHl 
17., °. How large are the rl1l !:\,les of its pola r t l'ianglu 'I 

2. Shuw t hut, il l a hircl'tanglll <1l' t l' l all gl (l t he sidrs upposiLe 
t lw right ;Ll 'g les m.·\" qn adrants. 

3. f.; l low t hat t hrt'A l1l 11ttmll .r vcrpend11'11 1ar planes t h l'onglt 
t ho cen ter of' t\ sjJJJ(~ re di \·iLle its ~Ul' r<L(·tl iut o eig'ht CQugl'l.lcnL 
t 1'il'P-Chmglllnr tl' ia ll gh:s, 

4. Show tlLUt the aI'ca of a Lril'ectanguhu' t riangle Oil a sphcl' 
is nile eigl lt b of the area of tile sphere. 

5. Show U1UL each of t he l;iues of a tri rectlUlgll lal' trianglo is 
a l} nad l'al1t. H f:' lIce !:>li f)w that th e l,uJar of a t ri rect:ang nhLl' il'i
a ll gle cu inciiles with it. 

n Jl , § :m ] T IUA.:-\l.;LES A.\" l) P() t ..yU( ) ~K aor; 

370. Sy mmetric Triangles. '1'W,1 s} ,ilol'il':l.l t l'lllugies ILl'" 
symmetric whcll UII;>il' parts :Uf' "(lilal e:tc \1 tl) L:avh, but an ' 
i u Ol))JositP onl",l'. 'J' hu". in 1111' &. ..iJif} .tIIt1 A' B' ( 'I (Fig. !!ii ) . 

FI" ::::;1 

i f all gle,; A= A' , R= H'. 0 = ( n, :111 c.l s i, l ,' s .•:lB= ,.,t' J]', LJO= 
B 'O'. 0. 1= O'~ L 'J hut lIHJ 'lI ·dp. !, IJ f nt'l'aJl gC )lli'llt is llppositf' ill 
t Ill' t wo li t-:'u l' e ~ , ti le lriu lI ,l;l,'s \\I'e S)I IIJ1H't 1'il ', 

i n gelle l'a l. L\\ U Rj' lI l lIl dric Ll'innglcs ,;a lllloL he S111Il'rpOSf'J. 
and hence c~ltm ot hI:! ~'liu lu UI! I~Ol! g'\,lI e li l. 

T hus, i f 6. .. LB O is 1,IOveu :;0 t lmt sid\" .1B ('oilll 'itles wit h ,i ts 
efJ.wl,l, . L'B ', i ll the "YIDllletr ie 6. ..:l 'B'O', th(' 1l tIle \ ul't iCI!!\ 0 nonel 

lie Oil OPIJ ll~ i t(~ side" of .1' TJ'. 111 pliLIle hi :lI1~las, lJ. , I H( ' 
coulll he revoh'ell ahont .lB ti ll it (:oilH'id etl with 6. .•J ' H( " j 

bu t this i:, ill [!,"nel'al i l1l !l0"sibll· \\'il h spli p riC'1l 1 tl'iu nh:1es. 

371. Corollary. TIl;u isosceles N!/ lI l l1/ l'll· ,'!.' .'<jJ7I I! I' ft:u i t l' i(fl/!ll ('.~ 

(( I''' Cr) IIf' I'lI l'l ti . 

EXERCISES 

1. l~ l'ov i-' t h at t.h c lJase lLlIg Jell of a ll h;osce l(>i:; spIH'l t'iea.l t l' i

angle ai'e equal. 
[ H I "IT. Oraw an IlrC b iRccting the vtlrticu l l\l1 ,;le. tllU~ f orrnin!! tw.. 

syrnru,-tr lc lriangh,s, J 
2. Sliow tlmt if two siJes "r a sphf' ri('at t t·jangle a t'e quad 

l'al l t s, Ll lf' tl'i fl ll Qlp is iJi l·("l'tIUl;..\'IIl:U. 
x 



30G 	 TJ'fE ~PHBRE [VffI, § 372 

372. Theorem X. 7'11'0 I "/" f/~/'I'S ' /II ! /i f' .' fl ULe 111'71 1: 1'(:. (I i' In, 

" (f wd i51'/II' I'es. art' I i lh er ':(l "Y I"IW II I Of symmetric, ~r i lco llicleJJ 

(( 11 ,1 tlw i ' ll 'lllr/e" aI/ale ,~r the 011" (UC '; 'J IW.1. rexpecti'vel'l. tu Iv 
.~hici; wId thc ill claLled a l l file oj the utlie l'. 

A 

c 

FIG. ~.~? (,,) 	 F in . 2~~ ( Ii) 

Given IJII' slllll' l'il'a,l ,~ _1n( , :L tt ll . 1' n'e' un tlHl ~ lllll e SlJlll'l' 

!)t' I' ll ill tl ~ l' l l kl l' eH, L;n'il lg ~IlJ = .l'JJ', ..JO = .A' (" , ~.I = L .. I' . 

To prove t lta.t & _LnC llll ll .r!' [I' (}f an.! e ith e r cong ruent or 

plst.l sy ll1l111~t.l'ir. 

Proof. Jf tI le equ al parts uf tlll' t wo hiallgle:l ate in th 
same unlel., i::l. A B C' eU Il bp pku.:e,[ \)11 D. A' IJ' (." as il l the (JOlTe

spuliclili g case of p lane h iangles. 8ee Fig. ~"':2 (u). 
I f the eqllal pHl'l :-l o [ 1I1e two tr ial lgjps an' nut ill the ::ltllue 

Ol'dlH', 1'(j] lstn lOt i::l. .. I' JJ' ('" :-\~ ' I II II I ({ I' i l' tn i::l. _I' J;' (" . ( Fi g. ~;j:! I' IJ ).) 
III .&,. . L1N ' a ud _1'JJ' ( 1"• .. IO=..:I'C", .. lfl = .. I'IJ' , alill L_ I 

=- --:. 11'..1' (,", Si ll ce th l' ~e p :l rtR :LI'tl aJTn JI ~e ll i ll t lrl' salJl tl Ordl1l', 

L!.\. IJJ O fU ll] _ 1.' n' ( H' :11'1' c'ong)' I 11' 1 It. ,[, 1,, 're flJl' '' sJlhel' imd i::l. _11U ' 
is sYl1 11 ll e t l'lc t o sphel' ICal L A ' g ( ~. Why:' 

373. Theorem XI . 'l'{"{J! ";fLtI !I'e.~ Oil tI,,, S'(lI le .~jJ" P.I'~, 1)/' U,' 
(>'1'((11 sf,h ert!,~. (/ re Pllh ",. l'O il !!i'IU "I 1)1' ,~!! iillilPtl·ic. ({ t n'() (til ~/"'S Uild 

tli p il /dudl>11 s i,l" '!( Ihl! (J Ill' UI''' 1!fJ.1IIL/, },(Isj,,'cti l'ely , t f> t vu a ilyle~ 

ami the Iwinr/ed siue ut' tlt" ut /tel'. [ l'l'OCeclI as in § ::1 72. ) 

\'In.§ :)1,,] TBL-\"''\l.LES AX!) P() I.Y ( ~ () X:' :11 )7 

374. Theorem XII. T il,/) l,.i ' III!I""~ "1' Iltp .~(l iI'" '~JI" it'I, Il l' fi ll 

!'{I'lol ."" h ,-I'P,' , '1/'" j~ ilh." , ' ' ·'l iI!"."'>I" (I )' '~!l tIIl/iI'l"",·. (( IIII' ti,,"'" 1<1',1" -,, 

of the (I i'" (/,.,~ efl" ,ll , /" ··'1IWl'ti l"' {!I, I " lIlt t llrpp ,,",fPR of Ih,. v l li er. 

[The pw() f i~ left. to 1he ,~lll d t; n l, J 

375. Theorem XIII. T lI'o 11'/I'l l y l ef! fliI· 17117 sump '~Jl '/I>rp. () 

(hi 	l?f/(iol '~f ,h l> i'PS , 10',> eiI7" ,,' "fll ly ,'I"' III fir "!1 1I1i1i1" ,./" , i( lli e 111 ,'1' 

II U/'>''I 6/ tI, P O/I P ( I)'" "'1 ",(//, " ('~Jl"';lit'd!/, 1'1 Ihl' 1!l"PI' (/,"rr""~ I~j' 
he olhl' l', 

.P"Ul.~.'\ 

Outline of Proof. If .....LBf' <l1I 11 .A'D'O' are the t w o g- i Yi" ll 

spherical t riangles so thai L..1= L A ', ~ n = L B', L c: = L C', 
theil' polar triang1es L .1LVaud L 'J{'.yl Jl a'l"C t he three ., idp~ 

of one equal to t he three sides of the ot.her, r espectivel 'y_ 
§ :JIjl-i 

T hen, by § 3H., A LJ.r..Vand I/ J['.N' are either ('ongl' lIerlt or 
symmetr ic. I n either case, the t hl'eoe angl es of i::l. L)F:..V' are 
equal to t he t hr cfi :'i. nglcs uf i::l. L 'J [ 'S"', 1'6S1ll;lcth'elYi and t here
forE! t he th l'(~e sides uf t::. ABO an' pqnal t o the thrE' e: sides of 
i::l. AIR'O'. l'e s'pecti \'C~ I,Y, § :~6() 

It follows, by *:H ~, t hat & _I flU a lld J' 8 ' ( " are either COIl

gruent or symmet ri c.. 

NOH ; . 'I'he l)l'e lll ~ Illl al"gollR , ,, ll' '''~ I ' (If §§ ·U, 4:), ,lAo o t e ., 111<1)' l ill 

pro\'ctl ill " \Icanntlr sintik' l' tn ~§ ::,01-::175. 
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EXERCISES 

L S how that twu triln' ,j l'a l :wglE'S 3.1'8 congruent If th ey 
intercept clJl1g l'1tt' nl t r inllgll:'s illl 1 he ,:\ Il l'faces of two equal 
spheres whost' ('t'lltc \'s <U'f) a t t heil' vl'l'tices, l'esJ.-lccti vely, 

2. If t wo ll'ih ell1'ul al1~leK ilJlereepl ~YlUlll et l' ic spheric-a} tri
a ll gles Oll the StlrJ':tc.:c of :t sphers w ho::lll center is at 1 he ir '."e1'· 
tiees, TP"prcthf' iy, show t. iI :,1 Ihe fa~:1.l all;..:l f'~ al ld the dihed r'al 
aDglel:l 01' 0 111< I l' i li " (li':tl aug] " lI. l'(' e(lua l t.o thu~e of t he uther, 
hnt l...'Lkcl1 in I'evel'tj('tl cmll> I'. 

[FInch tri ll E'tll'ul nIl!!lcl:i nre ca lled symmetric, ] 

3. Pl'oYe the follmvillg lh p ol'l1ll1 , which sta.tes for trihedral 
:-lUgles (~ 3(1) a theorem al\aJ ogolls Tn tll at of ~ 37 

TI('o Irilwdra7 (Wrtli!/) "N? p,' !!(et Ci/Tifjl'lIe tl ! 0'1' sym metric {f' I" 'o 
fUr'l": (1 IIrJI(' ,~ (tll,17 th" / 1/ (,7 /1r!l' (/ dill(rli'ltl (/Iutie (~r the OTtI' (Vil 1'I'spe('

1i1;'!!;1 ('fIlLa l to 1/1)0 ,1[/('(' (~/( !lle,~ (tlLe] thr. I lI eI,ce/ed dih ec/ral ClllrJll' (~r 

111(' /Jtlll'/". 

[ HINT: Consider the spheri cal l l'i :lngles cu t mit hy th E' two tr iil rdrlll 
anglrs on lhE! I!UrfIlC'(!S \If tWll l~(} llal 1l1 ,h"res whose cunt.ers lie at the \'~ r
tices of t be two trihetlml !lllgles, llilll apply § 372,J 

4. Prove the follo wing theorem, allalogous to ~ 373 : 

'Cwo trih edntl a)/ylr' ,~ Cl re dl ll "I' con(7i'il erll f)7' symmptri,' U' III ' 

rlih edl'ollltlgies ulI (l lhe iilulllrler7 fa ce (lIIg/ !' nf th C' '111 (> ure j'pspe" 
Ih'fl!1 eqll(d In fwo dih e(ll't tl wlflles (lod lite inc/oded .!tlrl' <01[17<- ,!r 
tlU' olbet'. 

5. State Rll a pl'ove tbeorems fo l' trihetlral angles similar t. 
Tl tE'ol'ems X II- XI II. § M -1-3i5. 

6. Prove Th eol'elll X f . ~ ::;,3, by fiI's t conside ring, as in 
~ 3';'5. t he pola r,~ uf the given triangles. n.nd applying § :W2. 

. SllOw that. any t l'il'ert.ang111al' triangle on t he enl·tlt's SUT· 

face is congm ell\, to t h!' t l' i rCf' t :m g'l tl al' tl· ialll{l ... f(Il'IIl(>(l b,1 t he 
lluator aUll two meJ'i.lialls whosf' longihl(l,~ <hlIe l'S by HO°, 

\ Ill, § 37(;] AREAS AXD YULC1ms 09 

l' \H1' TIL \W~ ·\l-\ .A}f ll YOT.lG"l\fEl-\ 

376, Theore:n XIV, 'i 'lw I,rr'ft of Ih ,' SI/ ,:f"ee !ft' 1I(~ ml ed 11.'1 1/ 

,'trlfi~Jhl lill l! r el·ol t· i,I !1 (tUn II I all. (/ ,/' is ii' ils I,hllll' 18 I'll IIII I I I) lit e 

pl'Or! {I., 'I of Il, (' p i'ojeclt'oil of Ille !tile 011 the (l.ci,~ allel the leI/gill uJ till 
cin-/e whnse , 'orliIl8 is (( PPi'I )I'))lli('I/I /l1' erecled at Ihe ndrldle pu itll, 

q( Ihil lil lf' (111'-/ tel'mitl(l/ !" I Inll/t" "." i", 

'lBe 
y 

E DO F 
x 

y"" ~5.j 

Given E F, the p l'oje(~Lion UP()JI X }" 1) 1' . I B revoh-in~ n,bout 
X } ~ Imd uP ..l ..JB at its llIid-l'()im, 1I 11i! llJel 'ti ll :';- Xl' at O. 

To prove \11at llll' a l'e~~ geltl"l'l ltllll liS . lli = FJF X :! -rrUP. 


Proof. Draw }'D.l X l~ l1ull .W I X l, 

:::lincc. the SlldaCll ge ll l?l" lll'U II)" ~UJ is I.h(' lateral surfac 


l)l the fr ustU I!i of a ('oue, the tHea geuerated. by .1 B lS 

7(',,[ '.JTB("~ l ' E + ']. 7('BF) = ~t lJ X 2 7T' (.lE' _~BP) 
= ,.:I 1J X :! -rr • PlJ. ~ .321 

Now 6 ABO - ti POl ,. § LiT 

Tlrel'efora iE: OP= AC' : PD. \\ Ity '.' 

'l'lll'il ~1B x PJ) =. tU x '= EF x n p, Why',' 

A l1l1 .dB X 2 ~PD = EF' x:! ;c OP. 

T hat is, the area generated by .JB is E P X 2 .. 0 F. 
If ..dB meets XY, the Slll'flWe gencrated is [L coniGal ;:;urface 

wh ose aJ'on. ao:::a.ill = EF X ~ ':COP, § :'i:?O 
Ii .1B is parallel to X r; t he surface g-cnerateJ is a cylin

cll'iral !lul'furoe wllUsP al'l'U agalll = 7..' 7l x:! rr O]J, *:; 1:; 
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377, Theorem XV. The area of the surface of a sphere is 
qual to the product of its di(1fTleier by the circumf erence of a 

great circle, c 

o G E 
I,' II . :!:It-' 

Given a sphere gS IJ P1'akt! h) Lbo t(>vulu l lOlI of' the se lili ci l'cl 
~ U-:ODE; ahout th e (liullJetel' .11r IE, S uei ll g t Ill' al'e:!. uf t. 1l 
SlI rfacl', ,. beiJl g illl' radi lt!>, 3.1\11 II bemg t11e d.iameter, 

To prove that S = 2 ;rt'd, 

Proof. Insoribe in the selUici 1'(: Ie half of a rpg'ula r [JolygolJ 
A B OD I';, of allY IIl1mbHI' of sides, aI.Hl draw DF, CO, /) 0, pel'
l'enLli l.'ulal' to . 1 g 

F rolil () (1m \\' OJ> ..L . Ifl, T IiPIl UP Ili "t'( 'j,s ..113, Wll) '! 
al ill i" ('<[l l a ] t u vae lL 1.1' l .b l' J5 ili'UW II fl'lllll 0 t o tho equal 
,lwl'J " !:JO, ('/), D E , Why: 

Now tlie ll\' e:~ genE'l'uteJ. by. ' B = .. tP X ::? 71' ' OP, § ::i-;" (j 

the area generated bj' RC = PO >.. 2 7r ' OP, 
ilie a I'P[L g'€' lw rated 1) OD = 00 X ::? 71' ' OP, 
Llle ar('a g('J1( ·t'tltetl h.i lJ E= O F; X Op,~ 71" 

rrhel'l:"fOl 't ~, jf ,.,., dellt l(,es tIlt' ~11I'ral ' t' gPII8wtcrl lly th selll i-
I'I,]" g'()) J. 

8' = (. IF + PO -+- Of.' + (If;;,:!. rr() P = ..JIi: X :! rrU p , 

Lc·t I]H~ TlI1111l,e l' Ill' "id l ~,~ nf th e ~(, l1li pllly ~ol1 lw uow illlld i
lIi t",l,\' intl'l':lsed, 
T1 J(:~11 0 1" lias f Ol' Hs limit r, the semipolygon for its limit 

t it!' semicil'cle, a ll d S' fo r its limil- S . H en!'f', as in § 30::: 

S = . 1 E X 2 tr l ', 

378. Corollary 1. The area of the surface of a sphere is equal 
t o -1- 71' ,,~. 

VIII , § :3:-\:2] AREA,-; A\,D YOLUME:;; .,11 

379, Corollary 2 , TI, I' (/ , '1'(1 of If"~ ,~ "</'t/l'P ,~r ( I 1I1'hf'/" i,~ ('(1'm ! 

In tlu' ,W,/l. (~"Ihe {((eux If/Oil " rt"PlIl ('i,.d,"~' 

FoI' :-; =:.! r X :! Tn' = -I 7r l'-, ~ ~7S 

and 7rrz is the area. of a great cinlll;l, 

380, Corollary 3, '[,h,' 111','(IS Ih (' ,~ " r.l(J/:ell I~r 11110 "i' /II ," ' ,q 

(/1''' If) ,' o/.:h olli l' l' (IX rlu! "/l(' Il I '("~ /~I' 111('/ ,' ,'w li i .. II I', (IN Ihe s/II/o r /'s 

,~( llir,ir r1irtlll l'let,q, 

381, Zones, \ zone is ,'), po rt iOlJ or the su rfa('e lif a splJ(' l' 
'irClllllfe l'l'I Il 'eS of two r il'ulm; W] lU~t,; plan!.!:; a t'bUlincled by I.h 

parallel. 

FIG. 2Mi. ZP~ f~S () ~ T il :'; E\I: 'fll';-. :'11!1 \(~ I ' 

The ci l'c-umfel'ences forming t.110 bOl1udul' ,V of a 7.01lC' [l l'e iI ~ 

bases, 
If O le semicircle N ES is rpvo\vccl a bonf. X S (Iii Ull axis. lUll 

",113 will generate a 100M, wbile points _1 {[lItl B w ~ll gellen'ate 
tli <' bases of t he zone, 

The altitude of a zoue i s Ute p<"l'pewlic lll:11' di!lt allce bptween 
t.he p lanes of the basel;, 

382, Corollary 4, 'FlU' i1!'P(( r~r (( ZO Il 

Ihe 1"'udllt;i r~r tl/l! ,,/li/lltll' It of IIII' m ll f t li ll / ' ;' 1' l ' I t'(,1I1I1,l i'I'(' II I'1! 1)/ 
u gtC'tt i eire/r>; ot' ~ 7r l'h , (1'Iu-,'(' r i,~ I lit! ,.(/( /ill,~ (~r lli p .'1,,111'1'(>, 
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383. Lunes. A lune i ~ u p01'tiolt of n spherical surface 
bLllllllletl b,) two sNuiei1·culUfere llce:. of great Cil'r:lh ; as 

F I(" 2.")7 

~lB('D.J \Fig. ~;jj) . ThG angle of a lune is tlJe angle form ed 
Jly il ;; IJO llnding ures. T hus B~ is the angle of the lune 
~ lnr;D.:L 

384. Theorem X VI . 'hf1 (i, 'Nt of fI !"Ii( is to Ih e areu (~r til 
..~" I) ;1;'{' (~( II, ,, "/) 1" ,,',> I/~ I h f' ((i/ rllt> of' II" , III " ,.,q In ionr 'ri!lM 

((n:I""~· 
p 

L p 

1,' lIi . :1,"ji:) 

Given the June P.:lPB, ll' l. L Llellot.p Ule area of the Inn!', S 
t.he area of t he surface uf tha sphere, aud u t he angl e of the 
lune. 

nIl, § 38G] AREAS AW VOLU:vmS 313 

To prove that I, IS = L a / 1 rt. £S. 

Proof . With P as a )Jol t; describe the great cirdf- ABOD . 
Then the arc ..dB llI !'II.:; U !'l' S L n of the lune. \Vhy': 
Therefore arc .Ail/ circle A BOD = L n/ .J. rt. .6. 
If AB and ABe D are cOlUmensurable, let their com mon 

meaSUl'e be containe,l m timl?~ in AB ltlld " t imes in .ABOD. 
Then a re _lBjcil'c1e ABOD = ?I.ln. 
Therefore a/ .1 rt. ~ = ml /I.. ~ 3;')8 
l'a ~ s arcs uf gl'l!a,t cir,·les tJlI'Ollglt each point of div ision of 

JNOD an!l the .V\ IJe::o P amI P . 
Tilde arcs will tti vide tIll' ell t. irc surf ace into It equal lunes, 

uf wInch PAP'B will cOl1taiu }T( . 

Therefore L , S = m/ )., 
0)' , IS = tt / 4 rt.~. 

If .LiB an d A BOI al.·e ill COlrt llHlIlslu able, the theorem can be 
pl'u\'(,d as ill § 1.;:;0. ThH tletailij <1 1'6 It'ft to t h e stmient-. 

385. Corollary l. Till! a"Pl~ 0/ a lune 11:1w He 'lilyia t8 10 ilj 

,I 7r1'"1 ::HiU = 1I'r2/ ~)(J · 

386. Corollary 2. 'li e a reel t l ltu -hose angle is kO i., 

..\. 71'1'2,;: ':160 = 1I'I"k , 90. 

E XERCISES 

1. If the surfa,ce of a sphere i~ 10 sq. ft .. what is the area 
of ;to lune whose angle is ·J.O O ? 'Vhat is t he radius of the 
sph ere '? .1n,~. 1,1; sq. f t. ; 0.89+ f t. 

2. tlhow that t.wo hUll'S OD tl~c same !>.phere or equal sphel'cs 
luwe the same ratio as their angles. 

3. ' V11at is t he angle of a lune which has the same area as a 
t l'it'ectangulal' triangjp 

4. Show that tlte 11rea of :1 lune is one ninetieth of tJH} area 
of ::l. gl'eat ci.rcle multiplied bv ilia number of degrees ill th 
angle of the lune. 
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387. Theorem XVII, 1'11'0 '~!lm?n(1tl" 11';" " {1 {es ytf> "lJ,1( ll 
ill (ft"~ r{. 

Given the t\V() sYllunell·i(' 
:; phel'ieal t l'iangles .We' alli l 
. l'B 'C', 

To prove t hat 

t::.. ABO = t::.. ...1'13'(" , 

Proof, Let l' he tu~ l ,ol,' !I f th" 
Ri liall cim1 ,' p:l'ls ing thl'ull~L Lilt' 
puill t:) _I, n. ( ', ;lDl L (lra w the g rellt 
e in 'l e , lJ'I' :-; P. i, 1'13, aTlli PC', 

ThelL P.I = PB = PC'. \nIY '! 

~o\\' IJ l ac~ Ll, l) fll'o triallgles diametrically opposite to !~ ac lr 
othel' a Jlll !I n, \\' t he uia metel' PO P', Also (Ira w t he [.;n':11. (,iri'l,) 

:Ir ' ''~ 1)1,.:1', {" B' , (LUll p ' r ", 'r l,on the trianglf' ~ j'BC and P'lJ' F'l1 
a l'p ,~y Jnl1l eh i ('al a llli isoscdes a.ud 

F tr ,. :!:;!I 

therefore cong ruent , § 371, 

Sim ila rl y ~ / ' (.'_1 ~t::.. pr"_I' , 
aml ""' P..:lB~ 6P'. I' JJ', 

That is, t he th ree par8 of _111(' 
are respecth-e1.v cong"rnent to t hI" 
three parts of ,..:lB C, 

Tht:! re fore t::.. A BC = t::.. A 'B'C", 

388. Corollary 1. J/ two ,W'IIII" 

'-'[; jJ' 
FIe;, 2~;1I 

;;ill' 8)Jhel'i
m'en of a lun 

[ 111 '1, };huw th nt " 10 iri:uwlo . tll(' j , 8,n ll lllCrriL' to thll trjan~J 

'R'O'. Jlt'lI Ct ' , ho" 111M Do _lCLJ + Do .l'CB' = limo .1' (!B'O' ,J 

nn, § ;J\llj ARI;':AB \.XD \' OLL~IES 315 

1
389, Spherica l Deg ree, Tl j() ;1. n"a I)f :1 hllll' wh',~" allbl\' is 

0 i l> -l " ,"' ';;G{J , 01' ",.~ 90 (~ :'18,'). Half thi ~ ,11'1;;;(, that is, 
4 r.i'"1 1~!) or " ""j180, is (Ii t !:' i) /Jil." u.~ U It "il (~t ,/reCl /,III t" e /I 

;~pTIi'I·(,. a mI it is cal leu. n spherical degree. 

390. Measure of Solid Angles, ..l. 1,li hr)Jral ilugle Wl l0S 

vertex is at t.ill' cent,,\, o r ,.J, lll" le l'@ cuts II UI, :t Sl, l ltH' i(;a,j 11'iallgle 
ull tl1l1 S lI l'hll: (> llt' t.he Sphf>l'.>. T I, e art'a d rile' s pherical tt'i 
:.lIIg1i-, i l1 srhel' i( ·a lll egl' ''' f'~. i~ Nl.llpd tlw measure lif t h e ll'il lf'!1l'a l 
:lllgl t-'. 

Li kewise Ull j pnl.' hetl ral : lll~l ... iii JIl l'a'iu red 11,\ t L!:' u rN\" III 

.sphe ri cal degrees, Utat it ' ~ lI tS tr llt ' Il wn tJ lf' SII1'f:ll'e uf a spht.' l' '' 
" llOse cellLer i ~ at its verte x, 

EXERCISES 

1. Sh ow Umt. thu :U'~tt of U lt1llU \\ hose nng-Ie is l Ois 2 lrph el'. 
ical d eg l'('es, p 

2, Show t..hn.t !l IP tlTf' 1L ,,1' t lie en ,i I' 
splwl'o is ,~o s l']"' l'i (.:ul UP/{l'IV:l 

3, Show tlH\L t h t:! ar(jit or a hil't; , ~ l l \1J · 

g ul ar Lriau~le \\'hus~ tldl', l ,wj.de i:i 1Q 

is 1 s phetl(:;l l deg l't!P. 

-1. :;IJOw tiJat, t lJ p :Wl':l (J r :l tl'.il'eetall
g u lar t.rian gl ,~ is !H) sp l w T' i(~a l d~'gl'f·e~, 

or' oml t:!i ~lLtll of tJ le PIl Lil'v BllJ'lne,·, 

391. Spherical E xcess. Tl "l ext " j~~ ui' ti ll' ~11II ) ui' t11~ 

a ngles tJ l a sph eriual Io t'iang! 'I'P I' l ~O'" is (·a.lI ell the spherical 
excess oi' the h 'iallglt,. 

100
if, fu r exa rnpl,>, the ;m l-tl e~ of ;i spltl'ril 'a l It'ia ngle a re 80°, 

Q 
, an<l 12.Y', t hE' sphel'icat \!xcess of Hle t riangle is 125°. 

L ikewise, the sph eriC'al eXf'ess of !I ll y !il'L,el' il'H l l,olygol1 is 
the i'xces~ vf tIl(' Slllll elf its :l1Ig1r·s a l love tl l!' ~1l1ll of Lhe a llg1 e~ 

of a jJlalle pol y g'ul) uf t1 J1· sa.nH! IlllllllJ" 1' of "illes, 
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392. Theorem 
f:q ual to the urell
of the triangle. 

I!pherim l (( i/l oU'e is 

il$ Tw\!' the splauiw l exceslS 

1''' ,G. ~ljt 

Given the spherical 6. AB",. 

To prove tha.t f;, _1fJ U is eqnal to a 1ltne whose angle lS 

~ (L _.J + L B + L C - 180°). 

Proof. Complete the great circles by pl'OllnCll.lg the s illes of 
the .6. LIBG', as i ll l;i ~. ::?Gl, 

Since .&. .LIB' 0' a1\l[ A'13(.' arc s), uLlnetl'ic, they arc equal in 
area 

Therefore luue ..:.lB~I ' O= i). ..JBo + .6. .JB' G" . 

But, denoti ng the area of tlle ",Jlu1e splwl'e Ly S . 

§ 3~7 
§ 3~~ 

6. CR'A+ .6. ..J Oin + 6. ABC + .6. _IE' e' = ~- S.Why? 

TherefoI' 

(luue B CH..:1- D. _lEC) + (I lllif' GA C" n - .6. . l lJ 

+ lune _·JB_l'G' = } S. W hy? 
Therefore, transposing, we obtain 

2 .6. ABC= lune ABA10 + l une B G'B'..l + lune C.LIC'B  } S . 
But ~ S is th e area of :l 11111e whose a J1 g1e is 180°. 
Therefore f;, ABC is eqlla1 to a lune ,-..-}wsc allgle is 

} (L ..1 + L 13 + L C  180°). ~ 384 

nIl, ~ :l\)Li] AREAS AND VvLL~ms :31 

393. Corolla ry 1. 'l'he ({tea of fl. 8pher ical (l'ia llgle, f/l,(!«.~ !ltl!d 

in .~ph('i'it'(/l (wY J'i'el!, iii II () IIH!I' ic(lll:; I! yua / tv i t11 :;p her i c:al e.cCf'.~11. 

;" on. . Thi" l'&mIL ellabl ~,; U~ to CO ll1 Plltt: l l1 e l,rca. of allY sp herical tri
allgl\:' in ordi nal') lwits of area , when wo k now its a ngles aud the radius 
of tIle ~phcre. Th us , if r denott:g the radius uf t hll sphere, E tbe spheri

cal exees,'l, a nd A th ~ J'e 'lllll'ed a,!'I' <t , we h;\\,e, ])y S385 
. 'K r'i. Trl":'E

A = E x --,- =  - . 
ltiO I hO 

394. Corollary 2. The t tl'l'lt of It tn'l'f'cJeOlg ll lar tricwgle is 
\10 -,p!l el'ica l (/e[, reel> . 

395. Corolla ry 3. The area of ony 8})/i el'ic(ll Il' irli/(Jle is /0 the 
a,rea of the ellti I'e ..tphere a.~ its spitd icrll e:cces.~ i iS to 720°. 

396. Solid Angles. J ll general, i£ any closed polygon or curve 
i" d l':lw lI on the sm faC' e of a sphel'~, the fi gme forn1Pd by all 
radii of tlle sphere that joiu tlt f' c:enter to til l.' p oints of this 
ligure Oil tbe sphel·ic.a1 s1l1'Iuce is callaa a, solid angle. T he area 
on the :·mrfa.ra of the sphere cut out by S ItCh a solill angle, in 
bphel.'icaJ degrees, is the measure of th e sulid angle. 

EXERCISES 

1. What 1s the measure of a 11em isphel'e in spherical degrees? 

2. The radius of a. sphere is 2 ft. Find the area of a tri:'lllgle 
on its surface whose an gIeR are 75°, 35°, 105°, respectively. 
Solve. first by § 392 ; then by § 394. AI I.~. 7 7r j f) sq. ft . 

3. The radin s of the eart h is approximately -WOO miles. 
Eiad the enti re a rea. Show Ulat. the a rea in sq uare miles of 
one spllerical degree is approx i Jfl~ tely 278,000 sqllare miles. 

4. F illll how large a triangle on t he earth's surface wOllld 
have th e total sum of it.'! tl ll't~e angles equal to 181°. 

5. Show that a region containing about. 270,000 sq. mi. on 
t hl' "arth contaius no t riangle whose sphel'il'al excess is 1°. 

6. ,Yhat is t he area of thr state in whi('h you )i \'e? vVl1at 
is ils meaSU1'e in spheri cal degre " 
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397. Theorem XIX. The volume V of a sphere is equal 
to the product of its surface f:Jy one third of its radius ; or, 

V=4"rl /3. 

A' . 'C 

F H11 !.!u:! 

Given a srhcre whoso celltf't is 0: le1 8 (lenote its surface, 
r its radills, awl V its v U\UlI1f' . 

To prove t ba.L V= :s X rri = ~ ~/;{ 

Proof. CirCUOl'i(' J' ibfl abuilt t he "phel'c any polyhedron 3.'1 

D-.i.lBO, and denote its sul'face by S' and i1"::; volu1lIe by TT'. 
!'Ol'ID pyrami L1 :), as O-ABC, etl'" lwsing tll e faces of th 

polyhedl'On as bases and the cellLer of t.he sph ru'p 3.-; a. common 
vertex. 

These pyralUids wil l have a COm mon altitude e(lllal to I' 

and the volume of each pyt'amid is er:tl1a1 to its /)w;e X 1/ 3, 
Why'? 

rr here fol'e V' = S'x 1'/ 3. Why ~' 

If t Il(' nllmh'~ l' of pYl'3. lllids it, indefin itel,y increased by TJa.8s, 
ill g' planes tanJ,;l:!l1t t o the slJh al'c at poi !1ts where the edges of 
the py ramids cut t he- snrf ace of t h e sIJhere, as ill )<' il{. 202, the 
ddtpl'f.ll1ce between S ulla 8 ' becom E'S as small as we please; til 
differen ce between V allel V' be.comes as small as :we ph·tL!>e, 

\'Iff, § .JOuJ U'lE.\8 A~ lJ VOLU.i\rES 3 1t) 

But however h'1.'~at. tho nll Jllhcl' of l'J' l';unius, 

V'=S' X r Ia. 

Therefore, as ill § 30;;" = 8 X /' / 3. 

Siuce S = ~ 'IT"', 
it foll o'll'll t llat V = 4 7ri'~ X 1';:1 = I· 'm'I;:) . 

398. Corollary 1, T hl' /'()IU II/lI,~ u/ llI'o -,pll pl'es ttl'/! 10 l!ut:1t 

tlllil: ?' (I .~ fl/l' (, /,1)('" I~r (li lli ,' ,·Ilt lii. IJ" IJ,N till' I.'IIlws {if flirt'/' d i cIITu·te f :;. 

399. Corollary 2. '1111'1'rI/II/1i ll I~" Ihe 1'.'Ii"LOll i rlal jiieep ('lIl 

011/ uI It sJ)" l'n~ [,/1 (( 11.'1 jJ,)lyl,,;!I ,'al UIIY/I' zdwse 'i'''I'/e:c ill 0.1 tit 
CI: II II/. " I,' "qllrd to (Iii(' third Ih e (fTe(( of tlte ,~phei"icu l pO/,IIg01, Cltl 

Ull t uj' th e ,~ni'fLL(,I> lim.('.~ the r ad.i'l.1, 

400, Corollary 3. 7'fti' j 'I'i,~ III () id P i/' II/ 1i11I (§ 3:Hi) 7u'>/clK '/;1'1' 
(I 81,7/(~ I'e, 

r il ls !, ' t'wn P(n-:ult-J pl(l1J I!~ that ill cll1tl" the Hlll ir (' ~pl i llre al'e 1(111' 

g,' lIt 1"la1l1'8 at tl l(' ('n us of ;1 d i:L1lH.'Wl' · (lo t',!, CU I, lIll' , p h cl'!' in un l) "nt:: 
Ji,)int each . .\ vlanll pa.ra l lel to t!i\ltle two amI h alfway bet wee n th om 
cut~ i he 8]111f'1''' ill fI great d relt'. 1Il' II Ce, j f> l iJ " uaLatIon or § ;~8 {j, J1 = 0, 
l' = 0, .J[ =-l.,,-r", h =2 /' ; IlPn re t h l:' PI' i.~ II~ .. jol forllI ll ia wuuhl L>il 

,I J:+ T + 1JI 1_') '1 n + _.,V _- ' I- - _ I 
1) -1 · I "" '"j _~ "'f 

. I; _ tl . '-'; 
\\ lliclt . by § 39i, is CO I'I'{'ct. J 

[ 1>'(. '1'1 , AH II lU n.1.1I'f ur fn~ l. lll l' ]J ri~1 1 1It1t1 rnl'l ll lll'L hl' lolt, l.Jl' tl 'll por

Lilli l of a sp lwl'l! jnt.c l'ce l'tefl bL't\\'e"11 1111)' lWo PH l lllIul p laueg. J 

EXERCISES 

1. Assuming that, t lw eUl'tl l i ~ n. s jJllel'£+ W11081:' radius is 
4000 mi., find its volum e. 

2. Sll flll- tlHlt n Cllhe <"irClIJIIS('l' iheu about a. spuerc has a 
V(Jhlll1 f' 8 ,.:J. Hell f' e sh ow tlm1 t li(J s]lltp l'P oecujJi p>; :.t little 
lUOl'e tlJan lwlJ t.his \'olum" 
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3. l!'ind t he voluID t! of the mater ial ill a hullow spller!', if 
the radius of the ou ter s urh Cll is (j in. a nd that of tbe illllel' 
:mrfaue is 5 in. 

4. Show that Lhe volume of a hollo\\ sph('re whose outer 
and in ner radii al'C R awl 1', respecti n,]y . is 4 1r (R3 - 1':') / 3. 

5. J<'in rl the volullI u of tlJ6 Tn att:l'ial in a IlUllow sphe l"E~ 
wllOstl outer r aJius i" 1() i ll ., if th e mat erial 1:; ~ ill . t lliek. 

6. S lI0 \\' tlul.t the Yul ufllo of n. sI,lH?re ill t erlll s of its llia lll l'. 
ter, eI, i:; 1rd' / G. 

7. It' the radius of one sphere is twice that of anothel', hUll 
tiu tbeir volumes com part! '.' 

8. If tIte volume of oue sphere is twi ce that of RlJother, how 
do their J'adii compare " 

9. F inda1)proximately the radius of a sphere whuse VOl 111U 

is 100 eu. in. 

10. H ow many shot ·to ill. ill uiamet er call he made from 
10 e ll . i n. of lead 

11. If oranges 3 in, ill diameter sell for 30 ('pnts per d07.CIl . 

and those b in. in d iameter sell for 50 cell t s pCl' dozen, whicll 
are the cheavel' by volume :) 

12. If the skins arc of t>flual thi ckness, wl~ j ch of t Il e oranges 
of F.x. 11 has the grea.ter pel'cenroge of skin t(l t liP (: ll bic inch 
of volume 'I 

13, .l\1;snming t hat raindl'ops are pl'acti (' aJ1y ~ l,l l e l'i eaJ , if 
t Ire dia lll eter of on .. drop is hRlf that of a llother, 110 1\ du thei r 
volu mes compare '? their a l'eas 'I' 

14. ",Yhieh of the two drops of E x , 1 :~ has the greater rat i 
of area to volume '? H ow much gl'ea tel' ? Which will fall tl le 
more rapidly tJU'ough the air ? 

[ nl~T. The .t,rreatel' the rat io ot Ilrea to \'Ol lllD!', Cor the Sal ll e llIatt 'r ial . 
tile slowfll' t he b ody will f a ll tlJ rougl1 Lite nir.] 
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15, Explaiu. I I)' t lw pl'iur:ipl l'. IIf .1::x. l~. why vel'." :i lllall dust 
I' :~ l' t i ele~ nWHli n flO:lt ill t; ill t.he au' 1u1' a long- Li llJ c, 

16. T lt t' sallle alllOli II I, of Inatl! l'ialJ ill the fOJ'DI of a cuhe, is 
J1wlted HUt! Oi1:1t iul,o It ~ lJh t' !'( " b ti le sUJ' face :lJ'ea l('sS in t he 
form of thp euoo (w i ll that, uf the sphere? 

[ 11 1" 1. .\ ~Slll11 E1 1. 111' CI1UO to be I \1111 t un each edge; tlnd the mt! in, 
llr the resnltili !,( " pilar ... . ] 

17. If a Slll'\, (!y m ' wisll e,., 10 11<' certain. t l illt. t lw !:l lln"l uf III 
ll11g10i:l in .wy tri:m4'le il, n teg-io ll ,,'1 l lt t, "a1tl l'S ti U1 fnc.: e l> haJl 
Ita tlQ LW.l to l80° to withi n 0 111' llliul1t e. Jw\l' l al'f(I' 1l1ay t htl re

~lml. Abnnt ,l l iI)(l ~. q . wi . 

l lip "xi Rtpuc ~' uf :>l' lt l l' jl 'a l t l'i.all gil--: w ill i 
t litre nbt ns(' all !,;les J' l'O ll l t l ll' existt!lwe 1.1 1' tl'i:llJglos wlJOse sides 
:U 'P \ ' I:') 'Y Sh01' I . 
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TABLE I 

R ATIns OF TIlE SIDES ()1~ lU CrIT TRTANG LES 
A..N J I 

LEN"G T HS OF CH01WS A-.'\'J) ATW S M' A UN iT CIR CLE 

1';X l'lH\=-- '\ ['t(\K OIl' 1'1\ HL l~ 1 

1. Ratios of the Sides of Right Triangles. rr an :l nglp 
Riven in nil' Angle Column i 03 O}Jt' ;tc nll'l angle ul' ..~ right tn'angle,' 

The Sine Column g-ives Hie mti n I, f t.lt l' s ide 01'I'usite t he 1LI 1 ~ lp 

t o the hypote l111S,' ; 
'he Tangen t Column f'i \Tes the l'iili u ilL tlHJ ~ide oplJoslt.e the 

<l l1!;lu to tlte side adia(; <.: ot to t he Rll¥le. 
To fi nd the Cosine of any an~ l o, tali .' the lIi ll l' of fli p cnmpl". 

/I (!at of th at angle. 

2. Chords and Arcs of a Unit Circle. If an an gle given III 

t h l' Angle Column is a ll :11lt.:; lu rtt t Ile' eentl' l' OL a circle of unit 

radius: 
The Chord Oolumn ~i'yCR t he length of H I p. chonl tJmt subtenrl~ 

t.h at an gle; 
The Arc Colum n gives the length of the arc t hat S ll btencis that 

augl 
To fiud t Ile lengths of chords or arcs of any circle of radius T , 

multiply the val ues given 1.11 the t.ub lc by ihllt l'nuius. 
The t abl e i ~ limited to angles leilS than no"; lmt to fi nd the 

chord that subtends an obtuse angle, ii.rl' t t~U< p. balf thE! angle, null. 
the sine of tll ill Lalf angle) and mult iply by 2. 'fhis follows 
from t he fact Lh at; the chord of any angle is lwice the sine oj 
haif that a 
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TAl3L]~ II  WERS A..'rD ROOTS 

EX I)LANAT rON OF TABLE 1 

1. Squares and Cubes. TI I(~ squares of 1I1 1111Ut"'S betweelJ 
1.0(1 ;cud 10.00 lit i llturvals oI .OJ a rt-. givt'lJ in t:olul.J m heaueu 
n Co T o fillU Lite !;rj ual'(l of allY uther 111 1111\19 1', IU vi dl' (or llm!
tiply ) the given Dumbe1' by 10 tr, 1'l"u n <;e il to a IlHntbe l' b(JtwOflll 
1 (H ill 10 ; 1illd Llw sqUlu'a Irf this la:> t, ll1Jl ll b~ l'; Tnlllt-irJly (Ol' 
(11 viu,') ll ie 51111 81'e th u~ foulU l by 1() t,wico iil'> 1lL'U IY times as 
yon 11ill ll lA givellllllmber. 

~' IH' cube iR gi\'en ill t Ill:' c o ltJt11 ! 1 lleadl'u n3• To fln d ti le ClI !) 
)f :lily 1I11.lllLer n ot hptwee u 1 ,mel to, fi rs t rednee t hflt l IU1 U\)PI' 

ttl a n umber between 1 rul d 10 h.v tli viil iug (or multiply ing,! Ily 
a power of to. Mu lti ply (or (Ji\' ide) the reslll t foulHl hy ihl't>/c 
ti ln es as high a power of 10 as was used to reduce 1.lw given 
number. 

2. Square Roots. Tbe square roots of muubel'S betwPPIJ 1 
and 10 m'C' found ill the (!O IUIDl1 IH?aded Vn. 

The sq ll':U't· roots of numbel's betwf'slJ 10 and 100 m:~y l IP. 
f OWld in t hE' C{JllllIJll IH~aJod , l IOn. 

The SQ1UU'6 root s of Dnm hcl'S between 11.10 anc1 1flOO may be 
found h1 the ,!olnrnn headl,tl Vn by multiply ing !:.he given 1'(Jot 
by 10, since vlJo'{);;" = 10 viii. 

tJlel' square routs may be found in a similar manner. 

3. Cube Roots. The I~OlIlUl ll headed.: 

~n gives cube roots of J1 l1tnitt'fS betwC'en 1 anll 
V10 n gives cube l'oot!! of muuuers betwo611 10 8.TIt1 100; 
3,. AO n gives cube 1'oots of lllntliJel'" betwE'eli 100 <111(1 l OOO. 

a fin d t he ouhe I·OO!. of a unmbf' l' between 1000 anu 10000, 
take 10 times t lH' value fou nd in t.1lt' col umn haaded --Yil, 81n (;(1
{;'11)Qa,;- = 10 -vn. 

ther cube roots ID ay Le rOllnel s imilarly . 
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